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The focus of this thesis is developing a framework for designing correct-by-construction con-
trollers using control certificates. We use nonlinear dynamical systems to model the physical envi-
ronment (plants). The goal is to synthesize controllers for these plants while guaranteeing formal
correctness w.r.t. given specifications. We consider different fundamental specifications including
stability, safety, and reach-while-stay. Stability specification states that the execution traces of the
system remain close to an equilibrium state and approach it asymptotically. Safety specification
requires the execution traces to stay in a safe region. Finally, for reach-while-stay specification,
safety is needed until a target set is reached.
The design task consists of two phases. In the first phase, the control design problem is
reduced to the question of finding a control certificate. More precisely, the goal of the first phase
is to define a class of control certificates with a specific structure. This definition should guarantee
the following: “Having a control certificate, one can systematically design a controller and prove
its correctness at the same time.” The goal in the second phase is to find such a control certificate.
We define a potential control certificate space (hypothesis space) using parameterized functions.
Next, we provide an inductive search framework to find proper parameters, which yield a control
certificate.
Finally, we evaluate our framework. We show that discovering control certificates is practi-
cally feasible and demonstrate the effectiveness of the automatically designed controllers through
simulations and real physical systems experiments.
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Chapter 1
Introduction
A control system consists of a controller that interacts with its physical environment (plant)
to perform specific tasks. For example, an artificial insulin delivery system includes a plant, which
is the patient’s body, and a controller, which is the insulin infusion device [30]. An autonomous
car is another example, where the vehicle moves in an environment and different controllers are
responsible for various subsystems including powertrain, cutoff fuel injection, idle speed, cruise,
and autonomous driving [60, 13, 134]. Humanoid robots also depend on controllers to accomplish
complex tasks using different subtasks such as walking and object manipulation [94, 5]. As these
systems are becoming ubiquitous, the increasing need for analyzing these systems is undeniable.
In fact, in specific safety-critical domains, a control system failure could have catastrophic conse-
quences.
Formal methods provide tools and techniques to study correctness of control systems through
mathematical models. The goal of formal verification is to check whether the system works correctly,
where correctness is expressed through some specifications. For example, for an artificial insulin
delivery system, one should make sure the device keeps the glucose level of the patient in a proper
range. The specification in this example can be expressed as (∀t) 70 < G(t) < 200, where G(t) is
the glucose level in the patient’s blood as a function of time.
The verification process can have two outcomes. Either the verification is successful, and
correctness of the closed-loop system is proven, or the analysis declares the possibility of failure.
In the latter case, usually, the verifier reveals a counterexample. This counterexample describes a
2possible behavior of the system, where the specification is violated. Failure in verification is not
the last step. The system designer should update the controller by considering the faulty scenario.
Then, the revised version of the system can be verified again to see if the update fixes the issue. For
example, assume that verification of the artificial insulin delivery system fails. The verifier yields
a scenario wherein the patient does not get a meal as expected, and after one hour, the glucose
level increases to 230 units (G(60) = 230). Then, the designer of the insulin infusion device tries to
update the controller and remove such behaviors. Such update is achieved, perhaps, by reducing
the maximum amount of insulin that can be given to the patient by the controller. However, such
fixes can be quite hard to realize in practice since updating the controller may introduce other
faulty scenarios.
A more appealing approach involves the automatic synthesis of the controller from specifica-
tions rather than a manual-design/verification loop. Instead of verifying whether the closed-loop
system behaves correctly w.r.t the specification, the goal is to design a controller for which the
correctness of the closed-loop system is mathematically guaranteed. These controllers are referred
to as “correct-by-construction” controllers. Unfortunately, such synthesis procedures have higher
complexity compared to verification procedures, and their development remains challenging.
In this thesis, the problem of synthesizing correct-by-construction controllers is investigated.
We develop learning-based tools and methods for automated synthesis of such controllers. In
particular, we are interested in nonlinear dynamical systems. Furthermore, providing a scalable
solution is the primary objective, and as such, we only consider basic specifications including safety
and stability. This thesis incorporates previously published papers [118, 113, 112, 114, 115, 116]
and papers under review [117, 110].
The goal of this chapter is to define control systems and specifications formalism, along with
the problem statement and motivating examples.
3Plant
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<latexit sha1_bas e64="z37R1m0qdIW5K4aMo7Vfzw/rnN0 =">AAAB/XicbVBLSgNBEK2Jvxh/UZduG oPgKsyYhbrRgBuXER0TSIbQ0+lJmvR0D9 09gTAEvIBbvYErcesBPIUX8Bx2PguT+K Dg8V4VVfXChDNtXPfbya2srq1v5DcLW9s 7u3vF/YNHLVNFqE8kl6oRYk05E9Q3zHD aSBTFcchpPezfjP36gCrNpHgww4QGMe4 KFjGCjZXuW4O0XSy5ZXcCtEy8GSldf1Uq VQCotYs/rY4kaUyFIRxr3fTcxAQZVoYR TkeFVqppgkkfd2nTUoFjqoNscuoInVil gyKpbAmDJurfiQzHWg/j0HbG2PT0ojcW/ /OaqYkugoyJJDVUkOmiKOXISDT+G3WYo sTwoSWYKGZvRaSHFSbGpjO3Jba+1KOCDc ZbjGGZ+Gfly7J355aqVzBFHo7gGE7Bg3 Oowi3UwAcCXXiGF3h1npw35935mLbmnN nMIczB+fwFWI6Xxw==</latexit><latexit sha1_bas e64="LT+Jc0t0RjPzDRQmWY6Dw1o9hWs =">AAAB/XicbVBLSgNBEK3xG+Mv6tJNY xBchRldqBsNuHEZ0TGBZAg9nZ6kSU/30N 0TCEPAC7jVG7gStx7AU3gBz2FnkoVJfF DweK+Kqnphwpk2rvvtLC2vrK6tFzaKm1v bO7ulvf1HLVNFqE8kl6oRYk05E9Q3zHD aSBTFcchpPezfjP36gCrNpHgww4QGMe4 KFjGCjZXuW4O0XSq7FTcHWiTelJSvv85y 1Nqln1ZHkjSmwhCOtW56bmKCDCvDCKej YivVNMGkj7u0aanAMdVBlp86QsdW6aBI KlvCoFz9O5HhWOthHNrOGJuenvfG4n9eM zXRRZAxkaSGCjJZFKUcGYnGf6MOU5QYP rQEE8XsrYj0sMLE2HRmtsTWl3pUtMF48z EsEv+0clnx7txy9QomKMAhHMEJeHAOVb iFGvhAoAvP8AKvzpPz5rw7H5PWJWc6cw AzcD5/AR3vmFM=</latexit><latexit sha1_bas e64="LT+Jc0t0RjPzDRQmWY6Dw1o9hWs =">AAAB/XicbVBLSgNBEK3xG+Mv6tJNY xBchRldqBsNuHEZ0TGBZAg9nZ6kSU/30N 0TCEPAC7jVG7gStx7AU3gBz2FnkoVJfF DweK+Kqnphwpk2rvvtLC2vrK6tFzaKm1v bO7ulvf1HLVNFqE8kl6oRYk05E9Q3zHD aSBTFcchpPezfjP36gCrNpHgww4QGMe4 KFjGCjZXuW4O0XSq7FTcHWiTelJSvv85y 1Nqln1ZHkjSmwhCOtW56bmKCDCvDCKej YivVNMGkj7u0aanAMdVBlp86QsdW6aBI KlvCoFz9O5HhWOthHNrOGJuenvfG4n9eM zXRRZAxkaSGCjJZFKUcGYnGf6MOU5QYP rQEE8XsrYj0sMLE2HRmtsTWl3pUtMF48z EsEv+0clnx7txy9QomKMAhHMEJeHAOVb iFGvhAoAvP8AKvzpPz5rw7H5PWJWc6cw AzcD5/AR3vmFM=</latexit><latexit sha1_bas e64="U64vseuy1K9XGlEw6n6kYqDh7Wk =">AAAB/XicbVDLSgNBEOyNrxhfUY9eB oPgKex6US8S8OIxojGBZAmzk9lkyDyWmd lAWAL+gFf9A0/i1W/xB/wOJ8keTGJBQ1 HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+ gfHj0ZFSqCW0QxZVuRdhQziRtWGY5bSW aYhFx2oyGt1O/OaLaMCUf7TihocB9yWJ GsHXSQ2eUdssVv+rPgFZJkJMK5Kh3yz+d niKpoNISjo1pB35iwwxrywink1InNTTB ZIj7tO2oxIKaMJudOkFnTumhWGlX0qKZ +nciw8KYsYhcp8B2YJa9qfif105tfBVmT CappZLMF8UpR1ah6d+oxzQllo8dwUQzd ysiA6wxsS6dhS3C+cpMSi6YYDmGVdK4qF 5Xg3u/UrvJEyrCCZzCOQRwCTW4gzo0gE AfXuAV3rxn79378D7nrQUvnzmGBXhfv/ tLlh8=</latexit>
u = K(x)
<latexit sha1_base64="L0O7HqF7EXV zQuxFzmt9X/0TeDQ=">AAACB3icbVBLSgNBFHzjN8Zf1KUgjUGImzDjRl0oATeCmw iOCWSG0NPpSZr09IzdPcEQcgEvINnFG7gStx7DC3gOO5+FSSx4UFS9Rz0qSDhT2r a/raXlldW19cxGdnNre2c3t7f/qOJUEuqSmMeyGmBFORPU1UxzWk0kxVHAaSVo34z 8SodKxWLxoLsJ9SPcFCxkBGsj+V4nRVfIuyt4nefTei5vF+0x0CJxpiRfOhoMhgBQ rud+vEZM0ogKTThWqubYifZ7WGpGOO1nvVTRBJM2btKaoQJHVPm98dN9dGKUBgpja UZoNFb/XvRwpFQ3CsxmhHVLzXsj8T+vlurwwu8xkaSaCjIJClOOdIxGDaAGk5Ro3 jUEE8nMr4i0sMREm55mUiLjx6qfNcU48zUsEveseFl07k1B1zBBBg7hGArgwDmU4B bK4AKBJ3iFIbxZL9a79WF9TlaXrOnNAczA+voFAEybcg==</latexit><latexit sha1_base64="H45KMUonZ6s xRZy2lHo4KZvfweM=">AAACB3icbVDLSgMxFM3UV62vqktBgkWomzLjRl0oBTeCmw qOLXSGkkkzbWgmGZNMsQz9AX9AdKV/4Erc+hn+gN9hpu3Cth64cDjnXs7lBDGjSt v2t5VbWFxaXsmvFtbWNza3its7d0okEhMXCyZkI0CKMMqJq6lmpBFLgqKAkXrQu8z 8ep9IRQW/1YOY+BHqcBpSjLSRfK+fwHPoXZe9/sNRq1iyK/YIcJ44E1Kq7j9neKm1 ij9eW+AkIlxjhpRqOnas/RRJTTEjw4KXKBIj3EMd0jSUo4goPx09PYSHRmnDUEgzX MOR+vciRZFSgygwmxHSXTXrZeJ/XjPR4amfUh4nmnA8DgoTBrWAWQOwTSXBmg0MQ VhS8yvEXSQR1qanqZTI+EINC6YYZ7aGeeIeV84qzo0p6AKMkQd74ACUgQNOQBVcgR pwAQb34Am8gjfr0Xq3PqzP8WrOmtzsgilYX79/KJ03</latexit><latexit sha1_base64="H45KMUonZ6s xRZy2lHo4KZvfweM=">AAACB3icbVDLSgMxFM3UV62vqktBgkWomzLjRl0oBTeCmw qOLXSGkkkzbWgmGZNMsQz9AX9AdKV/4Erc+hn+gN9hpu3Cth64cDjnXs7lBDGjSt v2t5VbWFxaXsmvFtbWNza3its7d0okEhMXCyZkI0CKMMqJq6lmpBFLgqKAkXrQu8z 8ep9IRQW/1YOY+BHqcBpSjLSRfK+fwHPoXZe9/sNRq1iyK/YIcJ44E1Kq7j9neKm1 ij9eW+AkIlxjhpRqOnas/RRJTTEjw4KXKBIj3EMd0jSUo4goPx09PYSHRmnDUEgzX MOR+vciRZFSgygwmxHSXTXrZeJ/XjPR4amfUh4nmnA8DgoTBrWAWQOwTSXBmg0MQ VhS8yvEXSQR1qanqZTI+EINC6YYZ7aGeeIeV84qzo0p6AKMkQd74ACUgQNOQBVcgR pwAQb34Am8gjfr0Xq3PqzP8WrOmtzsgilYX79/KJ03</latexit><latexit sha1_base64="oEVUjzyu3A7 9XlE79I0sw3WsL4o=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDiJsy4URdKwI3gJo JjApkh9HR6kib9Gbt7gmHIBbyAW72BK3HrMbyA57CTzMIkFjwoqt6jHhUljGrjut /O0vLK6tp6YaO4ubW9s1va23/QMlWY+FgyqZoR0oRRQXxDDSPNRBHEI0YaUf967Dc GRGkqxb0ZJiTkqCtoTDEyVgqDQQovYXBbCQZPJ+1S2a26E8BF4uWkDHLU26WfoCNx yokwmCGtW56bmDBDylDMyKgYpJokCPdRl7QsFYgTHWaTp0fw2CodGEtlRxg4Uf9eZ IhrPeSR3eTI9PS8Nxb/81qpic/DjIokNUTgaVCcMmgkHDcAO1QRbNjQEoQVtb9C3 EMKYWN7mknh1pd6VLTFePM1LBL/tHpR9e7ccu0qb6gADsERqAAPnIEauAF14AMMHs ELeAVvzrPz7nw4n9PVJSe/OQAzcL5+AeLbmUI=</latexit>
x˙ = f(x,u)
<latexit sha1_base64="M4xyZ0hcBmd SKJFyFieIVz8ovk8=">AAACE3icbZDLSgMxFIbP1Futt1EXLgQJFqGClBk36kIpuH FZwbGFTimZNNOGZi4kmWIZ5jWE7gS3+gauxK0P4Av4HKaXha0eCHz8/zk5ye/FnE llWV9GbmFxaXklv1pYW9/Y3DK3d+5llAhCHRLxSNQ9LClnIXUUU5zWY0Fx4HFa83r XI7/Wp0KyKLxTg5g2A9wJmc8IVlpqmXtuO1Kp23/I0CXySxpOkNtPjltm0Spb40J/ wZ5CsXIwHD4BQLVlfuubSBLQUBGOpWzYVqyaKRaKEU6zgptIGmPSwx3a0BjigMpmO v5Aho600kZ+JPQJFRqrvydSHEg5CDzdGWDVlfPeSPzPayTKP2+mLIwTRUMyWeQnH KkIjdJAbSYoUXygARPB9FsR6WKBidKZzWwJtB/JrKCDsedj+AvOafmibN/qgK5gUn nYh0MogQ1nUIEbqIIDBDJ4hhd4NR6NN+Pd+Ji05ozpzC7MlPH5A3YKn/c=</latex it><latexit sha1_base64="ZahfSRpTjnC O9aaHsXQED7WCVfc=">AAACE3icbVDLSsNAFJ3UV62vqAsXggwWoYKUxI26UApuXF YwttCEMplO2qGTTJiZFEvIbwi6dat/4Erc+gH+gN/hpO3Cth64cDjn3rlzjx8zKp VlfRuFhcWl5ZXiamltfWNzy9zeuZc8EZg4mDMumj6ShNGIOIoqRpqxICj0GWn4/ev cbwyIkJRHd2oYEy9E3YgGFCOlpba553a4St3BQwYvYVDR5AS6g+S4bZatqjUCnCf2 hJRrB085nutt80e/hJOQRAozJGXLtmLlpUgoihnJSm4iSYxwH3VJS9MIhUR66eiAD B5ppQMDLnRFCo7UvxMpCqUchr7uDJHqyVkvF//zWokKzr2URnGiSITHi4KEQcVhn gbsUEGwYkNNEBZU/xXiHhIIK53Z1JZQ+1xmJR2MPRvDPHFOqxdV+1YHdAXGKIJ9cA gqwAZnoAZuQB04AIMMvIBX8GY8Gu/Gh/E5bi0Yk5ldMAXj6xf05qG8</latexit><latexit sha1_base64="ZahfSRpTjnC O9aaHsXQED7WCVfc=">AAACE3icbVDLSsNAFJ3UV62vqAsXggwWoYKUxI26UApuXF YwttCEMplO2qGTTJiZFEvIbwi6dat/4Erc+gH+gN/hpO3Cth64cDjn3rlzjx8zKp VlfRuFhcWl5ZXiamltfWNzy9zeuZc8EZg4mDMumj6ShNGIOIoqRpqxICj0GWn4/ev cbwyIkJRHd2oYEy9E3YgGFCOlpba553a4St3BQwYvYVDR5AS6g+S4bZatqjUCnCf2 hJRrB085nutt80e/hJOQRAozJGXLtmLlpUgoihnJSm4iSYxwH3VJS9MIhUR66eiAD B5ppQMDLnRFCo7UvxMpCqUchr7uDJHqyVkvF//zWokKzr2URnGiSITHi4KEQcVhn gbsUEGwYkNNEBZU/xXiHhIIK53Z1JZQ+1xmJR2MPRvDPHFOqxdV+1YHdAXGKIJ9cA gqwAZnoAZuQB04AIMMvIBX8GY8Gu/Gh/E5bi0Yk5ldMAXj6xf05qG8</latexit><latexit sha1_base64="wTFvVwzlh99 yKCQtnwCXrSUahNQ=">AAACE3icbZDNSgMxFIUz9a/Wv1EXLtwEi1BByowbdaEU3L is4NhCZyiZNNOGJpkhyRTLMK/hC7jVN3Albn0AX8DnMG1nYasXAh/n3JubnDBhVG nH+bJKS8srq2vl9crG5tb2jr2796DiVGLi4ZjFsh0iRRgVxNNUM9JOJEE8ZKQVDm8 mfmtEpKKxuNfjhAQc9QWNKEbaSF37wO/FOvNHjzm8glHNwCn0R+lJ1646dWda8C+4 BVRBUc2u/W1uwiknQmOGlOq4TqKDDElNMSN5xU8VSRAeoj7pGBSIExVk0w/k8NgoP RjF0hyh4VT9PZEhrtSYh6aTIz1Qi95E/M/rpDq6CDIqklQTgWeLopRBHcNJGrBHJ cGajQ0gLKl5K8QDJBHWJrO5Ldz4scorJhh3MYa/4J3VL+vunVNtXBcJlcEhOAI14I Jz0AC3oAk8gEEOnsELeLWerDfr3fqYtZasYmYfzJX1+QNYqJ3H</latexit>
Plant
Controller
x
<latexit sha1_base64="zRhVAJdXoA5WB5ZmT/jtVmKxH5Y=">AAAB/XicbVBLS gNBEK2Jvxh/UZduGoPgKszoQt1owI3LiI4JJEPo6fQkTXq6h+6eYBgCXsCt3sCVuPUAnsILeA47n4VJfFDweK+Kqnphwpk2rvvt5JaWV1bX8uuFjc2t7Z3i7t6Dlqki1Ce SS1UPsaacCeobZjitJ4riOOS0FvauR36tT5VmUtybQUKDGHcEixjBxkp3zf5jq1hyy+4YaJF4U1K6+jo9rQBAtVX8abYlSWMqDOFY64bnJibIsDKMcDosNFNNE0x6uEMb lgocUx1k41OH6MgqbRRJZUsYNFb/TmQ41noQh7Yzxqar572R+J/XSE10HmRMJKmhgkwWRSlHRqLR36jNFCWGDyzBRDF7KyJdrDAxNp2ZLbH1pR4WbDDefAyLxD8pX5S9W7 dUuYQJ8nAAh3AMHpxBBW6gCj4Q6MAzvMCr8+S8Oe/Ox6Q150xn9mEGzucvXVOXyg==</latexit><latexit sha1_base64="rRjqgHFXr6eVKT53MHwvkd3wbso=">AAAB/XicbVBLT gJBEK3BH+IPdemmIzFxRWZ0oW6UxI1LjI6QwIT0ND3Qobtn0t1DJITEC7jVG7gybj2Ap/ACnsNmYCHgSyp5ea8qVfXChDNtXPfbyS0tr6yu5dcLG5tb2zvF3b0HHaeKUJ/ EPFb1EGvKmaS+YYbTeqIoFiGntbB3PfZrfao0i+W9GSQ0ELgjWcQINla6a/YfW8WSW3YzoEXiTUnp6us0Q7VV/Gm2Y5IKKg3hWOuG5yYmGGJlGOF0VGimmiaY9HCHNiyV WFAdDLNTR+jIKm0UxcqWNChT/04MsdB6IELbKbDp6nlvLP7nNVITnQdDJpPUUEkmi6KUIxOj8d+ozRQlhg8swUQxeysiXawwMTadmS3C+rEeFWww3nwMi8Q/KV+UvVu3VL mECfJwAIdwDB6cQQVuoAo+EOjAM7zAq/PkvDnvzsekNedMZ/ZhBs7nLyK0mFY=</latexit><latexit sha1_base64="rRjqgHFXr6eVKT53MHwvkd3wbso=">AAAB/XicbVBLT gJBEK3BH+IPdemmIzFxRWZ0oW6UxI1LjI6QwIT0ND3Qobtn0t1DJITEC7jVG7gybj2Ap/ACnsNmYCHgSyp5ea8qVfXChDNtXPfbyS0tr6yu5dcLG5tb2zvF3b0HHaeKUJ/ EPFb1EGvKmaS+YYbTeqIoFiGntbB3PfZrfao0i+W9GSQ0ELgjWcQINla6a/YfW8WSW3YzoEXiTUnp6us0Q7VV/Gm2Y5IKKg3hWOuG5yYmGGJlGOF0VGimmiaY9HCHNiyV WFAdDLNTR+jIKm0UxcqWNChT/04MsdB6IELbKbDp6nlvLP7nNVITnQdDJpPUUEkmi6KUIxOj8d+ozRQlhg8swUQxeysiXawwMTadmS3C+rEeFWww3nwMi8Q/KV+UvVu3VL mECfJwAIdwDB6cQQVuoAo+EOjAM7zAq/PkvDnvzsekNedMZ/ZhBs7nLyK0mFY=</latexit><latexit sha1_base64="jah66yKLL4aVp6sfY7PilYj1bx8=">AAAB/XicbVDLS gNBEOyNrxhfUY9eBoPgKex6US8S8OIxomuEZAmzk0kyZB7LzGwwLAF/wKv+gSfx6rf4A36Hk2QPJrGgoajqprsrTjgz1ve/vcLK6tr6RnGztLW9s7tX3j94MCrVhIZEcaU fY2woZ5KGlllOHxNNsYg5bcSD64nfGFJtmJL3dpTQSOCeZF1GsHXSXWv41C5X/Ko/BVomQU4qkKPeLv+0OoqkgkpLODamGfiJjTKsLSOcjkut1NAEkwHu0aajEgtqomx6 6hidOKWDukq7khZN1b8TGRbGjETsOgW2fbPoTcT/vGZquxdRxmSSWirJbFE35cgqNPkbdZimxPKRI5ho5m5FpI81JtalM7dFOF+ZcckFEyzGsEzCs+plNbj1K7WrPKEiHM ExnEIA51CDG6hDCAR68AKv8OY9e+/eh/c5ay14+cwhzMH7+gUAH5Yi</latexit>
u
<latexit sha1_base64="z37R1m0qdIW5K4aMo7Vfzw/rnN0=">AAAB/XicbVBLS gNBEK2Jvxh/UZduGoPgKsyYhbrRgBuXER0TSIbQ0+lJmvR0D909gTAEvIBbvYErcesBPIUX8Bx2PguT+KDg8V4VVfXChDNtXPfbya2srq1v5DcLW9s7u3vF/YNHLVNFqE8 kl6oRYk05E9Q3zHDaSBTFcchpPezfjP36gCrNpHgww4QGMe4KFjGCjZXuW4O0XSy5ZXcCtEy8GSldf1UqVQCotYs/rY4kaUyFIRxr3fTcxAQZVoYRTkeFVqppgkkfd2nT UoFjqoNscuoInVilgyKpbAmDJurfiQzHWg/j0HbG2PT0ojcW//OaqYkugoyJJDVUkOmiKOXISDT+G3WYosTwoSWYKGZvRaSHFSbGpjO3Jba+1KOCDcZbjGGZ+Gfly7J355 aqVzBFHo7gGE7Bg3Oowi3UwAcCXXiGF3h1npw35935mLbmnNnMIczB+fwFWI6Xxw==</latexit><latexit sha1_base64="LT+Jc0t0RjPzDRQmWY6Dw1o9hWs=">AAAB/XicbVBLS gNBEK3xG+Mv6tJNYxBchRldqBsNuHEZ0TGBZAg9nZ6kSU/30N0TCEPAC7jVG7gStx7AU3gBz2FnkoVJfFDweK+Kqnphwpk2rvvtLC2vrK6tFzaKm1vbO7ulvf1HLVNFqE8 kl6oRYk05E9Q3zHDaSBTFcchpPezfjP36gCrNpHgww4QGMe4KFjGCjZXuW4O0XSq7FTcHWiTelJSvv85y1Nqln1ZHkjSmwhCOtW56bmKCDCvDCKejYivVNMGkj7u0aanA MdVBlp86QsdW6aBIKlvCoFz9O5HhWOthHNrOGJuenvfG4n9eMzXRRZAxkaSGCjJZFKUcGYnGf6MOU5QYPrQEE8XsrYj0sMLE2HRmtsTWl3pUtMF48zEsEv+0clnx7txy9Q omKMAhHMEJeHAOVbiFGvhAoAvP8AKvzpPz5rw7H5PWJWc6cwAzcD5/AR3vmFM=</latexit><latexit sha1_base64="LT+Jc0t0RjPzDRQmWY6Dw1o9hWs=">AAAB/XicbVBLS gNBEK3xG+Mv6tJNYxBchRldqBsNuHEZ0TGBZAg9nZ6kSU/30N0TCEPAC7jVG7gStx7AU3gBz2FnkoVJfFDweK+Kqnphwpk2rvvtLC2vrK6tFzaKm1vbO7ulvf1HLVNFqE8 kl6oRYk05E9Q3zHDaSBTFcchpPezfjP36gCrNpHgww4QGMe4KFjGCjZXuW4O0XSq7FTcHWiTelJSvv85y1Nqln1ZHkjSmwhCOtW56bmKCDCvDCKejYivVNMGkj7u0aanA MdVBlp86QsdW6aBIKlvCoFz9O5HhWOthHNrOGJuenvfG4n9eMzXRRZAxkaSGCjJZFKUcGYnGf6MOU5QYPrQEE8XsrYj0sMLE2HRmtsTWl3pUtMF48zEsEv+0clnx7txy9Q omKMAhHMEJeHAOVbiFGvhAoAvP8AKvzpPz5rw7H5PWJWc6cwAzcD5/AR3vmFM=</latexit><latexit sha1_base64="U64vseuy1K9XGlEw6n6kYqDh7Wk=">AAAB/XicbVDLS gNBEOyNrxhfUY9eBoPgKex6US8S8OIxojGBZAmzk9lkyDyWmdlAWAL+gFf9A0/i1W/xB/wOJ8keTGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0ZFSqCW0QxZV uRdhQziRtWGY5bSWaYhFx2oyGt1O/OaLaMCUf7TihocB9yWJGsHXSQ2eUdssVv+rPgFZJkJMK5Kh3yz+dniKpoNISjo1pB35iwwxrywink1InNTTBZIj7tO2oxIKaMJud OkFnTumhWGlX0qKZ+nciw8KYsYhcp8B2YJa9qfif105tfBVmTCappZLMF8UpR1ah6d+oxzQllo8dwUQzdysiA6wxsS6dhS3C+cpMSi6YYDmGVdK4qF5Xg3u/UrvJEyrCCZ zCOQRwCTW4gzo0gEAfXuAV3rxn79378D7nrQUvnzmGBXhfv/tLlh8=</latexit>
x˙ = f(x,u)
<latexit sha1_base64="M4xyZ0hcBmdSKJFyFieIVz8ovk8=">AAACE3icbZDLS gMxFIbP1Futt1EXLgQJFqGClBk36kIpuHFZwbGFTimZNNOGZi4kmWIZ5jWE7gS3+gauxK0P4Av4HKaXha0eCHz8/zk5ye/FnEllWV9GbmFxaXklv1pYW9/Y3DK3d+5llAh CHRLxSNQ9LClnIXUUU5zWY0Fx4HFa83rXI7/Wp0KyKLxTg5g2A9wJmc8IVlpqmXtuO1Kp23/I0CXySxpOkNtPjltm0Spb40J/wZ5CsXIwHD4BQLVlfuubSBLQUBGOpWzY VqyaKRaKEU6zgptIGmPSwx3a0BjigMpmOv5Aho600kZ+JPQJFRqrvydSHEg5CDzdGWDVlfPeSPzPayTKP2+mLIwTRUMyWeQnHKkIjdJAbSYoUXygARPB9FsR6WKBidKZzW wJtB/JrKCDsedj+AvOafmibN/qgK5gUnnYh0MogQ1nUIEbqIIDBDJ4hhd4NR6NN+Pd+Ji05ozpzC7MlPH5A3YKn/c=</latexit><latexit sha1_base64="ZahfSRpTjnCO9aaHsXQED7WCVfc=">AAACE3icbVDLS sNAFJ3UV62vqAsXggwWoYKUxI26UApuXFYwttCEMplO2qGTTJiZFEvIbwi6dat/4Erc+gH+gN/hpO3Cth64cDjn3rlzjx8zKpVlfRuFhcWl5ZXiamltfWNzy9zeuZc8EZg 4mDMumj6ShNGIOIoqRpqxICj0GWn4/evcbwyIkJRHd2oYEy9E3YgGFCOlpba553a4St3BQwYvYVDR5AS6g+S4bZatqjUCnCf2hJRrB085nutt80e/hJOQRAozJGXLtmLl pUgoihnJSm4iSYxwH3VJS9MIhUR66eiADB5ppQMDLnRFCo7UvxMpCqUchr7uDJHqyVkvF//zWokKzr2URnGiSITHi4KEQcVhngbsUEGwYkNNEBZU/xXiHhIIK53Z1JZQ+1 xmJR2MPRvDPHFOqxdV+1YHdAXGKIJ9cAgqwAZnoAZuQB04AIMMvIBX8GY8Gu/Gh/E5bi0Yk5ldMAXj6xf05qG8</latexit><latexit sha1_base64="ZahfSRpTjnCO9aaHsXQED7WCVfc=">AAACE3icbVDLS sNAFJ3UV62vqAsXggwWoYKUxI26UApuXFYwttCEMplO2qGTTJiZFEvIbwi6dat/4Erc+gH+gN/hpO3Cth64cDjn3rlzjx8zKpVlfRuFhcWl5ZXiamltfWNzy9zeuZc8EZg 4mDMumj6ShNGIOIoqRpqxICj0GWn4/evcbwyIkJRHd2oYEy9E3YgGFCOlpba553a4St3BQwYvYVDR5AS6g+S4bZatqjUCnCf2hJRrB085nutt80e/hJOQRAozJGXLtmLl pUgoihnJSm4iSYxwH3VJS9MIhUR66eiADB5ppQMDLnRFCo7UvxMpCqUchr7uDJHqyVkvF//zWokKzr2URnGiSITHi4KEQcVhngbsUEGwYkNNEBZU/xXiHhIIK53Z1JZQ+1 xmJR2MPRvDPHFOqxdV+1YHdAXGKIJ9cAgqwAZnoAZuQB04AIMMvIBX8GY8Gu/Gh/E5bi0Yk5ldMAXj6xf05qG8</latexit><latexit sha1_base64="wTFvVwzlh99yKCQtnwCXrSUahNQ=">AAACE3icbZDNS gMxFIUz9a/Wv1EXLtwEi1BByowbdaEU3Lis4NhCZyiZNNOGJpkhyRTLMK/hC7jVN3Albn0AX8DnMG1nYasXAh/n3JubnDBhVGnH+bJKS8srq2vl9crG5tb2jr2796DiVGL i4ZjFsh0iRRgVxNNUM9JOJEE8ZKQVDm8mfmtEpKKxuNfjhAQc9QWNKEbaSF37wO/FOvNHjzm8glHNwCn0R+lJ1646dWda8C+4BVRBUc2u/W1uwiknQmOGlOq4TqKDDElN MSN5xU8VSRAeoj7pGBSIExVk0w/k8NgoPRjF0hyh4VT9PZEhrtSYh6aTIz1Qi95E/M/rpDq6CDIqklQTgWeLopRBHcNJGrBHJcGajQ0gLKl5K8QDJBHWJrO5Ldz4scorJh h3MYa/4J3VL+vunVNtXBcJlcEhOAI14IJz0AC3oAk8gEEOnsELeLWerDfr3fqYtZasYmYfzJX1+QNYqJ3H</latexit>
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Switched Feedback
Figure 1.1: Models of state feedback systems.
1.1 Control Systems
We are particularly interested in state feedback control systems. There are two types of
such systems: (i) smooth feedback systems, and (ii) switched feedback systems. For each of these
systems, a description of the system model is provided in two steps. In the first step, the syntax
of the control system is explained, and subsequently, the behavior of the system (semantics) is
discussed by defining execution traces of the system.
1.1.1 Smooth Feedback
The system of interest consists of a plant and a smooth state feedback controller. The
plant has n continuous variables defining its state. A state x belong to set X : Rn. The controller
provides feedback (input) u ∈ U ⊆ Rm for a measured state x. The dynamics are defined using
an ordinary differential equation (ODE). Figure 1.1(a) shows a schematic view of the closed-loop
system.
We now provide a formal definition of the plant, the controller, and the closed-loop system
is given in the following paragraphs.
Definition 1 (Smooth Plant) A smooth plant is a tuple P(X,U, f) describing the physical en-
vironment, where
(1) X : Rn is domain of plant state,
4(2) U (⊆ Rm) is the range of control feedback,
(3) f : X × U 7→ X is a smooth function, which defines the vector field for an ODE.
Definition 2 (Smooth Controller) Given a smooth plant P(X,U, f), a smooth controller is a
smooth function K : X 7→ U that maps current state x ∈ X to the feedback u ∈ U .
Definition 3 (Smooth Feedback System) The combination of the smooth plant P(X,U, f) and
the smooth controller K yields a smooth closed-loop system Ψ(P,K).
Definition 4 (Smooth Trace) Given a smooth closed-loop system Ψ, a trace σ of Ψ is a tuple
σ : (x(·),u(·)), where x(·) (u(·)) maps the time to the state (input) of the system.
Each possible execution of the system can be modeled using a valid trace.
Definition 5 (Smooth Valid Trace) Given a smooth closed-loop system Ψ(P,K), a trace σ of
the system is said to be valid iff for all times t:
u(t) = K(x(t))
x˙(t) = f(x(t),u(t)) .
Notice that given an initial value x(0) = x0, by continuity of f and K, Peano existence
theorem guarantees that at least one valid trace exists (though, there may be more than one).
Also, if f and K are uniformly Lipschitz continuous, by Picard-Lindelo¨f theorem, a unique valid
trace exists. For example, if the trace does not diverge to infinity and f and K are finite over a
compact set, then valid trace is unique for a given x0. Also, each trace σ has a “escape time”,
T (σ) ∈ R+ ∪ {∞}, and for all time t > T (σ), the trace is not defined. We use ⊥ to denote absence
of a solution ((∀ t ≥ T (σ)) x(t) = ⊥ ∧ u(t) = ⊥). In the rest of this thesis, we use word trace
instead of valid trace.
Example 1 Consider a plant with single state x, and a single input u (X : R, U : R), where
f(x, u) = 1 + u. For feedback law K(x) = x2, a unique valid trace x(t) exists s.t. x˙(t) = 1 + x(t)2.
Assuming x0 = 1, x(t) = tan(t +
pi
4 ) is a valid trace. In other words, the solution blows up to
infinity within a finite time. Here T (σ) = pi4 and x(t) = ⊥ for t ≥ pi4 .
51.1.2 Switched Feedback
For a switched system, the model is slightly different. First, U is a finite set with size
|U | = m′, yielding m′ different modes for the plant. Also, for technical reasons, we need K to be a
function of the current plant state x and current mode u (Figure 1.1(b)).
Definition 6 (Switched Plant) A plant is a tuple P(X,U, f) describing the physical environ-
ment:
(1) X : Rn is domain of plant state,
(2) U is a finite set of control feedback,
(3) f : (X × U) 7→ X defines the smooth vector field for each mode u ∈ U .
For readability, we use fu(x) instead of f(x,u) for switched systems.
Definition 7 (Switched Controller) Given a plant P(X,U, f), a controller is a function K :
X × U 7→ U that maps current state x ∈ X and current mode u to the next mode u∗ ∈ U .
Definition 8 (Switched Feedback System) The combination of the switched plant P(X,U, f)
and the switched controller K yields a closed-loop switched system Ψ(P,K).
Definition 9 (Switched Valid Trace) Given a switched system Ψ(P,K), a trace σ of the system
is said to be valid iff
(1) For all times t
u+(t) = K(u(t),x(t))
x˙(t) = fu+(t)(x(t)) ,
where x˙(t) is the right derivative of x w.r.t. time,
(2) u is continuous from left (u−(t) = u(t)) for all t > 0,
(3) The set of switched times
SwitchTimes(u(·)) : {t ∈ R+|u(t) 6= u+(t)} ,
is a countable set.
6Similar to smooth traces, given x(0) = x0 and u(0) = u0, there exists at least one valid trace.
In addition, a valid trace can have Zeno behavior.
Definition 10 (Zeno Behavior) A trace σ has Zeno behavior if (∃∆ > 0) s.t. SwitchTimes(u(·))
∩[0,∆] is infinite. Moreover, x(t) = u(t) = ⊥ for t ≥ ∆.
This phenomenon is named after Zeno of Elea, greek philosopher who noticed the paradoxes one
may get when the number of switches (discrete events) are infinite in a finite (continuous) time
interval. Thus, avoiding Zeno behavior is not merely a practical concern, as it leads to theoretical
flaws as well.
Example 2 Consider a plant with two states x1 and x2, and two modes u1, and u2 with the
following dynamics:
fu1(x1, x2) =
 −1
−2
 , fu2(x1, x2) =
 −1
2
 .
The feedback function K is the following:
K(x1, x2, u) =

u1 u = u2 ∧ x2 ≥ x1
u2 u = u1 ∧ x2 ≤ −x1
u otherwise .
Starting from x(0) = [1, 0] and u(0) = u1, the trace is shown in Figure 1.2. It is easy to show that
x1(t) = 1 − t. On the other hand, the trace does not leave {x | x2 ≤ x1 ∧ x2 ≥ −x1}, which is a
contradiction. However, as illustrated in Figure 1.2, the number of switches is infinite in interval
[0, 1]. Zeno behavior occurs and the time stops at ∆ = 1. Therefore, x(t) = ⊥ for t ≥ 1.
1.2 Specifications
A specification describes the desired behavior of all possible system traces σ : (x(·),u(·)). In
general, a specification is a logical formula over a trace σ. However, we restrict the specification to
be a logical formula over x(·) (ϕ : x(·) 7→ B), and given a state trace x(·), its value is decided. A
7x1
<latexit sha1_base64="tQDn3ICKN1IAUeqsB5CVBHEWXlI=">AAAB/XicbVDLSgNBEOyNr xhfMR69DAbBU9j1ol4k4MVjRNcEkiXMTmaTIbMzy8ysGJZAPkCvij/gSbz6Lf6A3+HkcTCJBQ1FVTfdXWHCmTau++3kVlbX1jfym4Wt7Z3dveJ+6V7LVBHqE8mlaoRYU84E9Q0znDYSRXEcc loP+1djv/5AlWZS3JlBQoMYdwWLGMHGSrePba9dLLsVdwK0TLwZKVdLb08jAKi1iz+tjiRpTIUhHGvd9NzEBBlWhhFOh4VWqmmCSR93adNSgWOqg2xy6hAdW6WDIqlsCYMm6t+JDMdaD+LQds bY9PSiNxb/85qpic6DjIkkNVSQ6aIo5chINP4bdZiixPCBJZgoZm9FpIcVJsamM7cltr7Uw4INxluMYZn4p5WLindjA7qEKfJwCEdwAh6cQRWuoQY+EOjCM7zAqzNy3p0P53PamnNmMwcwB+f rF2Ohl9c=</latexit><latexit sha1_base64="ibHi/WXQIZsLDFL7pY7f8LbMASI=">AAAB/XicbVDLTgJBEOz1i eAD8ehlIppwIrte1Ish8eIRoyskQMjsMAsTZnY2M7NGssH4AXrV+AOejFe/xR/wOxweBwEr6aRS1Z3uriDmTBvX/XaWlldW19YzG9nc5tb2Tn63cKtlogj1ieRS1QOsKWcR9Q0znNZjRbEIO K0F/YuRX7ujSjMZ3ZhBTFsCdyMWMoKNla7v2147X3TL7hhokXhTUqwU3p4eSoe5ajv/0+xIkggaGcKx1g3PjU0rxcowwukw20w0jTHp4y5tWBphQXUrHZ86REdW6aBQKluRQWP170SKhdYDEd hOgU1Pz3sj8T+vkZjwtJWyKE4MjchkUZhwZCQa/Y06TFFi+MASTBSztyLSwwoTY9OZ2SKsL/Uwa4Px5mNYJP5x+azsXdmAzmGCDOzDAZTAgxOowCVUwQcCXXiGF3h1Hp1358P5nLQuOdOZPZi B8/UL25eYLA==</latexit><latexit sha1_base64="ibHi/WXQIZsLDFL7pY7f8LbMASI=">AAAB/XicbVDLTgJBEOz1i eAD8ehlIppwIrte1Ish8eIRoyskQMjsMAsTZnY2M7NGssH4AXrV+AOejFe/xR/wOxweBwEr6aRS1Z3uriDmTBvX/XaWlldW19YzG9nc5tb2Tn63cKtlogj1ieRS1QOsKWcR9Q0znNZjRbEIO K0F/YuRX7ujSjMZ3ZhBTFsCdyMWMoKNla7v2147X3TL7hhokXhTUqwU3p4eSoe5ajv/0+xIkggaGcKx1g3PjU0rxcowwukw20w0jTHp4y5tWBphQXUrHZ86REdW6aBQKluRQWP170SKhdYDEd hOgU1Pz3sj8T+vkZjwtJWyKE4MjchkUZhwZCQa/Y06TFFi+MASTBSztyLSwwoTY9OZ2SKsL/Uwa4Px5mNYJP5x+azsXdmAzmGCDOzDAZTAgxOowCVUwQcCXXiGF3h1Hp1358P5nLQuOdOZPZi B8/UL25eYLA==</latexit><latexit sha1_base64="z69WqH0FtyqdXUPwRQLJRqAfpXg=">AAAB/XicbVDLSgNBEOyNr xhfUY9eBoPgKex6US8S8OIxomsCyRJmJ7PJkHksM7NiCAF/wKv+gSfx6rf4A36Hk2QPJrGgoajqprsrTjkz1ve/vcLK6tr6RnGztLW9s7tX3j94MCrThIZEcaWbMTaUM0lDyyynzVRTLGJOG /HgeuI3Hqk2TMl7O0xpJHBPsoQRbJ1099QJOuWKX/WnQMskyEkFctQ75Z92V5FMUGkJx8a0Aj+10Qhrywin41I7MzTFZIB7tOWoxIKaaDQ9dYxOnNJFidKupEVT9e/ECAtjhiJ2nQLbvln0Ju J/XiuzyUU0YjLNLJVktijJOLIKTf5GXaYpsXzoCCaauVsR6WONiXXpzG0RzldmXHLBBIsxLJPwrHpZDW79Su0qT6gIR3AMpxDAOdTgBuoQAoEevMArvHnP3rv34X3OWgtePnMIc/C+fgGXQ5X g</latexit>
x2
<latexit sha1_base64="N5552MBEG61nZNvgVI/BZT8PLYw=">AAAB/XicbVDLSgNBEOz1G eMrxqOXwSB4Cru5qBcJePEY0TWBZAmzk9lkyMzsMjMrhiWQD9Cr4g94Eq9+iz/gdzh5HExiQUNR1U13V5hwpo3rfjsrq2vrG5u5rfz2zu7efuGgeK/jVBHqk5jHqhFiTTmT1DfMcNpIFMUi5 LQe9q/Gfv2BKs1ieWcGCQ0E7koWMYKNlW4f25V2oeSW3QnQMvFmpFQtvj2NAKDWLvy0OjFJBZWGcKx103MTE2RYGUY4HeZbqaYJJn3cpU1LJRZUB9nk1CE6sUoHRbGyJQ2aqH8nMiy0HojQdg psenrRG4v/ec3UROdBxmSSGirJdFGUcmRiNP4bdZiixPCBJZgoZm9FpIcVJsamM7dFWD/Ww7wNxluMYZn4lfJF2buxAV3CFDk4gmM4BQ/OoArXUAMfCHThGV7g1Rk5786H8zltXXFmM4cwB+f rF2U4l9g=</latexit><latexit sha1_base64="+JXPGhzr/d3UZxuENVd0PDwSXmY=">AAAB/XicbVDLTgJBEJzFF 4IPxKOXiWjCiexyUS+GxItHjK6QwIbMDrMwYR6bmVkj2WD8AL1q/AFPxqvf4g/4HQ6Pg4CVdFKp6k53Vxgzqo3rfjuZldW19Y3sZi6/tb2zW9gr3mqZKEx8LJlUzRBpwqggvqGGkWasCOIhI 41wcDH2G3dEaSrFjRnGJOCoJ2hEMTJWur7vVDuFkltxJ4DLxJuRUq349vRQPsrXO4WfdlfihBNhMENatzw3NkGKlKGYkVGunWgSIzxAPdKyVCBOdJBOTh3BY6t0YSSVLWHgRP07kSKu9ZCHtp Mj09eL3lj8z2slJjoNUirixBCBp4uihEEj4fhv2KWKYMOGliCsqL0V4j5SCBubztwWbn2pRzkbjLcYwzLxq5WzindlAzoHU2TBATgEZeCBE1ADl6AOfIBBDzyDF/DqPDrvzofzOW3NOLOZfTA H5+sX3S6YLQ==</latexit><latexit sha1_base64="+JXPGhzr/d3UZxuENVd0PDwSXmY=">AAAB/XicbVDLTgJBEJzFF 4IPxKOXiWjCiexyUS+GxItHjK6QwIbMDrMwYR6bmVkj2WD8AL1q/AFPxqvf4g/4HQ6Pg4CVdFKp6k53Vxgzqo3rfjuZldW19Y3sZi6/tb2zW9gr3mqZKEx8LJlUzRBpwqggvqGGkWasCOIhI 41wcDH2G3dEaSrFjRnGJOCoJ2hEMTJWur7vVDuFkltxJ4DLxJuRUq349vRQPsrXO4WfdlfihBNhMENatzw3NkGKlKGYkVGunWgSIzxAPdKyVCBOdJBOTh3BY6t0YSSVLWHgRP07kSKu9ZCHtp Mj09eL3lj8z2slJjoNUirixBCBp4uihEEj4fhv2KWKYMOGliCsqL0V4j5SCBubztwWbn2pRzkbjLcYwzLxq5WzindlAzoHU2TBATgEZeCBE1ADl6AOfIBBDzyDF/DqPDrvzofzOW3NOLOZfTA H5+sX3S6YLQ==</latexit><latexit sha1_base64="mLSn4pY4CNbmEgNXuuhwggYpDaY=">AAAB/XicbVDLSgNBEOz1G eMr6tHLYBA8hd1c1IsEvHiM6JpAsoTZyWwyZB7LzKwYQsAf8Kp/4Em8+i3+gN/hJNmDSSxoKKq66e6KU86M9f1vb2V1bX1js7BV3N7Z3dsvHRw+GJVpQkOiuNLNGBvKmaShZZbTZqopFjGnj XhwPfEbj1QbpuS9HaY0ErgnWcIItk66e+pUO6WyX/GnQMskyEkZctQ7pZ92V5FMUGkJx8a0Aj+10Qhrywin42I7MzTFZIB7tOWoxIKaaDQ9dYxOndJFidKupEVT9e/ECAtjhiJ2nQLbvln0Ju J/XiuzyUU0YjLNLJVktijJOLIKTf5GXaYpsXzoCCaauVsR6WONiXXpzG0RzldmXHTBBIsxLJOwWrmsBLd+uXaVJ1SAYziBMwjgHGpwA3UIgUAPXuAV3rxn79378D5nrStePnMEc/C+fgGY2pX h</latexit>
x2 = x1
<latexit sha1_base64="uGtkxTT0X+XLX/bEFW6GTJ2gF0Y=">AAACA3icbVC7SgNBFL0bX zEajVraDAbBKuymMRZCwMYygmsiybLMTibJkJnZZWZWEpa0/oCt/oGV2Nr4F/6A3+HkUWjigQuHc+7l3nuihDNtXPfLya2tb2xu5bcLO7vFvf3SweGdjlNFqE9iHqtWhDXlTFLfMMNpK1EUi 4jTZjS8mvrNB6o0i+WtGSc0ELgvWY8RbKx0Pwqr6BKNQi8sld2KOwNaJd6ClOvFzxQBQCMsfXe6MUkFlYZwrHXbcxMTZFgZRjidFDqppgkmQ9ynbUslFlQH2ezgCTq1Shf1YmVLGjRTf09kWG g9FpHtFNgM9LI3Ff/z2qnp1YKMySQ1VJL5ol7KkYnR9HvUZYoSw8eWYKKYvRWRAVaYGJvRny3C+rGeFGww3nIMq8SvVi4q3o0NqAZz5OEYTuAMPDiHOlxDA3wgIOAJnuHFeXRenTfnfd6acxY zR/AHzscPP/6ZQA==</latexit><latexit sha1_base64="NDdZ9pqYCsrnVCHcuP5Tn/SNy7c=">AAACA3icbVC7SgNBFJ2Nr 7gajVraDIaAVdhNYyyEgCCWEVwTSZZldjKbDJnZWWZmJWFJ6w/YamtlJbY2/oU/4Hc4eRQm8cCFwzn3cu89YcKo0o7zbeXW1jc2t/Lb9s5uYW+/eHB4p0QqMfGwYEK2QqQIozHxNNWMtBJJE A8ZaYaDy4nffCBSURHf6lFCfI56MY0oRtpI98OgCi/gMHCDYsmpOFPAVeLOSale+ErLV/ZrIyj+dLoCp5zEGjOkVNt1Eu1nSGqKGRnbnVSRBOEB6pG2oTHiRPnZ9OAxLBulCyMhTcUaTtW/Ex niSo14aDo50n217E3E/7x2qqOan9E4STWJ8WxRlDKoBZx8D7tUEqzZyBCEJTW3QtxHEmFtMlrYwo0v1Ng2wbjLMawSr1o5r7g3JqAamCEPjsEJOAUuOAN1cA0awAMYcPAEnsGL9Wi9We/Wx6w 1Z81njsACrM9foaqaOw==</latexit><latexit sha1_base64="NDdZ9pqYCsrnVCHcuP5Tn/SNy7c=">AAACA3icbVC7SgNBFJ2Nr 7gajVraDIaAVdhNYyyEgCCWEVwTSZZldjKbDJnZWWZmJWFJ6w/YamtlJbY2/oU/4Hc4eRQm8cCFwzn3cu89YcKo0o7zbeXW1jc2t/Lb9s5uYW+/eHB4p0QqMfGwYEK2QqQIozHxNNWMtBJJE A8ZaYaDy4nffCBSURHf6lFCfI56MY0oRtpI98OgCi/gMHCDYsmpOFPAVeLOSale+ErLV/ZrIyj+dLoCp5zEGjOkVNt1Eu1nSGqKGRnbnVSRBOEB6pG2oTHiRPnZ9OAxLBulCyMhTcUaTtW/Ex niSo14aDo50n217E3E/7x2qqOan9E4STWJ8WxRlDKoBZx8D7tUEqzZyBCEJTW3QtxHEmFtMlrYwo0v1Ng2wbjLMawSr1o5r7g3JqAamCEPjsEJOAUuOAN1cA0awAMYcPAEnsGL9Wi9We/Wx6w 1Z81njsACrM9foaqaOw==</latexit><latexit sha1_base64="YatOvG+uxRQo9nHS4wLsO+n/ZQo=">AAACA3icbVDLTgJBEOz1i fhCPXqZSEw8kV0u4sGExItHTFzBwGYzOwwwYWZ2MzNrIBuu/oBX/QNPxqsf4g/4HQ6wBwEr6aRS1Z3urijhTBvX/XbW1jc2t7YLO8Xdvf2Dw9LR8YOOU0WoT2Ieq1aENeVMUt8ww2krURSLi NNmNLyZ+s0nqjSL5b0ZJzQQuC9ZjxFsrPQ4CqvoGo1CLyyV3Yo7A1olXk7KkKMRln463ZikgkpDONa67bmJCTKsDCOcToqdVNMEkyHu07alEguqg2x28ASdW6WLerGyJQ2aqX8nMiy0HovIdg psBnrZm4r/ee3U9GpBxmSSGirJfFEv5cjEaPo96jJFieFjSzBRzN6KyAArTIzNaGGLsH6sJ0UbjLccwyrxq5Wrinfnluu1PKECnMIZXIAHl1CHW2iADwQEvMArvDnPzrvz4XzOW9ecfOYEFuB 8/QLpJZec</latexit>
x2 =  x1
<latexit sha1_base64="+Ykd9nlIR4V4LrZOK5gxIfHvbd0=">AAACBHicbVDLSsNAFL2pr 1qtVl26GSyCG0vSjXUhFNy4rGBssQ1hMp20QyeTMDORltC1P+BW/8CVuHXhX/gDfofTx8K2HrhwOOde7r0nSDhT2ra/rdza+sbmVn67sLNb3NsvHRzeqziVhLok5rFsBVhRzgR1NdOcthJJc RRw2gwG1xO/+UilYrG406OEehHuCRYygrWRHoZ+FV2h86Hv+KWyXbGnQKvEmZNyvfiVIgBo+KWfTjcmaUSFJhwr1XbsRHsZlpoRTseFTqpogskA92jbUIEjqrxsevEYnRqli8JYmhIaTdW/Ex mOlBpFgemMsO6rZW8i/ue1Ux3WvIyJJNVUkNmiMOVIx2jyPuoySYnmI0MwkczcikgfS0y0CWlhS2T8WI0LJhhnOYZV4lYrlxXn1gRUgxnycAwncAYOXEAdbqABLhAQ8Awv8Go9WW/Wu/Uxa81 Z85kjWID1+QuunZl3</latexit><latexit sha1_base64="oCSK4WW4YcTeRbzzMd8R2vkr6Vw=">AAACBHicbVC7SgNBFJ31G VejUUubwRCwMeymMRZCQBDLCK4JJssyO5lNhszOLDOzkrCk9gdstbSzElsL/8If8DucPAqTeODC4Zx7ufeeMGFUacf5tlZW19Y3NnNb9vZOfnevsH9wp0QqMfGwYEI2Q6QIo5x4mmpGmokkK A4ZaYT9y7HfeCBSUcFv9TAhfoy6nEYUI22k+0FQgRfwdBC4QaHolJ0J4DJxZ6RYy3+lpSv7tR4UftodgdOYcI0ZUqrlOon2MyQ1xYyM7HaqSIJwH3VJy1COYqL8bHLxCJaM0oGRkKa4hhP170 SGYqWGcWg6Y6R7atEbi/95rVRHVT+jPEk14Xi6KEoZ1AKO34cdKgnWbGgIwpKaWyHuIYmwNiHNbYmNL9TINsG4izEsE69SPi+7NyagKpgiB47AMTgBLjgDNXAN6sADGHDwBJ7Bi/VovVnv1se 0dcWazRyCOVifvxBYmnI=</latexit><latexit sha1_base64="oCSK4WW4YcTeRbzzMd8R2vkr6Vw=">AAACBHicbVC7SgNBFJ31G VejUUubwRCwMeymMRZCQBDLCK4JJssyO5lNhszOLDOzkrCk9gdstbSzElsL/8If8DucPAqTeODC4Zx7ufeeMGFUacf5tlZW19Y3NnNb9vZOfnevsH9wp0QqMfGwYEI2Q6QIo5x4mmpGmokkK A4ZaYT9y7HfeCBSUcFv9TAhfoy6nEYUI22k+0FQgRfwdBC4QaHolJ0J4DJxZ6RYy3+lpSv7tR4UftodgdOYcI0ZUqrlOon2MyQ1xYyM7HaqSIJwH3VJy1COYqL8bHLxCJaM0oGRkKa4hhP170 SGYqWGcWg6Y6R7atEbi/95rVRHVT+jPEk14Xi6KEoZ1AKO34cdKgnWbGgIwpKaWyHuIYmwNiHNbYmNL9TINsG4izEsE69SPi+7NyagKpgiB47AMTgBLjgDNXAN6sADGHDwBJ7Bi/VovVnv1se 0dcWazRyCOVifvxBYmnI=</latexit><latexit sha1_base64="WfSmzRV43y+kyv7NmTmxPASlFxY=">AAACBHicbVDLTsJAFJ3iC /GFunQzkZi4kbRsxIUJiRuXmFghQtNMhylMmEczMzWQhrU/4Fb/wJVx63/4A36HA3Qh4ElucnLOvbn3nihhVBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EHLVGHiY8mkakdIE0YF8Q01jLQTRRCPG GlFw5up33oiSlMp7s04IQFHfUFjipGx0uMorMFreDEKvbBccavuDHCVeDmpgBzNsPzT7UmcciIMZkjrjucmJsiQMhQzMil1U00ShIeoTzqWCsSJDrLZxRN4ZpUejKWyJQycqX8nMsS1HvPIdn JkBnrZm4r/eZ3UxPUgoyJJDRF4vihOGTQSTt+HPaoINmxsCcKK2lshHiCFsLEhLWzh1pd6UrLBeMsxrBK/Vr2qendupVHPEyqCE3AKzoEHLkED3IIm8AEGAryAV/DmPDvvzofzOW8tOPnMMVi A8/ULV9OX0w==</latexit>
The color of execution trace is red (blue) when mode u1 (u2) is selected.
Figure 1.2: An example of a Zeno behavior.
trace x(·) respects a specification ϕ, if ϕ(x(·)) holds. For example, to ensure the state eventually
reaches a set G (♦G), we use the following specification:
ϕ(x(·)) : (∃t ≥ 0) x(t) ∈ G .
Recall that x(t) = ⊥ when the trace is not defined (either the trace escapes in finite time or
Zeno behavior occurs). Therefore, we implicitly require x(t) 6= ⊥ if x(t) to be used in ϕ(x(·)).
The ultimate goal is to find a K function that guarantees all traces admit the specifications.
Definition 11 (Control Synthesis Problem) Given a plant P(X,Q, f) and a specification ϕ,
the control synthesis problem is to find a function K s.t. for all traces σ of the closed-loop system
Ψ(P,K), ϕ(x(·)) holds.
One may use temporal logics [68, 85] to describe ϕ. However, in this thesis, we focus on
basic specifications, including stability, safety, and reach-while-stay. Other specifications are left
for future work.
1.2.1 Safety
Safety property requires the traces of the system to remain inside a safe set S. Formally,
ϕ(x(·)) : (∀t ≥ 0) x(t) ∈ S (S). However, if x(0) 6∈ S, the safety cannot be guaranteed. Therefore,
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Figure 1.3: A schematic view of the “inverted pendulum on a cart.”
we also need to enforce initial condition x(0) ∈ I for some initial set I ⊆ S:
ϕ(x(·)) : (x(0) ∈ I) =⇒ (∀t ≥ 0) x(t) ∈ S .
Example 3 (Inverted Pendulum Problem) Consider the problem of keeping an inverted pen-
dulum in a vertical position. This model has applications in balancing two-wheeled robots. The
system has two degrees of freedom: the location of the cart x, and the degree of the inverted pen-
dulum α. The goal is to keep the pendulum in a vertical position by moving the cart with input u
(Figure 1.3).
The system has four state variables [x, x˙, α, α˙] with the following dynamics [71]:
x¨ =
4u− 4x˙+ 4mlα˙2 sin(α)− 3mg sin(α) cos(α)
4(M +m)− 3m cos2(α)
α¨ =
(M +m)g sin(α)− (u− x˙) cos(α)−mlα˙2 sin(α) cos(α)
l(43(M +m)−m cos(α)2)
,
where m = 0.21 and M = 0.815 are masses of the pendulum and the cart respectively, g = 9.8 is
the gravitational acceleration, and l = 0.305 is distance of center of mass of the pendulum from
the cart. Also, the input is saturated U : [−20, 20]. We are interested in safety property where the
state is initially in set I : {x | ||x||2 ≤ 0.1} (almost in vertical position) and the safe region is
S : [−1, 1]4. The goal is to design a controller to satisfy this safety property.
1.2.2 Stability
The goal in stability is getting the state x close to a desired point xr ∈ X (equilibrium state).
Formally, global asymptotic stability consists of two parts:
9(a) (∀ > 0) (∃δ > 0) x(0) ∈ Bδ(xr) =⇒ (∀t) x(t) ∈ B(xr)
(b) (∀ > 0) (∃T ) (∀t ≥ T ) x(t) ∈ B(xr) ,
where Bδ(x) is a ball of appropriate dimension centered at x with radius δ. The first part makes sure
that the trace does not diverge and stays close to the equilibrium (Lyapunov stability). Meanwhile,
the second part guarantees that the state gets arbitrarily close (and stays close) to the equilibrium.
Putting these two properties together, one can show that the state converges to the equilibrium
(limt→∞ ||x(t)− xr|| = 0).
1.2.2.1 Reference Tracking
While stability is used to keep the state close to the equilibrium, many specifications involve
keeping the state close to a moving state. For example, assume a car is chasing another car. The
goal is not to park the car somewhere, but to follow the other car. The moving state defines a
reference trajectory xr(·) : R+ 7→ X. Formally, we wish limt→∞ x(t) = xr(t) (global asymptotic
trajectory tracking). Global asymptotic trajectory tracking holds iff the following conditions hold:
(a) (∀ > 0) (∃δ > 0) x(0) ∈ Bδ(xr(0)) =⇒ (∀t) x(t) ∈ B(xr(t))
(b) (∀ > 0) (∃T ) (∀t ≥ T ) x(t) ∈ B(xr(t)) .
Similar to stability property, condition (a) guarantees that if the state is initially near xr(0), then
the state will not diverge from xr(t) and stays close to the reference xr(t) at time t (for all times).
Also, condition (b) guarantees that the state gets arbitrarily close (and stays close) to the reference
xr(t) (at time t) as t→∞.
Stability properties are interesting merely from a theoretical perspective as globally asymp-
totic stable system never exists. We consider practical stability in the next section.
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1.2.3 Reach-While-Stay
The Reach-While-Stay (RWS) combines the safety and reachability properties to serve as
the U operator in temporal logics. More specifically, given an initial set I, a goal set G, and a safe
set S, the specification requires the trace to reach from I to G while staying inside S (I =⇒ S U G
in temporal logic). Formally:
(x(0) ∈ I) =⇒ (∃T ≥ 0)
 x(T ) ∈ G ∧
(∀t, 0 ≤ t ≤ T ) x(t) ∈ S
 .
Example 4 (Forward Flight Problem) Caltech ducted-fan has been used to study the aerody-
namics of a single wing of a thrust vectored, fixed-wing aircraft [56]. In this example, we wish to
design forward flight control in which the angle of attack needs to be fixed for a stable forward flight.
The model of the system is carefully calibrated through wind tunnel experiments. The system has
four states: v is the velocity, γ defines the moving direction of the ducted-fan, µ is the rotational
position, and q is the angular velocity. The control inputs are the thrust τ and the angle δ at which
the thrust is applied (Figure 1.4). Also, the inputs are saturated: τ : [0, 13.5] and δ : [−0.45, 0.45].
The dynamics are:
mv˙ = −D(v, α)−W sin(γ) + u cos(α+ δu) µ˙ = q
mvγ˙ = L(v, α)−W cos(γ) + u sin(α+ δu) Jq˙ = M(v, α)− ulT sin(δu) ,
where the angle of attack α = µ−γ, and drag (D), lift (L), and moment (M) terms are polynomials
in v and α. For full list of parameters, see [56]. According to the dynamics, xr : [6, 0, 0.1771, 0] is
a stable equilibrium (for ur : [3.2,−0.138]) where the ducted-fan can move forward with velocity 6.
Thus, the goal is to reach near xr.
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Figure 1.4: A schematic view of the Caltech ducted-fan.
To guarantee practical stability, we use a RWS specification with the following sets:
S : {[v, γ, µ, q]t + xr|v ∈ [3, 9], γ ∈ [−0.75, 0.75], µ ∈ [−0.75, 0.75], q ∈ [−2, 2]}
I : {[v, γ, µ, q]t + xr|(0.4v)2 + γ2 + µ2 + q2 < 0.42}
G : {[v, γ, µ, q]t + xr|(0.4v)2 + γ2 + µ2 + q2 < 0.052} .
Example 5 (Hover Mode Problem) In this example, we consider a problem for the planar
Caltech ducted-fan [56]. The goal is to keep the ducted-fan in a hover mode. The system (planar
model) has three degrees of freedom, x, y, and µ, which define the position and orientation of the
ducted-fan. There are six state variables x, y, µ, x˙, y˙, µ˙ and two control inputs u1, u2 (U ∈
[−10, 10]× [0, 10]). The dynamics are
mx¨ = −dcx˙+ u1 cos(µ)− u2 sin(µ)
my¨ = −dcy˙ + u2 cos(µ) + u1 sin(µ)−mg
Jµ¨ = ru1 ,
where m = 11.2, g = 0.28, J = 0.0462, r = 0.156 and dc = 0.1. The system is stable at the origin
for ur : [0,mg]. Therefore, we set ur as the origin for the input space. For practical stability, we
consider RWS and the sets are defined as
S : xr ⊕ ([−1, 1]× [−1, 1]× [−0.7, 0.7]× [−1, 1]3) , I : B0.25(xr) , G : B0.1(xr) ,
where ⊕ is the Minkowski sum.
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Figure 1.5: A schematic view of the bicycle model.
Example 6 (Bicycle Problem) This system is a two-wheeled mobile robot modeled with five
states [x, y, v, α, γ] and two control inputs [38], where x and y define the position of the robot,
v is its velocity, α is the rotational position and γ is the angle between the front and rear axles.
The goal is to stabilize the robot to a reference velocity vr = 5, and αr = γr = yr = 0 as shown in
Figure 1.5. The dynamics of the model is as follows:
x˙ = v cos(α) , y˙ = v sin(α) , v˙ = τ , α˙ =
v
l
σ , σ˙ = δ,
where l = 1 is the distance between the wheels and σ = tan(γ) (see Figure 1.5). Variable x is
immaterial in the stabilization problem and is dropped to obtain a model with four state variables
[y, v, α, σ]. The equilibrium is xr : [yr, vr, αr, σr]. The inputs are saturated: τ ∈ [−10, 10], δ ∈
[−10, 10]. For practical stability, we consider RWS property with the following sets
S : xr ⊕ ([−2, 2]× [3, 7]× [−1, 1]× [−1, 1]) , I : B0.4(xr) , G : B0.1(xr) .
1.2.3.1 Uninitialized RWS
A RWS problem is uninitialized if the initial set is the whole safe set I = S (S =⇒
S U G. To avoid technical difficulties for uninitialized RWS problems, we assume the safe set S is
a nondegenerate basic semi-algebraic set.
Definition 12 (Nondegenerate Basic Semialgebraic Set) A nondegenerate basic semialge-
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braic set K is a nonempty set defined by a conjunction polynomial inequalities:
K : {x | pK,1(x) ≤ 0 ∧ · · · ∧ pK,i(x) ≤ 0} ,
where x ∈ Rn. For each j ∈ [1, i], we define
HK,j = {x | x ∈ K ∧ pK,j(x) = 0} 6= ∅ .
1.2.3.2 RWS with Reference Trajectory
For RWS with reference trajectory, in addition to sets I, G, and S, a valid reference trace
segment is also provided. The valid trace segment, is defined over interval [0, T ]: σr : (xr(·),ur(·)),
where xr(·) : [0, T ] 7→ X and ur(·) : [0, T ] 7→ U . Then, given initial set I 3 xr(0), a goal set
G 3 xr(T ), and a safe set S 3 xr(t) (∀t ∈ [0, T ]), the goal is to reach G from I while remaining
inside S:
ϕ(x(·)) : (x(0) ∈ I) =⇒
 x(T ) ∈ G ∧
(∀t, 0 ≤ t ≤ T ) x(t) ∈ S
 .
The difference between this property and the original RWS property is the fact that for this case,
the reference trajectory xr(·) (which is a feasible trajectory) is encoded into the specification (as
a hint). Also, a time window [0, T ] is given a priori. This extra piece of information leads to a
different solution as discussed later in this thesis.
We also consider another variation of this specification in which the time constraints are
removed:
ϕ(x(·)) : (x(0) ∈ I) =⇒ (∃ T ′ ≥ 0)
 x(T ′) ∈ G ∧
(∀t, 0 ≤ t ≤ T ′) x(t) ∈ S
 .
Example 7 (Obstacle Avoidance Problem) Consider the bicycle model in Example 6, where
the state is x : [α, x, y, v] and inputs are γ and τ . Also, l = 0.34, τ ∈ [−4, 4], and γ ∈ [−pi4 , pi4 ].
Consider a scenario where the vehicle moving with speed 2 needs to circumnavigate an obstacle as
shown in Figure 1.6. First, a planner generates a reference trajectory xr, which performs the task
14
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The reference trajectory (shown in solid red line) and sets are projected on xy plane. Initial set I
and goal set G are shown with green circles. The obstacle is the black circle, and the boundary of
the safe region for the center of the vehicle is shown with the red dashed circle.
Figure 1.6: Obstacle avoidance for the bicycle model.
in 2 time units (shown with the solid red line). Note that, by design, the reference trajectory keeps
some distance from the obstacle. For RWS with reference trajectory, we define S as
S : {x | ([x, y]⊕ B0.25(0)) ∩O = ∅} ,
where O is the obstacle and 0.25 is the distance between the center of the vehicle and its corners
(the body of the vehicle fits in a ball with radius 0.25). This trick allows us to reason only about the
center of the vehicle, and safety is guaranteed as long as the center of the vehicle is in S. Next, we
set I : B0.25(xr(0)) (a ball around the start point of the reference trajectory) and G : B0.5(xr(T ))
(a ball around the end point of the reference trajectory). Notice that the RWS property is defined
over sets I, G, S, and horizon T . However, the reference trajectory σr(xr(·),ur(·)) is also provided
as a hint.
Summary: In this chapter, we discussed control system models, including smooth feedback
systems and switched feedback systems. We formally defined the specifications we wish to solve for.
Furthermore, we defined the control synthesis problem, along with several motivating examples.
Chapter 2
Overview
In this chapter, we provide background and discuss where our proposed method stands in the
related work. We start with control verification problems and classify existing methods. Afterward,
we consider extensions of these methods for control synthesis problems. Finally, we show how our
contributions relate to existing work.
2.1 Finding Certificates
The correctness of a control system w.r.t. a specification is equivalent to the existence of a
certificate, and a verification problem is equivalent to the problem of finding a certificate. However,
such problems are undecidable even for linear hybrid systems [54]. Nevertheless, all hope is not lost
and incomplete methods have been investigated. In these methods, the search for a certificate is
restricted. The search is conducted over a search space H, namely hypothesis space. If a certificate
is found in H, the correctness of the system is proven. However, failure to find a certificate does
not translate to “non-existence of certificates.”
A search method has two components: (i) a search space, and (ii) a search tool. We discuss
each component in the followings. Throughout this section, we use the following running example.
Consider a discrete-time dynamical system, where the transition relation is defined as xt+1 = F (xt).
To guarantee safety w.r.t. compact sets I and S (I =⇒ S) one needs to find an invariant set
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Inv s.t.
(a) : I ⊆ Inv
(b) : Inv ⊆ S
(c) : x ∈ Inv =⇒ F (x) ∈ Inv .
(2.1)
We will discuss different methods for finding an invariant Inv.
2.1.1 Search Space
To find a control certificate, one needs to define a hypothesis space H and search in H for a
member that is a certificate. H is defined in two ways. Either H is taken to be a finite set, or is
defined using a set of parameters.
Finite H: In this method, H is designed to be finite. Considering the running example, in
the first step, the state space is discretized into a finite set of cells Γ and each cell γ ∈ Γ is a subset
of X (γ ⊂ X). The hypothesis space is the set of all subsets of Γ (H : 2Γ). Now, the goal is to
find h∗ ∈ H s.t. Inv : ⋃γ∈h∗ γ is an invariant.
Parameterization: A more general approach is parameterization. The goal is to restrict
the search space and search for a certificate with a specific structure (template). In this method,
a template T : C 7→ H is defined over a set of parameters c ∈ C. Suppose we wish to find an
invariant for the running example. One can restrict the invariant to be a box. Therefore, we define
the following template:
T (c) : {x |
n∧
i=1
(
etix ≥ c2i ∧ etix ≤ c2i+1
)} , (2.2)
where ei is the unit vector in the direction of the i
th dimension. Then, H is defined to be H :
{T (c) | c ∈ C}.
We note that the parameterization technique is more general as the template could include
some finite discretization. For example, Huang et al. [55] use piecewise constant template functions,
Ravanbakhsh et al. [111] use union of template polyhedra and Wu et al. [151] uses a set of quadratic
functions.
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2.1.2 Search Tool
Aside from defining H, one needs a search tool to find a certificate. Fundamentally, there are
two classes of search tools: fixed-point computation (FPC) and constraint solving.
Fixed-point Computation: In this method, members of H form a (possibly infinite)
complete lattice. An order-preserving function f : H 7→ H is defined over the lattice in a way that
a fixed-point of f satisfies sufficient conditions for being a certificate. Therefore, the goal is to find
a fixed-point in this lattice.
Consider the running example, where the hypothesis space is finite and defined through
discretization H : 2Γ. Members of H form a complete lattice with ∅ at the bottom and Γ at the
top. Then, f is defined as
f(h) : {γ ∈ Γ | γ ⊆ S ∧ (∀x ∈ γ) F (x) ∈ γ′ ∧ γ′ ∈ h} ∩ h .
In other words, f(h) contains all the cells in h which are safe, and if the state is in f(h), the state
remains in h in the next time step. Now, for a fixed point h∗ (h∗ = f(h∗)), if
(⋃
γ∈h∗ γ
)
⊇ I, for
all states in
⋃
γ∈h∗ γ, in the next step the state remains in
(⋃
γ∈h∗ γ
)
⊆ S, and thus, ⋃γ∈h∗ γ is
an invariant. Using lattice theory (see [137] for details), to find the greatest fixed-point, simply h
is initialized to be Γ (greatest member of the lattice). Then, iteratively h is set to be f(h), until
a fixed-point h = f(h) is reached. If
(⋃
γ∈h γ
)
⊇ I, then ⋃γ∈h γ is an invariant. The fixed-point
computation method has been investigated for finite systems [137]. This method has connections
to viability theory and Hamilton-Jacobi equations used for reachability analysis over continuous
domains [12]. Solving Hamilton-Jacobi equations is hard and in practice, approximate solutions
over bounded time intervals are considered [88, 41, 27].
Constraint Solving: Given a hypothesis space H, one can define a set of constraints
η : H 7→ B s.t. if η(h) holds, then h is a certificate. Next, (∃h) η(h) is solved using constraint
solvers. There are two possible outcomes: (i) no h exists, which means no certificate with the
specific structure exists, (ii) one h is returned and h is a certificate. Consider the running example,
where the hypothesis space is parameterized using the template T (Eq. (2.2)). In order to find an
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invariant, we simply use Eq. (2.1):
η(c) : T (c) ⊇ I ∧ T (c) ⊆ S ∧ (x ∈ T (c) =⇒ F (x) ∈ T (c)) .
For dynamical systems, the problem of finding certificates for the stability of linear [23] and
polynomial [99] systems have been addressed using constraint solving. Also, safety is discussed
through barrier function [103]. Recently, Dimitrova et al. [33] have shown how such certificates
can be extended to address more complicated specifications such as parity games [136].
2.2 Control Synthesis
Recall that for correct-by-construction controller design, we wish to find a function K, which
guarantees the closed-loop system correctness. However, the reach-avoid controller synthesis prob-
lem is shown to be undecidable even for simplest switched systems [69]. Nevertheless, there are
two classes of incomplete solutions based on certificates.
In the first set of solutions, in addition to H, a search space K is also defined to search for
a proper feedback law K. In other words, the search is conducted over H × K to find a certificate
h and a feedback law K at the same time. Therefore, the control design problem is reduced to
finding a “certificate + feedback law.” The second set of solutions is based on “control certificates.”
A control certificate (i) provides a strategy to control the system, and (ii) the closed-loop system
correctness is guaranteed if the strategy is respected by the feedback law. The existence of a control
certificate is sufficient to address the control design problem. Once a control certificate is found,
K is mechanically generated from the control certificate. Methods based on control certificates are
less conservative as they do not enforce K to have a specific structure. Now, we discuss the details.
2.2.1 Certificate + Feedback Law
Searching for a certificate and a feedback law at the same time is known as static feedback
design, where feedback function K has a specific structure. All these methods use templates along
with constraint solvers to find a solution. Static (fixed structure) feedback has been widely studied
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in control theory. For example, one of the fundamental approaches to address linear system design
is LQR [23], in which a linear feedback function K and a quadratic certificate (known as Lyapunov
function) are searched simultaneously. An alternative is to use a semi-definite programming (SDP)
formulation [82]. However, the problem is harder for switched linear systems [79] or nonlinear
control systems [106]. In fact, Prieur et al. [106] show that the set of feasible solutions for such
a problem may not only be non-convex but also disconnected. There have been attempts to
solve such problems by using bilinear matrix inequality (BMI) solvers [53] or satisfiability modulo
theories (SMT) solvers [55]. An alternative method is to search for a local solution using alternating
maximizations (a.k.a. policy iteration) [44, 84]. Without going into the technical details, in these
methods, starting from a feedback function and a potential certificate, alternatively (i) the feedback
law is fixed to search for a better potential certificate, and (ii) the potential certificate is fixed to
search for a better feedback law. This procedure continues until convergence to a local solution, and
the method declares success only if the optimal local solution is feasible (the potential certificate
is in fact a certificate). A similar approach is used in formal methods community, in which a
feedback function is fixed, and the closed-loop system is verified (to search for a certificate). If the
verification is successful, the problem is solved. Otherwise, the analysis returned by the verifier
(usually a counterexample) is used to choose a better feedback function [109, 1]. Others also provide
similar methods to find a set of parameters for which the closed-loop system is correct [153, 34].
Finally, Dimitrova et al. [33] have shown how to address parity games by finding a “certificate
+ feedback law.” While their work shows that constraint solving based methods can be applied
toward more complicated specification, no way of finding such certificates is provided.
2.2.2 Control Certificate
Unlike the problem of finding a “certificate + feedback law,” the problem of finding a “control
certificate” has been investigated using both fixed-point computation (FPC) and constraint solving.
Returning to the running example, suppose we wish to solve a control synthesis problem.
The transition relation is now defined as xt+1 = F (xt,ut). To guarantee safety w.r.t. compact sets
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I and S (I =⇒ S) one needs to find a control invariant set CInv s.t.
(a) : I ⊆ CInv
(b) : CInv ⊆ S
(c) : x ∈ CInv =⇒ (∃u) F (x,u) ∈ CInv .
(2.3)
For FPC methods, a (possibly infinite) lattice is defined over the members of the hypothesis
space and a function f : H 7→ H is defined s.t. a fixed-point of f (namely h∗) yields a control
certificate CInv :
⋃
γ∈h∗ γ.
Consider the running example, where the hypothesis space is finite and defined through
discretization H : 2Γ. Members of H form a complete lattice with ∅ at a bottom and Γ at the top.
Then, f is defined as:
f(h) : {γ ∈ Γ | γ ⊆ S ∧ (∀x ∈ γ) (∃u ∈ U) F (x,u) ∈ γ′ ∧ γ′ ∈ h} ∩ h .
In other words, f(h) contains all the cells in h, which are safe, and if the state is in f(h), there
exists a control input to keep the state in h in the next time step. Now, for a fixed-point h∗
(h∗ = f(h∗)), if
(⋃
γ∈h∗ γ
)
⊇ I, for all states in ⋃γ∈h∗ γ, there exists a control input to keep
the state inside
(⋃
γ∈h∗ γ
)
⊆ S, and thus ⋃γ∈h∗ γ is a control invariant. FPC for finding control
certificates is investigated for finite systems [137] and dynamical systems. For dynamical systems,
Hamilton-Jacobi equation (used for reachability analysis) is extended to Hamilton-Jacobi-Bellman
(HJB) equation [17, 143], wherein the ultimate goal is to find the maximum controllable region.
However, solving the HJB equation is hard.
The FPC technique gives a complete solution for finite systems [137]. As such, the FPC is
mainly used along with a finite hypothesis space. In these methods, the feedback space is usually
taken to be finite (switched systems), and the transition relation is approximated for performance
benefits. The time, on the other hand, can be discrete or continuous. Zamani et al. [154] develop
a technique for time discretization, leading to state-of-the-art toolboxes [122, 123]. To address
continuous-time systems, usually Zeno behavior [77] needs to be considered [9, 81, 98, 150]. These
methods have been shown to be more scalable when compared to solving HJB equations. However,
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the complexity remains exponential in the number of state variables (because of discretization). To
combat state space explosion, Mouelhi et al. [91] provide a tool which uses multi-scale abstractions
meaning that the cells used for defining the search space are smaller for specific regions. While
this method seems to scale better, it is not applicable to all kinds of systems. Another interesting
technique [96] is to use counterexample-guided abstraction refinement (CEGAR) framework[29].
In this technique, first, the problem is solved with some initial hypothesis space. If the method
fails to find a control certificate, either there is no solution or the hypothesis space is not expressive
enough. In the latter case, the hypothesis space is refined, and the problem is resolved. This trick
helps to use smaller cells only when it is needed.
While fixed-point computation (FPC) is mostly used with finite hypothesis spaces, it is
possible to use FPC for finding control certificates in a template form [128, 111] through abstract
interpretation framework [31].
Constraint solving for finding control certificates has received less attention. Consider the
running example, where the hypothesis space is parameterized using the template T defined in
Eq. (2.2). In order to find a control invariant, we simply use Eq. (2.3):
η(c) : T (c) ⊇ I ∧ T (c) ⊆ S ∧ (x ∈ T (c) =⇒ (∃u ∈ U) F (x,u) ∈ T (c)) .
Tan et al. [140] investigate the problem of finding control Lyapunov functions (control certifi-
cates for designing stable systems). In another line of work, Taly et al. [139, 138] use a combination
of simulations and quantifier elimination to find control certificates. The control certificates in the
mentioned line of work are quite complicated, and the provided search method is not scalable.
2.3 Thesis Overview
In this thesis, the proposed solution is based on control certificates. We discuss the proposed
framework in the next three chapters. In Chapter 3, we investigate control certificates to address
the specifications introduced in the previous chapter. For each specification, we reduce the control
synthesis problem to problem of finding a class of control certificates, and we show how a feedback
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law K is designed using a control certificate. In Chapter 4, the problem of finding control certificates
is discussed. We use parameterization for defining the hypothesis space. Then, we employ constraint
solvers to find a control certificate in the hypothesis space. We show that finding a control certificate
is a computationally hard problem in general. We propose a combination of techniques from formal
methods, control theory, and machine learning to tackle this problem. Finally, in Chapter 5, we
evaluate the effectiveness of the proposed method. We also show how automatically extracted
controllers behave in simulations and practice.
Chapter 3
Certificates
In this chapter, we investigate different classes of control certificates for basic specifications.
For each class of problems, we introduce a class of control certificates and show how a control
synthesis problem is solved if a corresponding control certificate is available.
A certificate, given a plant Ψ(P,K) (see Definitions. 3 and 8), and a specification ϕ, guar-
antees that ϕ holds for all traces. Each specification/control system has a corresponding class of
certificates. For example, to prove the stability of a smooth closed-loop system, Lyapunov functions
are used as certificates [23]. The function is named after Aleksandr Lyapunov, who introduced the
concept of Lyapunov function for establishing the stability of ODEs. Recall that asymptotic sta-
bility consists of remaining close to the equilibrium state xr (Lyapunov stability), and converging
to the equilibrium xr (see Section 1.2). To guarantee both conditions, a function V : X 7→ R with
a unique (local) minimum 0 for xr (V (xr) = 0) is defined. For a given state trace x(·), we refer to
V (x(t)) as the value of V at time t. Intuitively speaking, if we could show that value of V always
decreases as time goes to infinity, and value of V converges to its minimum 0, the state converges
to xr.
Definition 13 (Lyapunov Function) Given a plant P and a smooth feedback function K, a
radially unbounded smooth function V : X 7→ R is a Lyapunov function iff the following conditions
hold:
V (xr) = 0 , (∀x 6= xr) V (x) > 0 , (∀x 6= xr) V˙ (x) < 0 ,
where V˙ (x) is the derivative of V w.r.t. time: V˙ (x) = ∇V (x) · x˙ = ∇V · f(x,K(x)).
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Theorem 1 (Lyapunov [83]) Given a plant P and a smooth feedback function K, the existence
of a Lyapunov function guarantees global asymptotic stability of the closed-loop system.
In addition to proving a specification, certificates such as Lyapunov functions can be extended
for correct-by-construction control design. More specifically, we address the control synthesis prob-
lem (Definition 11) through control certificates. The existence of a control certificate guarantees
the existence of a strategy that satisfies the specification. Furthermore, a control certificate is
“constructive” if there is an automated method for designing a feedback law K that admits the
strategy, and thus, respects the specifications. As the ultimate goal is designing the controller, in
this thesis, we will focus on constructive control certificates (certificates for control design).
3.1 Stability
Lyapunov functions were extended to Control Lyapunov Functions (CLF) by Artstein [8] for
the stabilization of dynamical systems. Similar to stability analysis, we define a function V : X 7→ R
with a unique (local) minimum 0 only for xr (V (xr) = 0). The controller, always, decreases the
value of V by choosing a proper feedback (Figure 3.1). Then, as V reaches its minimum 0, the
state converges to xr.
Definition 14 (Control Lyapunov Function) Given a smooth plant P, a radially unbounded
smooth function V : X 7→ R is a control Lyapunov function iff the following conditions hold:
V (xr) = 0 , (∀x 6= xr) V (x) > 0 , (∀x 6= xr) (∃u ∈ U) V˙ (x,u) < 0 , (3.1)
where V˙ (x,u) = ∇V · f(x,u).
Figure 3.1 shows the cenceptual view of a CLF, wherein at each non-equilibrium state, there is a
value of the control input that can instantaneously decrease the value of the CLF. Given a CLF,
suppose that, the controller always selects a control input u (given current state x) s.t. the value
of V decreases (∇V.f(x(t),u) < 0). This strategy leads to decrease of the value of V , which in
turn guarantees the closed-loop system asymptotic stability. Artstein proved such K exists [8].
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The black dot is the equilibrium xr for the stability property. Green dashed lines show different
level sets of a CLF. The values for the level sets are shown in green. For some states (blue dots),
the vector field of the closed-loop system is shown with blue arrows.
Figure 3.1: A schematic view of a CLF.
Theorem 2 (Artstein [8]) Given a smooth plant P, the existence of a control Lyapunov func-
tion guarantees the existence of an almost-everywhere smooth feedback law K, which guarantees
asymptotic stability of the closed-loop system.
This theorem proves there exists an almost everywhere continuous feedback function K, where
the continuity holds over X \xr, which is practically acceptable. However, Artstein theorem is not
constructive and not applicable to control design problems. Sontag [131] provides a constructive
method for designing not only continuous but also smooth feedbacks laws (over X \ xr) using
CLFs. Furthermore, Sontag shows K is smooth (even in xr) under the “small control property”
assumption: for any  > 0, there exists a δ > 0 s.t. K(x) ∈ B(ur) for all x ∈ Bδ(xr), where
f(xr,ur) = 0. This method is based on two assumptions. The first assumption indicates that
inputs are not saturated (U : Rm). The second assumption states that the system is control
affine. I.e.,
x˙ = f(x,u) = f0(x) +
m∑
i=1
fi(x)ui . (3.2)
While this assumption seems restrictive, many control problems have this property. Additionally, if
the dynamics of a system is not affine in control, one could approximately model the system using
a control affine system. Such approximation is possible by adding additional states and integrators.
In the rest of this thesis, we only address control affine dynamics for smooth plants. Following
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The ellipse is a level set of V ({x | V (x) = 1}). Initial state for the red trace is [0, 1] and for the
blue trace is [1, 0].
Figure 3.2: Vector field and two execution traces for the closed-loop system described in Example 8.
Sontag, others have provided methods for cases where the inputs are saturated, and U is a ball [80]
or a polytope [135]. Moreover, Nguyen et al. [94] show how to implement effective controllers from
CLFs.
Example 8 Consider a one-input, two-states system with dynamics x˙1 = −x2 , x˙2 = x1 + u.
To stabilize to the origin, we use CLF: V (x1, x2) = x
2
1 + x
2
2 + x1x2. Note that V˙ (x1, x2, u) =
(2x2 − x2)u− x21 + x22. Using Sontag formula the following feedback law is extracted from V :
K(x1, x2) =

0 2x2 − x1 = 0
−−x21+x22+
√
(−x21+x22)2+(2x2−x1)2
2x2−x1 2x2 − x1 6= 0 ,
which yields the vector field shown in Figure 3.2.
3.1.1 Non-Zeno CLF
So far, we discussed the CLF for smooth feedback systems. However, designing switched
feedback functions using the strategy provided by a CLF is not straightforward as Zeno behavior
may occur. We introduce non-Zeno CLFs which, are constructive control certificates for switched
feedback systems. In this section, we define a large class of CLFs that can be used to synthesize
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controllers with guaranteed “minimum dwell-time,” i.e., the time between two switches is bounded
from below. For this class of CLFs, the min dwell-time, and thus asymptotic stability, is only
guaranteed on a compact set rather than globally. In particular, the bound on the minimum
dwell-time is inversely proportional to the diameter of this set.
Before going further, we need to define some terminologies. Without loss of generality, we
assume that the desired equilibrium is the origin xr = 0. Let ∂K and
◦
K denote the boundary and
interior of a closed set K. Let V ./β : {x | V (x) ./ β} where ./∈ {<,≤,=,≥, >}.
Definition 15 (Associated Region) Given a smooth CLF V and a compact region P , 0 ∈
◦
P ,
we associate region P ∗ to V as P ∗ : V ≤β, where β : min
x 6∈
◦
P
V (x).
Notice that V is radially unbounded and thus β exists. Moreover, since V has only one local
minimum (at the origin), V (x) = β =⇒ x ∈ ∂P . Therefore, P ∗ ⊆ P .
Definition 16 (φ-boundedness) Given functions p, φ : X 7→ R, p is said to be φ-bounded iff
for every bounded region S ⊂ X there exists a constant ΛS s.t. (∀x ∈ S) p(x) ≤ ΛSφ(x).
Example 9 Consider φ(x, y) : x2 + y2. Any multivariate polynomial p(x, y) whose lowest degree
terms have degree at least two is φ-bounded. Examples include x2 + 2x3 + 3xy, xy, and x6 − 3y3.
On the other hand, the function p(x, y) = x + y is not φ-bounded since no bound of the form
p(x, y) ≤ ΛS(x2 +y2) exists when S is taken to be a region containing (0, 0). Similarly, the function
3 + x is not φ-bounded.
Definition 17 (Non-Zeno CLF) Given a switched plant P, a CLF is said to be non-Zeno iff
there exist positive definite functions φu : X 7→ R s.t.
V¨u(x) is φu-bounded (3.3)
φ˙u(x) is φu-bounded (3.4)
(∀x 6= 0) (∃ u ∈ U) V˙u(x) < −φu(x), (3.5)
where V˙u(x) = ∇V · fu(x), V¨u(x) = ∇V˙u · fu(x) and φ˙u(x) = ∇φu · fu(x).
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V˙u(t)(x(t))
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switch time switch time
  u(t)(x(t))
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Right after switching, V˙u(t)(x(t)) < −φu(t)(x(t)) and the next switch occur only if
V˙u(t)(x(t)) ≥ −φu(t)(x(t))λ (λ = 2).
Figure 3.3: A conceptual view of V˙ over time.
Informally, the goal is to make sure not only V˙u is negative definite, but also is smaller than a class
of negative (definite) functions. Now we explain how such property helps to guarantee min-dwell
time property. As depicted in Figure 3.3, we force the system to switch to a mode u for which
V˙u(x) ≤ −φu(x) < 0. Also, we keep the system in mode u until V˙u(x) ≥ −φu(x)λ , wherein λ > 1.
Given a non-Zeno CLF V , let a class of suitable feedback laws κ associated to V be defined
as
K ∈ κ ⇐⇒ K(u,x) matches

u∗ V˙u(x) ≥ −φu(x)λ ∧ V˙u∗(x) ≤ −φu∗(x) ∧ x ∈ P
u V˙u(x) < −φu(x)λ ∧ x ∈ P
u x 6∈ P ,
(3.6)
wherein λ > 1 is a chosen scale constant. In other words, as long as x ∈ P , after switching to
a mode u, rather than switching when the CLF V˙u(x) = 0, we force the system to switch when
V˙u(x) ≥ −φu(x)λ . We also force the system to switch to a mode u∗ for which V˙u∗(x) ≤ −φu∗(x).
The definition of a non-Zeno CLF guarantees that such a mode u∗ will exist.
The key observation here is that the constraints on V¨u, V˙u, φ˙u altogether guarantee that
when the controller switches at time T , the controller need not switch again in interval [T, T + δ)
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for some fixed δ > 0 (i.e., V˙u(x(t)) ≤ −φu(x)λ for all t ∈ [T, T + δ] ). A bound for δ is given directly
in the proof of the following theorem.
Theorem 3 Given a plant P, a compact regions P , and a non-Zeno CLF V (x) (and associated
region P ∗ for V w.r.t. P ), assuming x(0) ∈ P ∗, a switching function that admit the description of
Eq. (3.6) results in a system which satisfies the following properties.
(1) all the traces of the system are time-divergent,
(2) P ∗ is a positive invariant,
(3) system is asymptotically stable.
We note that stability is an infinite horizon property and we need to make sure x(t) 6= ⊥
(x(·) is defined) for all time t. The first property guarantees Zeno behavior is avoided and the
second property guarantees that the trace does not escape to infinity in finite time. Having these
properties, it is guaranteed that the trace is defined at all times and x(t) 6= ⊥ (see Chapter 1 for
details).
Proof Consider the class of suitable feedback laws κ defined in Eq. (3.6). We note that κ is non-
empty as u∗ exists by construction of the CLF V . Also, we assume if x(t) = 0 at a switch time,
then the controller switches to a mode u0 where fu0(x) = 0 and the state remains in x forever,
without switching.
In the first step, we show that there exists a min dwell-time between two switching times as
long as the state remains in set P . Assume there is a switch time t1 s.t. x(t1) ∈ P ∗ (and as
mentioned x(t1) 6= 0) and mode switches to u. Thus,
V˙u(x(t1)) = ∇V.f(x(t1),K(x(t1),u(t1))) < −φu(x(t1)) . (3.7)
Let t2 > t1 be the next time instance when the controller switches to mode u
∗ and for all t ∈ [t1, t2],
x(t) ∈ P . By definition of the controller, we can conclude
V˙u(x(t2)) ≥ −φu(x(t2))
λ
. (3.8)
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It is sufficient to show δ = t2 − t1 has a lower bound and it can not be arbitrarily small.
From Eqs. (3.3) and (3.4) and boundedness of P there are constants Λ1 and Λ2 s.t. for all
x ∈ P
V¨u(x) ≤ Λ1φu(x) (3.9)
φ˙u(x) ≤ Λ2φu(x) . (3.10)
From the fact that x(t) ∈ P and Eq. (3.10), we get
(∀t ∈ [t1, t2]) φu(x(t)) = φu(x(t1)) +
∫ t
t1
φ˙u(x(τ))dτ ≤ φu(x(t1)) +
∫ t
t1
Λ2φu(x(τ))dτ ,
and therefore (∀t ∈ [t1, t2])
φu(x(t)) ≤ eΛ2δφu(x(t1)) . (3.11)
A lower bound on V˙u(x(t2)) by Eq. (3.8)
V˙u(x(t2)) ≥ −φu(x(t2))
λ
Eq. (3.11)
=⇒ V˙u(x(t2)) ≥ −e
Λ2δφu(x(t1))
λ
. (3.12)
Also
(∀t ∈ [t1, t2])
V˙u(x(t)) = V˙u(x(t1)) +
∫ t
t1
V¨u(x(τ))dτ
Eq. (3.9)
=⇒ ≤ V˙u(x(t1)) + Λ1
∫ t
t1
φu(x(τ))dτ
Eq. (3.11)
=⇒ ≤ V˙u(x(t1)) + Λ1
∫ t
t1
eΛ2δφu(x(t1))dτ ,
and therefore an upper bound on V˙u(x(t2)) is
V˙u(x(t2)) ≤ V˙u(x(t1)) + Λ1eΛ2δφu(x(t1))δ
Eq. (3.7)
=⇒ < −φu(x(t1)) + Λ1eΛ2δφu(x(t1))δ . (3.13)
From Eqs. (3.12) and (3.13)
−e
Λ2δφu(x(t1))
λ
≤ V˙u(x(t2)) < −φu(x(t1)) + Λ1eΛ2δφu(x(t1))δ ,
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and finally assuming x(t1) 6= 0 (φ(x(t1) 6= 0), we have φ(x(t1)) > 0:
−e
Λ2δ
λ
< −1 + Λ1eΛ2δδ =⇒ 1 < λΛ1e
Λ2δδ
(λ− eΛ2δ) = h(δ) .
Notice that if δ ≥ log(λ)Λ2 , then δ has a lower-bound. Otherwise h(δ) ≥ 0. Furthermore
(1) 0 ≤ eΛ2δ < λ ⇐⇒ h(δ) > 0
(2) h is a monotone function of δ in domain 0 ≤ eΛ2δ < λ by showing that dhdδ is positive
(3) h(0) = 0 and lim
δ→ log(λ)
Λ2
h(δ) = +∞ (h : R+ 7→ R+).
Therefore, h−1 : R+ 7→ R+ is defined and h−1(1) < δ. Therefore, h−1(1) is a lower bound on δ,
and min dwell-time exists as long as x ∈ P .
Next, we prove that P ∗ is a positive invariant. Recall that P ∗ : V ≤β ⊆ P is a compact set
containing 0. Assume x(0) ∈ P ∗. We obtain V (x(0)) ≤ β. Also, the K function ensures that as
long as x(t) ∈ P , V˙u(t)(x(t)) ≤ −φu(t)(x(t))λ < 0 by definition of K. Therefore
V (x(tb)) = V (x(0)) +
∫ tb
0
V˙u(t)(x(t)) dt ≤ V (x(0)) .
Since V (x(0)) ≤ β, we have V (x(tb)) ≤ β for all tb ≥ 0. Therefore, by definition x(t) ∈ P ∗.
In the next step of the proof, we want to show the system is asymptotically stable. Since P ∗
is a compact set, (∀t > 0) x(t) ∈ P ∗ and time diverges, by Bolzano-Weierstrass Theorem [14], x(t)
converges to some x∗ ∈ P ∗. Assume x∗ 6= 0 and therefore minu(φu(x∗)) = R > 0. By continuity
of φu and divergence of time, one can find  > 0 s.t.
(a) : (∃T > 0) (∀t ≥ T ) x(t) ∈ B(x∗) ⊆ P ∗
(b) : (∀u ∈ U) (∀x ∈ B(x∗)) φu(x) ≥ R
2
.
Also, V is bounded in B(x∗) and decreases through time. Formally,
(∀t ≥ T ) V˙u(t)(x(t)) ≤ −
φu(t)(x(t))
λ
≤ − R
2λ
.
As a result
V (x(T + t)) = V (x(T )) +
∫ T+t
T
V˙u(τ)(x(τ))dτ
≤ V (x(T ))− R
2λ
t .
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which means eventually V becomes negative as time goes to infinity and that is a contradiction.
Therefore, x∗ = 0 and the system is asymptotically stable. 
Implementation: Once a non-Zeno CLF is found, the controller can be implemented in
many ways. We can implement an operational amplifier circuit that selects the appropriate mode
by computing φ(x) and V˙u(x) from the state feedback x. Such a circuit will not need to know
the minimum dwell time: however, the minimum dwell time provides us with a guideline on the
maximum permissible delay.
Another approach is to find an under-approximation of min-dwell time δ and use a discrete
time controller that changes the modes every δ time units. Yet another software-based solution is
to use a model predictive control scheme, where the controller switches to a mode u at time ts given
x(ts) (V˙u(x(ts)) < −φu(x(ts))). Also, the controller predicts the first time instance tf > ts s.t.
V˙u(x(tf )) ≥ −φu(x(tf ))λ . Then the controller sets a wake-up timer for time t = tf and re-evaluates at
that point. The minimum dwell time provides a design guideline on the shortest possible wake-up
time tf .
3.2 Reference Tracking
Stability for non-holonomic systems is a challenging problem. Brockett [25] showed that even
a simple unicycle model is not stabilizable using continuous feedback laws. However, continuous
feedback laws exist for stabilization to non-stationary reference trajectories. In this section, we
consider stability w.r.t. a reference trajectory using control Lyapunov functions. We discuss smooth
feedback laws derived from the CLFs, noting that the case of switched feedback law extraction may
be derived using the ideas from the previous section.
3.2.1 Trajectory Tracking
Stability property appears in trajectory tracking, wherein the goal is to stabilize to a reference
(feasible) trajectory xr(t), assuming xr(t) (and ur(t)) is provided as input. Formally, let xd(t) :
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x(t) − xr(t) describe the deviation from the reference trajectory state at time t. As illustrated in
Figure 3.4(a), the goal is to stabilize xd to the equilibrium 0 under the time-varying reference frame
that places xr(t) as the origin at time t. The dynamics for xd is defined as: x˙d = f(x,u) − r(t),
wherein x˙r =
dxr
dt = r(t). Furthermore, K is a function of both x and t.
In order to stabilize xd (x(t) → xr(t) as t → ∞), we define a CLF as a function V over xd,
that respects the following constraints:
(a) : V (0) = 0 and (∀xd 6= 0) V (xd) > 0
(b) : (∀ t ≥ 0, xd 6= 0) (∃u ∈ U) V˙ (t,x,u) < 0 .
(3.14)
Note that V is a function of xd and depends on t only through xd. Also its derivative depends on
xd, t, and u:
V˙ (t,xd,u) = ∇V (xd) · x˙d = ∇V (xd) · (f(xd + xr(t),u)− r(t)) .
Conditions (a) and (b) are identical to those in Definition 14, requiring the function V to be
positive definite, and the ability to choose controls to decrease V . The only difference is the fact
that the dynamics are time-varying and f depends on t.
Theorem 4 Given a plant P, a reference trajectory xr(·), and a radially unbounded smooth func-
tion V which respects Eq. (3.14), there exists an almost-everywhere smooth feedback law K, for
which xd stabilizes to the origin.
Proof We appeal directly to Sontag’s result to obtain an almost-everywhere smooth feedback func-
tion K(xd, t) that guarantees that V˙ (xd(t), t) < 0 with xd(t) 6= 0 [131]. The feedback law is guaran-
teed to be smooth everywhere except at the origin.
Since V˙ (xd(t), t) ≤ 0, and V (xd(t)) is radially unbounded, La Salle’s theorem [72] guarantees
that the dynamical system will stabilize to the 0 level set V =0 : {xd| V (xd) = 0} = {0}. 
One of the key drawbacks of trajectory tracking is that it specifies the reference trajectory
xr(t) along with the reference timing, wherein the state xr(t) must ideally be achieved at time
t. This poses a challenge for control design unless the timing is designed very carefully. Imagine,
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xr(t)
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(b) Path Following
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Figure 3.4: A schematic view of a system along with a reference trajectory.
a reference trajectory that traverses a winding and hilly road at constant speeds. This compels
the control to continually accelerate the vehicle on upslopes only to “slam the brakes” on downhill
sections [50].
3.2.2 Path Following
As an alternative to trajectory tracking, path following allows the user to specify a reference
path parameterized with a scalar, θ (instead of time), xr(θ) yields a state for each θ and
dxr
dθ = r(θ).
As proposed by Hauser et al., one could define Π as a function that maps a state x to the
closest state on the reference trajectory xr(·), using an auxiliary map pi [49, 125]:
pi(x) : argmin
θ
||x− xr(θ)||2P , Π(x) : xr(pi(x)) ,
where ||x||2P : xtPx is a Lyapunov function for the linearized dynamics around the reference
trajectory. In order to stabilize the system to the reference path, Hauser et al. propose to decrease
the value of ||x − Π(x)||2P . However, as the projection function pi can get complicated, they use
local approximations of pi.
Following this, others have proposed to design a control law for a virtual input u0 that
controls θ as a function of time (called the timing feedback law). In other words u0 controls
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the progress (or sometimes regress) along the reference [127, 3]. Therefore, the deviation is now
defined as xd(t) : x(t)− xr(θ(t)) , wherein ∂θ∂t = u0. As depicted in Figure 3.4(b), θ is mapped to
a state on the path xr(θ). For example, Faulwasser et al. [37] design the timing law as a function
of θ, the deviation (||xd|| for state feedback systems), and their higher derivatives:
g(θ(k), ||xd||(k), . . . , θ, ||xd||, u0) = 0 ,
wherein θ(k) is the kth derivative of θ. However, defining the function g is a nontrivial problem.
We now present the design of a path following scheme by specifying a timing law as well as
control for deviation from the reference trajectory based on a control Lyapunov function.
Let input path (xr(·),ur(·)) be a valid trace when θ˙ = 1. We define a new coordinate system,
in which the state of the system is zt : [θ,xtd], wherein x(t) = xd(t) + xr(θ(t)) is the original state
of the system. Also, the control inputs are vt : [u0,u
t]. We assume θ is directly controllable using
u0 (θ˙ = u0). Therefore, x˙r =
dxr
dθ θ˙ = r(θ)u0, and thus
x˙d = f(xd + xr(θ),u)− r(θ)u0 .
Our goal is to design a control that seeks to stabilize xd = 0, which in turn guarantees
x(t) → xr(θ(t)) as t → ∞ meaning x(·) converges to path {xr(θ) | θ ∈ R}. We define a CLF as a
function V over xd, that respects the following constraints:
(a) : V (0) = 0 and (∀xd 6= 0) V (xd) > 0
(b) : (∀ θ, xd 6= 0) (∃u ∈ U, u0 ∈ U0) V˙ (θ,x, u0,u) < 0 ,
(3.15)
where U0 : [u0, u0]. Note that V depends on θ only through xd. Also, its derivative depends of
xd, θ, u0,u.
V˙ (θ,xd, u0,u) = ∇V (xd) · x˙d = ∇V (xd) · (f(xd + xr(θ),u)− r(θ)u0) .
The (∀ θ) quantifier in condition (b) guarantees that this decrease is achieved no matter
where the current reference state x(θ) lies relative to the current state xd. Also, the value of u0
(rate of change for θ) is obtained through the feedback law derived from the CLF V .
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Theorem 5 Given a plant P, a reference trajectory xr(·), and a radially unbounded smooth func-
tion V which respects Eq. (3.15), there exists an almost-everywhere smooth feedback law K for which
xd(·) stabilizes to the origin.
Proof We appeal directly to Sontag’s result to obtain an almost-everywhere smooth feedback func-
tion K(xd, θ) which guarantees that V˙ (xd(t), θ(t)) < 0 for all (xd(t), θ(t)) with xd(t) 6= 0 [131]. The
feedback law is guaranteed to be smooth everywhere except at the origin.
Since V˙ (xd(t), θ(t)) ≤ 0, and V (xd(t)) is radially unbounded, La Salle’s theorem [72] guar-
antees that the dynamical system will stabilize to the 0 level set V =0 : {(xd, θ)| V (xd) = 0} =
{(0, θ) | θ ∈ R}, which is the reference trajectory since xd(·) = 0. 
Thus far, we have just demonstrated how CLFs can be used to decide on a timing law as
well as a control to nullify the deviation to 0. However, this does not address a key requirement of
progress: we need to ensure that θ˙ > 0 so that we make progress along the reference from one end
to another. This can be enforced by saturating u0 = θ˙:u0 ∈ [u0, u0], where 0 < u0 ≤ 1 ≤ u0 < ∞.
Notice that we force 1 ∈ [u0, u0] to ensure that the reference trajectory remains feasible.
3.3 Safety
We now consider control certificates for proving safety properties. A Control Barrier Function
(CBF) is a control certificate for safety property. Recall that safety is defined over sets I and S
(I =⇒ S). To avoid finite escape time, we assume S and I are compact, and I ⊆
◦
S for simplicity.
A control barrier function is a smooth function B, which is positive on the boundary of the safe
set and negative on the boundary of the initial set. Also, value of B decreases when B(x) = 0.
Definition 18 (CBF[139, 152, 19]) Given a plant P, a smooth function B is a CBF iff the
following conditions hold
(a) : (x ∈ ∂S) B(x) > 0
(b) : (x ∈ I) B(x) < 0
(c) : (x ∈ S \
◦
I)
(
B(x) = 0 =⇒ (∃u ∈ U) B˙(x,u) < 0
)
.
(3.16)
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B(x) < 0
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Boundary of safe and initial regions are shown in red and green, respectively. The barrier is
shown in blue.
Figure 3.5: A schematic view of a control barrier function.
Intuitively B=0∩S forms a barrier and ∂S is unreachable (Figure 3.5). Eq. (3.16), combined
with the smoothness of B and f ensures that as soon as the state is adequately “close” to the
barrier, it is possible to choose a control mode that ensures the local decrease of the B. In other
words, set P ∗ : (B≤0∪I)∩S is a control invariant, and it is guaranteed that there exists a switching
strategy for which the trace never leaves P ∗ (safety is guaranteed).
We note that especial care is necessary if one wishes to use the following condition instead of
condition (c) in Eq. (3.16):
(x ∈ S \
◦
I)
(
B(x) = 0 =⇒ (∃u ∈ U) B˙(x,u) ≤ 0
)
,
as discussed in [19, 138, 115].
Theorem 6 (Wieland et al. [149]) Given a plant P, sets I and S, and a control barrier function
B, there is a smooth feedback law which guarantees I ⇒ S for the closed-loop system.
As we will discuss later, it is hard to search for such a function in our framework because
of the equality constraint. Inspired by Kong et al. [67], we find that the following relaxation is
particularly effective in our experiments:
(a) : (x ∈ ∂S) B(x) > 0
(b) : (x ∈ I) B(x) < 0
(c) : (x ∈ S \
◦
I) (∃u ∈ U)
(
B˙(x,u)− λ∗B(x) < 0 ∨ B˙(x,u) + λ∗B(x) < 0
)
,
(3.17)
for some constant λ∗.
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Intuitively, by choosing λ∗ = 0, the conditions are similar to that of Barrier functions,
introduced by Prajna et al. [103]. Also, as |λ∗| gets larger, the conditions get less conservative. In
fact, for a large enough λ∗, new conditions are equivalent to original ones, considering smoothness
of B and f , and compactness of S. This would yield a trade-off, the degree of which is decided
by λ∗. We also note that this formulation is less conservative than the one introduced by Kong
et al. [67] as our formulation uses two exponential conditions which only forces decrease in the
value of B around ∂P ∗. Xu et al. [152] discuss conditions for the so-called “control zeroing” barrier
functions for safety. The difference lies in the fact that our method provides a logical formulation
(using disjunction), while their approach uses a bilinear formulation.
We now show how a switched feedback law is extracted from a CBF. Given a CBF B satis-
fying Eq. (3.17), the choice of a switching mode is dictated by a function cond∗u(x) : min(B˙u(x) +
λ∗B(x), B˙u(x)− λ∗B(x)) defined for each state x ∈ S \
◦
I and mode u ∈ U . First, we note that by
compactness of I, there exists a λ > λ∗ s.t.
(∀x ∈ S) (∃u ∈ U) condu(x) < 0 ,
where condu(x) : min(B˙u(x) + λB(x), B˙u(x)− λB(x)). Then, by compactness of S
(∀x ∈ S) (∃u ∈ U) condu(x) < − ,
for some constant  > 0. Ultimately, we wish condu(t)(x(t)) < 0 for all t ≥ 0. The idea is that
whenever (at time T ) the controller switches to a mode u, we make sure condu(x(T )) < −.
Moreover, one can guarantee condu(x(t)) < 0 for all time t ∈ [T, T + δ], for some minimum time
δ > 0 (there is no need for switching). We define a class of suitable feedback laws on compact sets
to discuss the details.
Definition 19 (Class of Suitable Feedback Laws) Given a plant P, a compact set S, and con-
dition functions condu : X 7→ R (for all u ∈ U), a class of suitable feedback laws κ is defined as
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K ∈ κ(cond, S, ) ⇐⇒ K(u,x) matches

u∗ condu(x) ≥ −s ∧ condu∗(x) < − ∧ x ∈ S
u condu(x) < −s ∧ x ∈ S
u x 6∈ S ,
(3.18)
where  : (, s) and 0 < s < .
In other words, as long as x(·) ∈ S, for a feedback function K ∈ κ(cond, S, ), the controller mode
u persists when condu(x(t)) < −s and the mode changes only when −s ≤ condu(x(T + δ)) and
for all t ∈ [T, T + δ] condu(x(t)) ≤ −s. We wish to show under some mild conditions, there is a
lower bound on δ (min dwell-time exists).
Lemma 1 (Min Dwell-time for κ) Given a switched plant P, and a compact set S, assuming
(i) (∀x ∈ S) (∃u ∈ U) condu(x) < 0, (ii) condu is continuous and piecewise differentiable, and (iii)
x˙ is bounded on S, there exists , s.t. κ(cond, S, ) is non-empty, and for any K ∈ κ(cond, S, ),
(a) min dwell-time exists, and (b) condu(t)(x(t)) ≤ −s, as long as x(·) ∈ S.
Proof condu is continuous and piecewise differentiable. Then, by compactness of S, it is guaranteed
that
(∀x ∈ S) (∃u ∈ U) condu(x) < − , (3.19)
for some  > 0. Let s > 0 be a design parameter s.t. s < . κ(cond, S, ) is non-empty as u
∗
exists for the first case by Eq. (3.19).
We now show min dwell-time exists. Suppose the controller switches to mode u at time T .
Let T + δ be the earliest time instant, where condu(x(T + δ)) ≥ −s while at the same time
(∀t ∈ (T, T + δ]) u(t) = u, x(t) ∈ S .
At time T , condu(x(T )) < − and at time T + δ, condu(x(T + δ)) ≥ −s. Note that condu is a
continuous and piecewise differentiable function of x. As a result, there is a Lipschitz constant Au
such that
|condu(x(T + τ))− condu(x(T ))| ≤ Au||x(T + τ)− x(T )|| .
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Now, x(t) in the interval t ∈ [T, T + τ ] is the solution of an ODE where x˙ is bounded. As a result,
there exists a constant Bu such that
‖x(T + τ)− x(T )‖ ≤ Buτ .
Combining, we have |condu(x(T + τ))− condu(x(T ))| ≤ Λuτ wherein Λu = AuBu.
Let Λ = maxu∈U Λu. Let us choose a δ such that
δ :
− s
Λ
. (3.20)
The above arguments show that for all t ∈ [T, T + δ],
|condu(x(T + t))− condu(x(T ))| ≤ Λut ≤ Λδ ≤ − s .
Therefore, using that condu(x(T )) < −, we obtain for all t ∈ [T, T + δ], condu(x(T + t)) < −s,
and the controller would not switch in interval [T, T + δ). Therefore, min dwell-time exists as long
as x(·) ∈ S. Also, by the definition (Eq. (3.18)), condu(t)(x(t)) ≤ −s as long as x(·) ∈ S. 
Now, we can show any feedback function K ∈ κ(cond, S, ) is a solution to the safety property.
Theorem 7 Given a switched plant P, sets I and S and a control barrier function B (satisfying
Eq. (3.17)), there exist λ and  s.t. κ(cond, S, ) (wherein condu : B˙u + λB) is non-empty, and
any feedback function K ∈ κ(cond, S, ) guarantees the safety property defined by S, I: I =⇒ S.
Proof Recall that P ∗ : B≤0 ∩ S. By condition (a) of Eq. (3.17), I ⊂ B<0 (I ⊂
◦
B≤0). Therefore,
I ⊂
◦
P ∗ (x(0) ∈
◦
P ∗). Also, by condition (b) of Eq. (3.17) B≤0 ⊂
◦
S and therefore P ∗ ⊂
◦
S.
By Eq. (3.17) and compactness of I, there exists a λ > λ∗ s.t.
(∀x ∈ S) (∃u ∈ U)condu(x) < 0 ,
where condu(x) : min(B˙u(x) + λB(x), B˙u(x) − λB(x)). By Lemma 1 there exists  s.t. K ∈
κ(cond, S, ) is non-empty. Moreover, for any K ∈ κ(cond, S, ) (i) there exists a min dwell-time
and (ii) condu(t)(x(t)) ≤ −s as long as x(t) ∈ S. Initially x(0) ∈ P ∗. As long as the trace
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remains in P ∗ ⊆ S, time diverges and safety holds. If the safety property is violated, x(·) must
reach boundary of P ∗ and leave P ∗ at some time t. Let T be the first time this happens. This means
that B(x(T )) = 0 and B˙u(T )(x(T )) ≥ 0. However, for all time t ≤ T ,
condu(t)(x(t)) : min(B˙u(t)(x(t)) + λB(x(t)) ∨ B˙u(t)(x(t))− λB(x(t))) ≤ −s ,
which is a contradiction. As a result, the trace never leaves P ∗ and time diverges. 
Example 10 (Inverted Pendulum) Consider an inverted pendulum on a cart. The problem is
to keep the pendulum in a vertical position S : {[θ ω]t | θ ∈ [−1, 1]∧ω ∈ [−3, 3]}, having I : B0.5(0).
The dynamics of the system is described by the ODEs
θ˙ = ω , ω˙ =
g
l
sin(θ)− h
ml2
ω +
1
ml
cos(θ)u ,
where g = 9.8, h = 2, l = 2, and m = 0.5. We use Taylor expansion to approximate the trigono-
metric function. We assume the control feedback is discrete, u ∈ U : {−30, 0, 30}. A CBF B
is provided: B([θ ω]t) : 10 θ2 + 1.5312 θω + 2.5859 ω2. In order to implement a discrete-time
controller, we need a minimal dwell-time δ for switching strategy. Such δ exists by Theorem 7, and
we can find a lower-bound for δ = 0.2ms from the expressions derived in its proof (using λ∗ = 0,
 = 0.05, s = 0.01). We implement the plant and the controller in a Simulink diagram in MATLAB
and simulate the system for 2.5s for initial state [θ ω] = [1 − 2]. Figure 3.6 shows the simulation
trace for θ, ω, and B. In fact, initially x(0) 6∈ I. Nevertheless, the state is in the controllable region
and once value of B reaches 0, the state will remain safe forever.
3.4 Reach-While-Stay
For the reach-while-stay (RWS) specification, the goal is to reach a target set G from an
initial set I, while staying in a safe set S, wherein S and I are compact and I ⊆
◦
S. For a verification
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Figure 3.6: Execution traces for Example 10.
problem, it is sufficient to first find a barrier-like function B
(a) : (∀x ∈ I) B(x) < 0
(b) : (∀x ∈ ∂S) B(x) > 0
(c) : (∀x ∈ S \ (
◦
I ∪
◦
G) B(x) = 0⇒ ∇B.f(x) < 0 ,
where f(x) is simply the vector field. Notice that for condition (c), we do not need to consider
states in G. The existence of B proves that (S \G)∨S U G. Then, by finding a Lyapunov-like
function, one can prove ♦¬(S \G) (prove S U G):
(∀x ∈ S \
◦
G) ∇V.f(x) < 0 .
Xu et al. [152] consider combination of control Lyapunov functions and control barrier func-
tions. However, the control Lyapunov function in their method is merely used for performance
improvement and does not provide formal correctness. Nguyen et al. [95] provide a QP method to
find an input which respects CLF and CBF conditions at the same time. However, unlike verifi-
cation, searching for a control barrier-like function and a control Lyapunov-like function must be
a joint search. For example, the feasibility of the QP method used in [95] (input selection) is not
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formally guaranteed, unless the CLF and CBF are generated jointly. In other words, we should
make sure that selecting an input u which respects both CLF and CBF conditions is always feasible.
A straightforward solution is to perform a joint search, and find a certificate which consists of two
functions (V,B), with the following conditions:
(a) : (∀x ∈ I) B(x) < 0
(b) : (∀x ∈ ∂S) B(x) > 0
(c) : (∀x ∈ S \
◦
G) (∃u ∈ U) ∇V.f(x,u) < 0
(d) : (∀x ∈ S \
◦
G) B(x) = 0⇒ (∃u ∈ U) (∇B.f(x,u) < 0 ∧∇V.f(x,u) < 0) .
(3.21)
The first three conditions were discussed previously. The fourth condition guarantees that for the
states on the barrier, there exists a control input for which both V and B decrease.
In the rest of this section, first we provide a classes of certificates with a simpler structure,
when compared to Eq. (3.21). Next, we extend this class to address RWS with reference tracking.
Finally, we consider a more general class of control certificates, with multiple barrier functions.
3.4.1 Basic RWS
The original control certificate (V,B) for RWS can be simplified when we assume V = B. In
fact, function V can play both roles.
Definition 20 (Control Lyapunov-Barrier Function) A smooth function V is a control Lya-
punov-barrier function (CLBF) iff
(a) : (∀x ∈ I) V (x) < 0
(b) : (∀x ∈ ∂S) V (x) > 0
(c) : (∀x ∈ S \
◦
G) (∃u ∈ U) ∇V.f(x,u) < 0 .
(3.22)
Using these conditions, the controller always provides a control input for decreasing the value
of V . Then, having x(0) ∈ P ∗ : V ≤0∩S, the trace never leaves P ∗ without entering G (Figure 3.7).
Moreover, as the value of V decreases, it is guaranteed that the trace cannot stay in P ∗ \ G and
thus I =⇒ S U G.
44
Lemma 2 Given a plant P, compact sets G, I, S, a smooth function V satisfying Eq. (3.22), and
a feedback function K s.t. for all traces (wherein x(0) ∈ I) (i) V˙ (x(t)) ≤ −s , and (ii) time
progresses as long as x(t) ∈ S \
◦
G, it is guaranteed that (∃T ≥ 0) s.t.
(1) (∀t ∈ [0, T ]) x(t) ∈ S,
(2) x(T ) ∈ G .
Proof Recall that P ∗ : V ≤0 ∩ S. By condition (b) of Eq. (3.22) V ≤0 ⊂
◦
S and therefore P ∗ ⊂
◦
S.
Also, by condition (a) of Eq. (3.22), I ⊂ V <0 (I ⊂
◦
V ≤0). Therefore, I ⊂
◦
P ∗ (x(0) ∈
◦
P ).
If x(0) ∈ G, the conditions trivially hold. Therefore, we assume x(0) ∈
◦
P ∗ \G. Now we show
that P ∗ =⇒ P ∗ U G. Assume x(·) leaves P ∗ before reaching G. Let T ≥ 0 be the first time that
x(T ) reaches ∂P ∗ (without reaching G) and x+(T ) 6∈ P ∗. Then V (x(T )) = 0 and V˙u(T )(x(T )) > 0.
On the other hand, V˙u(t)(x(t)) < −s for all t ≤ T , which is a contradiction and the trace would
not leave P ∗ before reaching G.
If (∀t > 0) x(t) ∈ P ∗ \G, V˙ (x(t)) ≤ −s, V decreases to infinity as time progresses as long
as x(·) ∈ P ∗ \G. However, the value of V is bounded on bounded set P ∗ \G. Therefore, x(·) cannot
remain in P ∗ \G and cannot reach the boundary of P ∗. The only possible outcome for the trace is
to reach G. Therefore, there exists T ≥ 0 s.t.
(1) (∀t ∈ [0, T ]) x(t) ∈
◦
P ∗ ⊆ S
(2) x(T ) ∈ G. 
Theorem 8 Given a plant P, compact sets G, I, S, and a smooth function V satisfying Eq. (3.22),
there exists a smooth feedback law which satisfies I =⇒ S U G.
Proof We appeal directly to Sontag’s result to obtain a smooth feedback function K(x) that guar-
antees that V˙ (x(t)) < 0 for all x(t) ∈ S \
◦
G [131]. Using Lemma 2, I =⇒ S U G holds for the
closed loop system. 
The proof for switched feedback system is discussed in a more general form later in this
chapter.
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Boundary of safe, initial, and goal regions are shown in red, green, and black, respectively. The
barrier is shown in blue along with the control vector field (blue arrows).
Figure 3.7: A schematic view of CLBF.
3.4.2 RWS with Reference Tracking
As discussed in Chapter 1, in RWS with reference tracking, in addition to initial set Iˆ, goal
set Gˆ, and safe set Sˆ, a (feasible) reference trajectory xr(·) is also provided (as a hint). Notice
that for convenience, we have defined Sˆ, Iˆ, Gˆ in the original state space x. Consider a reference
trajectory segment defined by xr(θ) for θ ∈ Θ : [0, T ], initial set Iˆ 3 xr(0), a goal set Gˆ 3 xr(T ),
and a safe sets Sˆ(θ) 3 xr(θ) for θ ∈ Θ. Sˆ(θ1) defines the safe set when θ = θ1. Moreover, Sˆ(0) ⊇ Iˆ
and Sˆ(T ) ⊇ Gˆ. Let Sˆ : ⋃θ∈Θ Sˆ(θ) denote the entirety of the safe set. We will now define them in
terms of the deviation xd to define the following sets:
I : {xd | xd + xr(0) ∈ Iˆ}
G : {xd | xd + xr(T ) ∈ Gˆ}
S(θ) : {xd | xd + xr(θ) ∈ Sˆ(θ)}.
Finally, let us denote S :
⋃
θ∈Θ S(θ). Figure 3.8(a) shows a schematic view for these sets.
Recall the following dynamics for reference tracking:
x˙d = f(θ,xd,u) = f(xd + xr(θ),u)− r(θ)θ˙ .
We consider θ˙ = u0, where u0 is a virtual input and u0 ∈ [u0, u0] and 0 < u0 ≤ 1 ≤ u0 <∞.
As discussed, if we wish to consider RWS with timing constraints, we simply set u0 = u0 = 1. To
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address the problem, we wish to use finite-time invariants a.k.a. funnels [86].
Definition 21 (Funnel) Given a closed loop system Ψ(P,K), a funnel F ⊆ X is a set with a
head Fh ⊆ F and a tail Ft ⊆ F . Moreover, if a trace x(·) reaches the head of the funnel, it remains
inside the funnel until it reaches its tail:
x(t) ∈ Fh =⇒ (∃T ≥ t)

x(T ) ∈ Ft
(∀t′ ∈ [t, T ]) x(t′) ∈ F .
The control Lyapunov-barrier argument can get extended to control funnels [22] for formally sat-
isfying the RWS with reference tracking. We will define a control funnel as a sub-level set of a
smooth function V (θ,xd). For a smooth function V , and a relational operator ./∈ {<,≤,=,≥, >},
let us define the following families of sets that are parameterized by θ: V ./β(θ) : {x | V (θ,x) ./ β}.
Furthermore, let V ./β : ∪θ∈Θ V ./βθ .
Definition 22 (Control Funnel Function) A smooth function V (θ,xd) is called a control fun-
nel function (CFF) iff the following conditions hold:
(a) : (∀xd ∈ I) V (0,xd) < 0
(b) : (∀xd ∈ S(T ) \
◦
G) V (T,xd) > 0
(c) : (∀θ ∈ Θ,xd ∈ ∂(S(θ))) V (θ,xd) > 0
(d) : (∀θ ∈ Θ,xd ∈ S(θ)) V (θ,xd) = 0 =⇒ (∃v ∈ V) V˙ (θ,xd,v) < 0.
(3.23)
The idea, depicted in Figure 3.8(b), is as follows. Initially (condition(a) in Eq. (3.23)),
V (x(0)) < 0 (x ∈ V <0). Condition (d) guarantees that for all the states in a neighborhood of
set V =0, there exists a feedback which decreases the value of V . Therefore, by providing a proper
feedback, the state never reaches ∂V ≤0 (V =0) because the value of V can be decreased just before
reaching V =0. As a result, V remains < 0. This means that the state stays inside V ≤0 as long as
θ ∈ Θ. Also the state remains in S(θ) as the value of V on ∂S(θ) is ≥ 0 (condition (c)). Since θ is
increasing at minimum rate u0 at some point θ reaches T . Then, according to condition (b), the
state must be in the interior of G (top green ellipse), because otherwise value of V would be ≥ 0.
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S(✓1)
<latexit sha1_base64="K65 5w4VdhOWLiZO5TcB0/WQsE0I=">AAAB8XicdVDLSgNBEOz1GeM r6tHLYBDiJexGTMwt4MVjRNcEkiXMTibJkNkHM71CDPkMLx5U vPoTfoMHwb9xNomgogUNRVU33V1+LIVG2/6wFhaXlldWM2vZ9Y 3Nre3czu61jhLFuMsiGammTzWXIuQuCpS8GStOA1/yhj88S/3G DVdaROEVjmLuBbQfip5gFI3Uuiy0ccCRdpyjTi5vF8vH1ZJTJ nbRniIljlMpnxBnruRrmdv3VwCod3Jv7W7EkoCHyCTVuuXYMXp jqlAwySfZdqJ5TNmQ9nnL0JAGXHvj6ckTcmiULulFylSIZKp+ nxjTQOtR4JvOgOJA//ZS8S+vlWDv1BuLME6Qh2y2qJdIghFJ/y ddoThDOTKEMiXMrYQNqKIMTUpZE8LXp+R/4paK1aJ9YcIowAw Z2IcDKIADFajBOdTBBQYR3MEDPFpo3VtP1vOsdcGaz+zBD1gvn wlfkso=</latexit><latexit sha1_base64="/ss QCgWv7KQXKMUx5h4oRo+3XdM=">AAAB8XicdVBNS8NAEN342da vqkcvi0Wol5BUbO2t4MVjpcYW2lA22027dPPB7kSooT/DiwcV r/4Ubx4E/42btoKKPhh4vDfDzDwvFlyBZX0YS8srq2vruXxhY3 Nre6e4u3etokRS5tBIRLLjEcUED5kDHATrxJKRwBOs7Y3PM799 w6TiUXgFk5i5ARmG3OeUgJa6rXIPRgxI3z7uF0uWWT2pV+wqt kxrhozYdq16iu2FUmrkbt9fW818s1986w0imgQsBCqIUl3bisF NiQROBZsWeoliMaFjMmRdTUMSMOWms5On+EgrA+xHUlcIeKZ+ n0hJoNQk8HRnQGCkfnuZ+JfXTcA/c1MexgmwkM4X+YnAEOHsfz zgklEQE00IlVzfiumISEJBp1TQIXx9iv8nTsWsm9alDqOM5si hA3SIyshGNdRAF6iJHERRhO7QA3o0wLg3nozneeuSsZjZRz9gv HwC/YKTgQ==</latexit><latexit sha1_base64="/ss QCgWv7KQXKMUx5h4oRo+3XdM=">AAAB8XicdVBNS8NAEN342da vqkcvi0Wol5BUbO2t4MVjpcYW2lA22027dPPB7kSooT/DiwcV r/4Ubx4E/42btoKKPhh4vDfDzDwvFlyBZX0YS8srq2vruXxhY3 Nre6e4u3etokRS5tBIRLLjEcUED5kDHATrxJKRwBOs7Y3PM799 w6TiUXgFk5i5ARmG3OeUgJa6rXIPRgxI3z7uF0uWWT2pV+wqt kxrhozYdq16iu2FUmrkbt9fW818s1986w0imgQsBCqIUl3bisF NiQROBZsWeoliMaFjMmRdTUMSMOWms5On+EgrA+xHUlcIeKZ+ n0hJoNQk8HRnQGCkfnuZ+JfXTcA/c1MexgmwkM4X+YnAEOHsfz zgklEQE00IlVzfiumISEJBp1TQIXx9iv8nTsWsm9alDqOM5si hA3SIyshGNdRAF6iJHERRhO7QA3o0wLg3nozneeuSsZjZRz9gv HwC/YKTgQ==</latexit>
S(0)
<latexit sha1_base64="DW0 G9cHpqtOYTRGcLTv0FRpMWak=">AAAB6nicdVBNS8NAEJ34Wet X1aOXxSLUS0gqtvZW8OKxorGFNpTNdtMu3WzC7kaopX/BiwcV r/4Qf4MHwX/jpq2gog8GHu/NMDMvSDhT2nE+rIXFpeWV1dxafn 1jc2u7sLN7reJUEuqRmMeyFWBFORPU00xz2kokxVHAaTMYnmV+ 84ZKxWJxpUcJ9SPcFyxkBOtMuiw5R91C0bErx7WyW0GO7UyRE detVk6QO1eK9dzt+ysANLqFt04vJmlEhSYcK9V2nUT7Yyw1I5x O8p1U0QSTIe7TtqECR1T54+mtE3RolB4KY2lKaDRVv0+McaTU KApMZ4T1QP32MvEvr53q8NQfM5GkmgoyWxSmHOkYZY+jHpOUaD 4yBBPJzK2IDLDERJt48iaEr0/R/8Qr2zXbuTBhlGCGHOzDAZT AhSrU4Rwa4AGBAdzBAzxakXVvPVnPs9YFaz6zBz9gvXwCsYKPs g==</latexit><latexit sha1_base64="wyD 8LSpdNJQ65yU2FgttDRAPNwU=">AAAB6nicdVBNSwMxEM362da vqkcvwSLUy5Kt2NpbwYvHSl1baJeSTbNtaLK7JFmhLv0LXjyo ePXfePMg+G/MthVU9MHA470ZZub5MWdKI/RhLS2vrK6t5/KFjc 2t7Z3i7t61ihJJqEsiHsmOjxXlLKSuZprTTiwpFj6nbX98nvnt GyoVi8IrPYmpJ/AwZAEjWGdSq4yO+8USsqsn9YpThchGM2TEc WrVU+gslFIjd/v+2mrmm/3iW28QkUTQUBOOleo6KNZeiqVmhNN poZcoGmMyxkPaNTTEgiovnd06hUdGGcAgkqZCDWfq94kUC6Um wjedAuuR+u1l4l9eN9HBmZeyME40Dcl8UZBwqCOYPQ4HTFKi+c QQTCQzt0IywhITbeIpmBC+PoX/E7di1210acIogzly4AAcgjJ wQA00wAVoAhcQMAJ34AE8WsK6t56s53nrkrWY2Qc/YL18AqW0k Gk=</latexit><latexit sha1_base64="wyD 8LSpdNJQ65yU2FgttDRAPNwU=">AAAB6nicdVBNSwMxEM362da vqkcvwSLUy5Kt2NpbwYvHSl1baJeSTbNtaLK7JFmhLv0LXjyo ePXfePMg+G/MthVU9MHA470ZZub5MWdKI/RhLS2vrK6t5/KFjc 2t7Z3i7t61ihJJqEsiHsmOjxXlLKSuZprTTiwpFj6nbX98nvnt GyoVi8IrPYmpJ/AwZAEjWGdSq4yO+8USsqsn9YpThchGM2TEc WrVU+gslFIjd/v+2mrmm/3iW28QkUTQUBOOleo6KNZeiqVmhNN poZcoGmMyxkPaNTTEgiovnd06hUdGGcAgkqZCDWfq94kUC6Um wjedAuuR+u1l4l9eN9HBmZeyME40Dcl8UZBwqCOYPQ4HTFKi+c QQTCQzt0IywhITbeIpmBC+PoX/E7di1210acIogzly4AAcgjJ wQA00wAVoAhcQMAJ34AE8WsK6t56s53nrkrWY2Qc/YL18AqW0k Gk=</latexit>
S(T )
<latexit sha1_base64="dZo TECniG8o8foV9lBoj2Fn/U8U=">AAAB6nicdVDLSgNBEOyNrxh fUY9eBoMQL8tuxMTcAl48RsyaQLKE2clsMmT2wcysEJf8ghcP Kl79EL/Bg+DfOJtEUNGChqKqm+4uL+ZMKsv6MHJLyyura/n1ws bm1vZOcXfvWkaJINQhEY9Ex8OSchZSRzHFaScWFAcep21vfJ75 7RsqJIvClprE1A3wMGQ+I1hl0lW5ddwvliyzelKv2FVkmdYMG bHtWvUU2Qul1Mjfvr8CQLNffOsNIpIENFSEYym7thUrN8VCMcL ptNBLJI0xGeMh7Woa4oBKN53dOkVHWhkgPxK6QoVm6veJFAdS TgJPdwZYjeRvLxP/8rqJ8s/clIVxomhI5ov8hCMVoexxNGCCEs UnmmAimL4VkREWmCgdT0GH8PUp+p84FbNuWpc6jDLMkYcDOIQ y2FCDBlxAExwgMII7eIBHIzDujSfjed6aMxYz+/ADxssn6BKP1 g==</latexit><latexit sha1_base64="3Gl x8knKfFdrD7kWjZSrVvX6zD0=">AAAB6nicdVDPSwJBFJ61X2q /rI5dhiSwy7JrpHkTunQ0dFPQRWbHUQdnZpeZ2cAW/4UuHSq6 9t906xD03zSrBhX1wYOP73uP994XRIwq7TgfVmZldW19I5vLb2 5t7+wW9vavVRhLTDwcslB2AqQIo4J4mmpGOpEkiAeMtIPJReq3 b4hUNBQtPY2Iz9FI0CHFSKdSs9Q66ReKjl05rZXdCnRsZ46Uu G61cgbdpVKsZ2/fX5uNXKNfeOsNQhxzIjRmSKmu60TaT5DUFDM yy/diRSKEJ2hEuoYKxInyk/mtM3hslAEchtKU0HCufp9IEFdq ygPTyZEeq99eKv7ldWM9PPcTKqJYE4EXi4YxgzqE6eNwQCXBmk 0NQVhScyvEYyQR1iaevAnh61P4P/HKds12rkwYJbBAFhyCI1A CLqiCOrgEDeABDMbgDjyAR4tb99aT9bxozVjLmQPwA9bLJ9xEk I0=</latexit><latexit sha1_base64="3Gl x8knKfFdrD7kWjZSrVvX6zD0=">AAAB6nicdVDPSwJBFJ61X2q /rI5dhiSwy7JrpHkTunQ0dFPQRWbHUQdnZpeZ2cAW/4UuHSq6 9t906xD03zSrBhX1wYOP73uP994XRIwq7TgfVmZldW19I5vLb2 5t7+wW9vavVRhLTDwcslB2AqQIo4J4mmpGOpEkiAeMtIPJReq3 b4hUNBQtPY2Iz9FI0CHFSKdSs9Q66ReKjl05rZXdCnRsZ46Uu G61cgbdpVKsZ2/fX5uNXKNfeOsNQhxzIjRmSKmu60TaT5DUFDM yy/diRSKEJ2hEuoYKxInyk/mtM3hslAEchtKU0HCufp9IEFdq ygPTyZEeq99eKv7ldWM9PPcTKqJYE4EXi4YxgzqE6eNwQCXBmk 0NQVhScyvEYyQR1iaevAnh61P4P/HKds12rkwYJbBAFhyCI1A CLqiCOrgEDeABDMbgDjyAR4tb99aT9bxozVjLmQPwA9bLJ9xEk I0=</latexit>
S
<latexit sha1 _base64="Qc58Qr37vDDLCT3T DN2RgUAxoRw=">AAAB53icdZ DLSsNAFIZP6q3WW9Wlm8EidBW Siq1dWXDjslVjhTaUyXTSjp1c mJkIJfQJ3LhQcesLuPY53Pk2T toKKvrDwM/3n8Occ7yYM6ks68 PILSwuLa/kVwtr6xubW8XtnS sZJYJQh0Q8EtcelpSzkDqKKU6 vY0Fx4HHa9kanWd6+pUKyKLxU 45i6AR6EzGcEK41aF71iyTKrh /WKXUWWaU2VGduuVY+QPSelk9 e3c9Bq9orv3X5EkoCGinAsZc e2YuWmWChGOJ0UuomkMSYjPKA dbUMcUOmm00En6ECTPvIjoV+o 0JR+70hxIOU48HRlgNVQ/s4y+ FfWSZR/7KYsjBNFQzL7yE84U hHKtkZ9JihRfKwNJoLpWREZYo GJ0rcp6CN8bYr+N07FrJtWyyo 1yjBTHvZgH8pgQw0acAZNcIAA hTt4gEfjxrg3noznWWnOmPfsw g8ZL5/+KI6y</latexit><latexit sha1 _base64="8g6K2EnP5CX1EdyK obWkwFZm9Ww=">AAAB53icdZ DNSsNAFIUn9a/Wv6pLQQaL0FV IKrZ2ZcGNyxaNLbShTKaTduxk EmYmQgldunLjQsWtL+C6z+HOZ /AlnLQVVPTAwOE79zL3Xi9iVC rLejcyC4tLyyvZ1dza+sbmVn 5750qGscDEwSELRctDkjDKiaO oYqQVCYICj5GmNzxL8+YNEZKG /FKNIuIGqM+pTzFSGjUuuvmCZ ZaPqiW7DC3Tmio1tl0pH0N7Tg qnr5PGx+3+pN7Nv3V6IY4Dwh VmSMq2bUXKTZBQFDMyznViSSK Eh6hP2tpyFBDpJtNBx/BQkx70 Q6EfV3BKv3ckKJByFHi6MkBqI H9nKfwra8fKP3ETyqNYEY5nH /kxgyqE6dawRwXBio20QVhQPS vEAyQQVvo2OX2Er03h/8YpmVX TaliFWhHMlAV74AAUgQ0qoAbO QR04AAMC7sADeDSujXvjyXiel WaMec8u+CHj5RMF7ZD3</lat exit><latexit sha1 _base64="8g6K2EnP5CX1EdyK obWkwFZm9Ww=">AAAB53icdZ DNSsNAFIUn9a/Wv6pLQQaL0FV IKrZ2ZcGNyxaNLbShTKaTduxk EmYmQgldunLjQsWtL+C6z+HOZ /AlnLQVVPTAwOE79zL3Xi9iVC rLejcyC4tLyyvZ1dza+sbmVn 5750qGscDEwSELRctDkjDKiaO oYqQVCYICj5GmNzxL8+YNEZKG /FKNIuIGqM+pTzFSGjUuuvmCZ ZaPqiW7DC3Tmio1tl0pH0N7Tg qnr5PGx+3+pN7Nv3V6IY4Dwh VmSMq2bUXKTZBQFDMyznViSSK Eh6hP2tpyFBDpJtNBx/BQkx70 Q6EfV3BKv3ckKJByFHi6MkBqI H9nKfwra8fKP3ETyqNYEY5nH /kxgyqE6dawRwXBio20QVhQPS vEAyQQVvo2OX2Er03h/8YpmVX TaliFWhHMlAV74AAUgQ0qoAbO QR04AAMC7sADeDSujXvjyXiel WaMec8u+CHj5RMF7ZD3</lat exit>
G
<latexit sha1_base64="24v EkwtvjHdGmUX7ZXb/STu/kuQ=">AAAB53icbZC7SgNBFIbPeo3 xFrW0GQxCqrBro1YGLLRMxDWBZAmzk7PJmNnZZWZWCCFPYGOh YusLWPscdr6Nk0uhiT8MfPz/Ocw5J0wF18Z1v52l5ZXVtfXcRn 5za3tnt7C3f6eTTDH0WSIS1QipRsEl+oYbgY1UIY1DgfWwfznO 6w+oNE/krRmkGMS0K3nEGTXWql21C0W37E5EFsGbQfHi4/MGr Krtwlerk7AsRmmYoFo3PTc1wZAqw5nAUb6VaUwp69MuNi1KGqM OhpNBR+TYOh0SJco+acjE/d0xpLHWgzi0lTE1PT2fjc3/smZm orNgyGWaGZRs+lGUCWISMt6adLhCZsTAAmWK21kJ61FFmbG3yd sjePMrL4J/Uj4vuzW3WCnBVDk4hCMogQenUIFrqIIPDBAe4Rl enHvnyXl13qalS86s5wD+yHn/Aaf/jnc=</latexit><latexit sha1_base64="lbn AyCqp8/SGqPNGH3GsEaSXk3Y=">AAAB53icbZC7SgNBFIbPxlu Mt6ilIItBSBV2bdTKgIWWCbgmkIQwOzmbjJmdXWZmhbCktLKx ULH1BazzHHY+gy/h5FJo4g8DH/9/DnPO8WPOlHacLyuztLyyup Zdz21sbm3v5Hf3blWUSIoejXgk6z5RyJlATzPNsR5LJKHPseb3 L8d57R6lYpG40YMYWyHpChYwSrSxqlftfMEpORPZi+DOoHDxM ap+PxyOKu38Z7MT0SREoSknSjVcJ9atlEjNKMdhrpkojAntky4 2DAoSomqlk0GH9rFxOnYQSfOEtifu746UhEoNQt9UhkT31Hw2 Nv/LGokOzlopE3GiUdDpR0HCbR3Z463tDpNINR8YIFQyM6tNe0 QSqs1tcuYI7vzKi+CdlM5LTtUplIswVRYO4AiK4MIplOEaKuA BBYRHeIYX6856sl6tt2lpxpr17MMfWe8/r7WQvA==</latexit ><latexit sha1_base64="lbn AyCqp8/SGqPNGH3GsEaSXk3Y=">AAAB53icbZC7SgNBFIbPxlu Mt6ilIItBSBV2bdTKgIWWCbgmkIQwOzmbjJmdXWZmhbCktLKx ULH1BazzHHY+gy/h5FJo4g8DH/9/DnPO8WPOlHacLyuztLyyup Zdz21sbm3v5Hf3blWUSIoejXgk6z5RyJlATzPNsR5LJKHPseb3 L8d57R6lYpG40YMYWyHpChYwSrSxqlftfMEpORPZi+DOoHDxM ap+PxyOKu38Z7MT0SREoSknSjVcJ9atlEjNKMdhrpkojAntky4 2DAoSomqlk0GH9rFxOnYQSfOEtifu746UhEoNQt9UhkT31Hw2 Nv/LGokOzlopE3GiUdDpR0HCbR3Z463tDpNINR8YIFQyM6tNe0 QSqs1tcuYI7vzKi+CdlM5LTtUplIswVRYO4AiK4MIplOEaKuA BBYRHeIYX6856sl6tt2lpxpr17MMfWe8/r7WQvA==</latexit >
I
<latexit sha1_base64="CZo 0tzEgNPcJyKOJLRj/qIkOEQ0=">AAAB53icbZC7SgNBFIbPeo3 xFrW0GQxCqrBro1YGbLRLxDWBZAmzk7PJmNnZZWZWCCFPYGOh YusLWPscdr6Nk0uhiT8MfPz/Ocw5J0wF18Z1v52l5ZXVtfXcRn 5za3tnt7C3f6eTTDH0WSIS1QipRsEl+oYbgY1UIY1DgfWwfznO 6w+oNE/krRmkGMS0K3nEGTXWql23C0W37E5EFsGbQfHi4/MGr Krtwlerk7AsRmmYoFo3PTc1wZAqw5nAUb6VaUwp69MuNi1KGqM OhpNBR+TYOh0SJco+acjE/d0xpLHWgzi0lTE1PT2fjc3/smZm orNgyGWaGZRs+lGUCWISMt6adLhCZsTAAmWK21kJ61FFmbG3yd sjePMrL4J/Uj4vuzW3WCnBVDk4hCMogQenUIErqIIPDBAe4Rl enHvnyXl13qalS86s5wD+yHn/AasFjnk=</latexit><latexit sha1_base64="TBq u/81KGUV/qyarbIavE4/ZQlo=">AAAB53icbZC7SgNBFIbPxlu Mt6ilIItBSBV2bdTKgI12CbgmkIQwOzmbjJmdXWZmhbCktLKx ULH1BazzHHY+gy/h5FJo4g8DH/9/DnPO8WPOlHacLyuztLyyup Zdz21sbm3v5Hf3blWUSIoejXgk6z5RyJlATzPNsR5LJKHPseb3 L8d57R6lYpG40YMYWyHpChYwSrSxqtftfMEpORPZi+DOoHDxM ap+PxyOKu38Z7MT0SREoSknSjVcJ9atlEjNKMdhrpkojAntky4 2DAoSomqlk0GH9rFxOnYQSfOEtifu746UhEoNQt9UhkT31Hw2 Nv/LGokOzlopE3GiUdDpR0HCbR3Z463tDpNINR8YIFQyM6tNe0 QSqs1tcuYI7vzKi+CdlM5LTtUplIswVRYO4AiK4MIplOEKKuA BBYRHeIYX6856sl6tt2lpxpr17MMfWe8/sruQvg==</latexit ><latexit sha1_base64="TBq u/81KGUV/qyarbIavE4/ZQlo=">AAAB53icbZC7SgNBFIbPxlu Mt6ilIItBSBV2bdTKgI12CbgmkIQwOzmbjJmdXWZmhbCktLKx ULH1BazzHHY+gy/h5FJo4g8DH/9/DnPO8WPOlHacLyuztLyyup Zdz21sbm3v5Hf3blWUSIoejXgk6z5RyJlATzPNsR5LJKHPseb3 L8d57R6lYpG40YMYWyHpChYwSrSxqtftfMEpORPZi+DOoHDxM ap+PxyOKu38Z7MT0SREoSknSjVcJ9atlEjNKMdhrpkojAntky4 2DAoSomqlk0GH9rFxOnYQSfOEtifu746UhEoNQt9UhkT31Hw2 Nv/LGokOzlopE3GiUdDpR0HCbR3Z463tDpNINR8YIFQyM6tNe0 QSqs1tcuYI7vzKi+CdlM5LTtUplIswVRYO4AiK4MIplOEKKuA BBYRHeIYX6856sl6tt2lpxpr17MMfWe8/sruQvg==</latexit >
(b) Control funnel
<latexit sha1_base64="HjRY3w2349LYqnmrtxUHt9SwbaI= ">AAACFnicbVDJSgNBEK1xjXGLy0kvjUHQS5gRQb0FcvEYwTGBJMSeTk/S2MvQ3SOGIeBv+ANe9Q88iVev/oDfYWc5GOODgsd7V VTVixLOjPX9L29ufmFxaTm3kl9dW9/YLGxt3xiVakJDorjS9QgbypmkoWWW03qiKRYRp7XorjL0a/dUG6bkte0ntCVwV7KYEWyd 1C7sHUXHqCki9ZChipJWK47iVErKB+1C0S/5I6BZEkxIsbwbx7cAUG0XvpsdRVJBpSUcG9MI/MS2MqwtI5wO8s3U0ASTO9ylDUc lFtS0stEPA3TolA6KlXYlLRqpvycyLIzpi8h1Cmx75q83FP/zGqmNz1sZk0lqqSTjRXHKkVVoGAjqME2J5X1HMNHM3YpID2tMrIt taotwvjKDvAsm+BvDLAlPShel4MoFdApj5GAfDuAIAjiDMlxCFUIg8AjP8AKv3pP35r17H+PWOW8yswNT8D5/AHRgoOs=</late xit><latexit sha1_base64="q8iYuU1AEJUPuaWYNAfpw/xleZI= ">AAACFnicbVDLSsNAFJ34rPUVHyvdDBahbkoigrordOOygrGFNpTJdNIOnUeYmYglFPwNf8Ct/oErcevWH/A7nKZd2NYDFw7n3 Mu990QJo9p43reztLyyurZe2Chubm3v7Lp7+/dapgqTAEsmVTNCmjAqSGCoYaSZKIJ4xEgjGtTGfuOBKE2luDPDhIQc9QSNKUbG Sh33qBydwTaP5GMGa1IYJRmMUyEIG3XcklfxcsBF4k9JqXoY56h33J92V+KUE2EwQ1q3fC8xYYaUoZiRUbGdapIgPEA90rJUIE5 0mOU/jOCpVbowlsqWMDBX/05kiGs95JHt5Mj09bw3Fv/zWqmJr8KMiiQ1RODJojhl0Eg4DgR2qSLYsKElCCtqb4W4jxTCxsY2s4V bX+pR0Qbjz8ewSILzynXFv7UBXYAJCuAYnIAy8MElqIIbUAcBwOAJvIBX8OY8O+/Oh/M5aV1ypjMHYAbO1y8sgqIj</latexit><latexit sha1_base64="q8iYuU1AEJUPuaWYNAfpw/xleZI= ">AAACFnicbVDLSsNAFJ34rPUVHyvdDBahbkoigrordOOygrGFNpTJdNIOnUeYmYglFPwNf8Ct/oErcevWH/A7nKZd2NYDFw7n3 Mu990QJo9p43reztLyyurZe2Chubm3v7Lp7+/dapgqTAEsmVTNCmjAqSGCoYaSZKIJ4xEgjGtTGfuOBKE2luDPDhIQc9QSNKUbG Sh33qBydwTaP5GMGa1IYJRmMUyEIG3XcklfxcsBF4k9JqXoY56h33J92V+KUE2EwQ1q3fC8xYYaUoZiRUbGdapIgPEA90rJUIE5 0mOU/jOCpVbowlsqWMDBX/05kiGs95JHt5Mj09bw3Fv/zWqmJr8KMiiQ1RODJojhl0Eg4DgR2qSLYsKElCCtqb4W4jxTCxsY2s4V bX+pR0Qbjz8ewSILzynXFv7UBXYAJCuAYnIAy8MElqIIbUAcBwOAJvIBX8OY8O+/Oh/M5aV1ypjMHYAbO1y8sgqIj</latexit><latexit sha1_base64="H9PsGzXJgUQ/y8A/5bBMn66kRvk= ">AAACFnicbVDLSsNAFJ3UV62vqDvdDBahbkoigrordOOygrWFNpTJdNIOnUeYmYglBPwNf8Ct/oErcevWH/A7nLZZ2NYDFw7n3 Mu994Qxo9p43rdTWFldW98obpa2tnd299z9g3stE4VJE0smVTtEmjAqSNNQw0g7VgTxkJFWOKpP/NYDUZpKcWfGMQk4GggaUYyM lXruUSU8g10eyscU1qUwSjIYJUIQlvXcslf1poDLxM9JGeRo9Nyfbl/ihBNhMENad3wvNkGKlKGYkazUTTSJER6hAelYKhAnOki nP2Tw1Cp9GEllSxg4Vf9OpIhrPeah7eTIDPWiNxH/8zqJia6ClIo4MUTg2aIoYdBIOAkE9qki2LCxJQgram+FeIgUwsbGNreFW1/ qrGSD8RdjWCbN8+p11b/1yrWLPKEiOAYnoAJ8cAlq4AY0QBNg8ARewCt4c56dd+fD+Zy1Fpx85hDMwfn6BVFUn2s=</latexit>
(a) RWS with reference tracking
<latexit sha1 _base64="kyd2Wb4gw6ZUQdpw SeQ3b1x3ZFc=">AAACI3icbV C7ThtBFL1LIIAhiRPoaEYgFNJ YuxESpENKQ8nLGMm2nNnxXXvE PFYzdyHWyp+Q38gP0MIfUCEaC lq+g7FNwetIIx2dcx9zT5or6S mO76KpD9MzH2fn5isLi58+f6 l+/XbsbeEE1oVV1p2k3KOSBus kSeFJ7pDrVGEjPf098htn6Ly0 5ogGObY17xmZScEpSJ3q9w3+g 7V0av+W7KBxyM4l9ZnDDB0agY wcF6fS9Iad6lpci8dgb0nyRN Z2lrPsDwDsdaoPra4VhUZDQnH vm0mcU7vkjqRQOKy0Co95GM57 2AzUcI2+XY4PGrL1oHRZZl14h thYfd5Rcu39QKehUnPq+9feS HzPaxaUbbdLafKCwn2TRVmhGF k2Sod1pUNBahAIF06GvzLR5yE EChm+2KKDb/2wEoJJXsfwltR/ 1n7Vkv0Q0CZMMAcrsAobkMAW7 MAu7EEdBPyDC7iEq+h/dB3dR LeT0qnoqWcJXiC6fwQn36X9</ latexit><latexit sha1 _base64="SddUDLehdYn6Fwe2 iiXjpslKVj8=">AAACI3icbV A5TgMxFPWwE7awdDQWCAFNNIO QgC4SDSVbCFISRR7nT2LhZWT/ AaJRjsA1uAAt3IAK0VDQcg6ch ILtSZae3vuL/4tTKRyG4VswMj o2PjE5NV2YmZ2bXyguLl04k1 kOFW6ksZcxcyCFhgoKlHCZWmA qllCNrw77fvUarBNGn2M3hYZi bS0SwRl6qVnc3GLbtK5ic5vT0 +oZvRHYoRYSsKA5ULSMXwnd7j WL62EpHID+JdEXWS+vJAMcN4 sf9ZbhmQKNXDLnalGYYiNnFgW X0CvUMwepH87aUPNUMwWukQ8O 6tENr7RoYqx/GulA/d6RM+VcV 8W+UjHsuN9eX/zPq2WY7Ddyo dMM/X3DRUkmKRraT4e2hAWOsu sJ41b4v1LeYT4E9Bn+2KK8b1y v4IOJfsfwl1R2Sgel6MQHtEuG mCKrZI1skYjskTI5IsekQji5I w/kkTwF98Fz8BK8DktHgq+eZ fIDwfsn3/KnNQ==</latexit><latexit sha1 _base64="SddUDLehdYn6Fwe2 iiXjpslKVj8=">AAACI3icbV A5TgMxFPWwE7awdDQWCAFNNIO QgC4SDSVbCFISRR7nT2LhZWT/ AaJRjsA1uAAt3IAK0VDQcg6ch ILtSZae3vuL/4tTKRyG4VswMj o2PjE5NV2YmZ2bXyguLl04k1 kOFW6ksZcxcyCFhgoKlHCZWmA qllCNrw77fvUarBNGn2M3hYZi bS0SwRl6qVnc3GLbtK5ic5vT0 +oZvRHYoRYSsKA5ULSMXwnd7j WL62EpHID+JdEXWS+vJAMcN4 sf9ZbhmQKNXDLnalGYYiNnFgW X0CvUMwepH87aUPNUMwWukQ8O 6tENr7RoYqx/GulA/d6RM+VcV 8W+UjHsuN9eX/zPq2WY7Ddyo dMM/X3DRUkmKRraT4e2hAWOsu sJ41b4v1LeYT4E9Bn+2KK8b1y v4IOJfsfwl1R2Sgel6MQHtEuG mCKrZI1skYjskTI5IsekQji5I w/kkTwF98Fz8BK8DktHgq+eZ fIDwfsn3/KnNQ==</latexit><latexit sha1 _base64="hiVEPnCe5gBH/bqY /XRJLwh6v/M=">AAACI3icbV C7SgNBFJ31bXxFLW0Gg6hN2BV B7QI2lr5ihCSE2cndZHAey8xd NSz5BH/DH7DVP7ASGwtbv8NJT OHrwMDhnPuYe+JUCodh+BaMjU 9MTk3PzBbm5hcWl4rLKxfOZJ ZDlRtp7GXMHEihoYoCJVymFpi KJdTiq8OBX7sG64TR59hLoalY R4tEcIZeahU3t9g2bajY3Ob0t HZGbwR2qYUELGgOFC3jV0J3+q 1iKSyHQ9C/JBqREhnhuFX8aL QNzxRo5JI5V4/CFJs5syi4hH6 hkTlI/XDWgbqnmilwzXx4UJ9u eKVNE2P900iH6veOnCnneir2l Yph1/32BuJ/Xj3DZL+ZC51m6 O/7WpRkkqKhg3RoW1jgKHueMG 6F/yvlXeZDQJ/hjy3K+8b1Cz6 Y6HcMf0l1p3xQjk7CUmV3lNAM WSPrZItEZI9UyBE5JlXCyR15I I/kKbgPnoOX4PWrdCwY9aySH wjePwEE06R9</latexit>
xr(0)
<latexit sha1 _base64="qgqi+nBd8KY3i4Dk SkgWBYFQeJQ=">AAAB93icbV DLSgNBEOyNrxgfWfXoZTEI8RJ 2vai3gBePEVwTSJZldjKbDJl9 MNMrSZZ8iRcPKl79A7/Bg+DfO HkcNLGgoajqprsrSAVXaNvfRm FtfWNzq7hd2tnd2y+bB4f3Ks kkZS5NRCJbAVFM8Ji5yFGwVio ZiQLBmsHgeuo3H5hUPInvcJQy LyK9mIecEtSSb5Y7yIYYhPlw4 suqfeabFbtmz2CtEmdBKvXi+O sDABq++dnpJjSLWIxUEKXajp 2ilxOJnAo2KXUyxVJCB6TH2pr GJGLKy2eHT6xTrXStMJG6YrRm 6u+JnERKjaJAd0YE+2rZm4r/e e0Mw0sv53GaIYvpfFGYCQsTa 5qC1eWSURQjTQiVXN9q0T6RhK LOqqRDcJZfXiXuee2q5tzqMKo wRxGO4QSq4MAF1OEGGuAChQwe 4RlejLHxZLwab/PWgrGYOYI/M N5/APfTlPo=</latexit><latexit sha1 _base64="fgfpf9gXAOBGB9mu vBqo7eVjZvM=">AAAB93icbV A9TwJBEN3DL8APTi1tNhITbMi djdqR2Fhi9IQEyGVv2YMNe3uX 3TkDXPglNhZqbP0ddhYm/huXj 0LBl0zy8t5MZuYFieAaHOfbyq 2tb2xu5QvF7Z3dvZK9f3Cv41 RR5tFYxKoZEM0El8wDDoI1E8V IFAjWCAZXU7/xwJTmsbyDUcI6 EelJHnJKwEi+XWoDG0IQZsOJr yrOqW+XnaozA14l7oKUa/nx18 dtvVD37c92N6ZpxCRQQbRuuU 4CnYwo4FSwSbGdapYQOiA91jJ UkojpTjY7fIJPjNLFYaxMScAz 9fdERiKtR1FgOiMCfb3sTcX/v FYK4UUn4zJJgUk6XxSmAkOMp yngLleMghgZQqji5lZM+0QRCi arognBXX55lXhn1cuqe2PCqKA 58ugIHaMKctE5qqFrVEceoihF j+gZvVhj68l6td7mrTlrMXOI/ sB6/wHsBZWx</latexit><latexit sha1 _base64="fgfpf9gXAOBGB9mu vBqo7eVjZvM=">AAAB93icbV A9TwJBEN3DL8APTi1tNhITbMi djdqR2Fhi9IQEyGVv2YMNe3uX 3TkDXPglNhZqbP0ddhYm/huXj 0LBl0zy8t5MZuYFieAaHOfbyq 2tb2xu5QvF7Z3dvZK9f3Cv41 RR5tFYxKoZEM0El8wDDoI1E8V IFAjWCAZXU7/xwJTmsbyDUcI6 EelJHnJKwEi+XWoDG0IQZsOJr yrOqW+XnaozA14l7oKUa/nx18 dtvVD37c92N6ZpxCRQQbRuuU 4CnYwo4FSwSbGdapYQOiA91jJ UkojpTjY7fIJPjNLFYaxMScAz 9fdERiKtR1FgOiMCfb3sTcX/v FYK4UUn4zJJgUk6XxSmAkOMp yngLleMghgZQqji5lZM+0QRCi arognBXX55lXhn1cuqe2PCqKA 58ugIHaMKctE5qqFrVEceoihF j+gZvVhj68l6td7mrTlrMXOI/ sB6/wHsBZWx</latexit><latexit sha1 _base64="5aactNIH3tu86wOB ACde0p1UBAc=">AAAB93icbV BNT8JAEJ36ifhB1aOXRmKCF9J 6UW8kXjxiYoUEGrJdtrBhu212 pwZs+CVePKjx6l/x5r9xgR4Uf MkkL+/NZGZemAqu0XW/rbX1jc 2t7dJOeXdv/6BiHx496CRTlP k0EYlqh0QzwSXzkaNg7VQxEoe CtcLRzcxvPTKleSLvcZKyICYD ySNOCRqpZ1e6yMYYRvl42lM19 7xnV926O4ezSryCVKFAs2d/df sJzWImkQqidcdzUwxyopBTwa blbqZZSuiIDFjHUElipoN8fvj UOTNK34kSZUqiM1d/T+Qk1noS h6YzJjjUy95M/M/rZBhdBTmXa YZM0sWiKBMOJs4sBafPFaMoJ oYQqri51aFDoghFk1XZhOAtv7 xK/Iv6dd27c6uNWpFGCU7gFGr gwSU04Baa4AOFDJ7hFd6sJ+vF erc+Fq1rVjFzDH9gff4A0NySo g==</latexit>
xr(✓1)
<latexit sha1_base64="LI2 wqDUTKGjKgDleg4KedA+TmAo=">AAAB/nicbVC7SgNREJ31GeM rKtjYLIoQm7Bro3YBG8sIrglkw3L3ZtZcvPvg3llJXFP4KzYW KraWfoOF4N94k1j4OjBwOGeGmTlhJoUmx/mwpqZnZufmSwvlxa XlldXK2vq5TnPF0eOpTFUrZBqlSNAjQRJbmUIWhxKb4eXxyG9e odIiTc5okGEnZheJiARnZKSgsukT9imMiv4wUFWfekgscPeCy o5Tc8aw/xL3i+zUS9fvrwDQCCpvfjfleYwJccm0brtORp2CKRJ c4rDs5xozxi/ZBbYNTViMulOM7x/au0bp2lGqTCVkj9XvEwWL tR7EoemMGfX0b28k/ue1c4oOO4VIspww4ZNFUS5tSu1RGHZXKO QkB4YwroS51eY9phgnE1nZhOD+fvkv8fZrRzX31IRRhQlKsAX bUAUXDqAOJ9AADzjcwB08wKN1a91bT9bzpHXK+prZgB+wXj4Bc wSYEg==</latexit><latexit sha1_base64="yw/ eA2dDsZV8tiJmg02NCemeT+w=">AAAB/nicbVA9SwNBEN3zM4l fUcHG5jAIsQl3NmoXsLGM6JlALhx7m7lkyd4Hu3OSeKbwr9hY qNj6H+wsBP+Nm49CEx8MPN6bYWaenwiu0LK+jYXFpeWV1Vy+sL a+sblV3N65UXEqGTgsFrFs+FSB4BE4yFFAI5FAQ19A3e+dj/z6 LUjF4+gaBwm0QtqJeMAZRS15xT0XoY9+kPWHniy72AWknn3kF UtWxRrDnCf2lJSqubuvj6tavuYVP912zNIQImSCKtW0rQRbGZX ImYBhwU0VJJT1aAeamkY0BNXKxvcPzUOttM0glroiNMfq74mM hkoNQl93hhS7atYbif95zRSD01bGoyRFiNhkUZAKE2NzFIbZ5h IYioEmlEmubzVZl0rKUEdW0CHYsy/PE+e4claxL3UYZTJBjuy TA1ImNjkhVXJBasQhjNyTR/JMXowH48l4Nd4mrQvGdGaX/IHx/ gNnNpjJ</latexit><latexit sha1_base64="yw/ eA2dDsZV8tiJmg02NCemeT+w=">AAAB/nicbVA9SwNBEN3zM4l fUcHG5jAIsQl3NmoXsLGM6JlALhx7m7lkyd4Hu3OSeKbwr9hY qNj6H+wsBP+Nm49CEx8MPN6bYWaenwiu0LK+jYXFpeWV1Vy+sL a+sblV3N65UXEqGTgsFrFs+FSB4BE4yFFAI5FAQ19A3e+dj/z6 LUjF4+gaBwm0QtqJeMAZRS15xT0XoY9+kPWHniy72AWknn3kF UtWxRrDnCf2lJSqubuvj6tavuYVP912zNIQImSCKtW0rQRbGZX ImYBhwU0VJJT1aAeamkY0BNXKxvcPzUOttM0glroiNMfq74mM hkoNQl93hhS7atYbif95zRSD01bGoyRFiNhkUZAKE2NzFIbZ5h IYioEmlEmubzVZl0rKUEdW0CHYsy/PE+e4claxL3UYZTJBjuy TA1ImNjkhVXJBasQhjNyTR/JMXowH48l4Nd4mrQvGdGaX/IHx/ gNnNpjJ</latexit><latexit sha1_base64="48u STcIp3lxZ6Ik+8oPPWBM5pBM=">AAAB/nicbVBNS8NAEN3Ur1q /ooIXL8Ei1EtJvKi3ghePFYwtNCVstpN26eaD3Ym0xB78K148 qHj1d3jz37htc9DWBwOP92aYmRekgiu07W+jtLK6tr5R3qxsbe /s7pn7B/cqySQDlyUike2AKhA8Bhc5CminEmgUCGgFw+up33oA qXgS3+E4hW5E+zEPOaOoJd888hBGGIT5aOLLmocDQOo7Z75Zt ev2DNYycQpSJQWavvnl9RKWRRAjE1SpjmOn2M2pRM4ETCpepiC lbEj70NE0phGobj67f2KdaqVnhYnUFaM1U39P5DRSahwFujOi OFCL3lT8z+tkGF52cx6nGULM5ovCTFiYWNMwrB6XwFCMNaFMcn 2rxQZUUoY6sooOwVl8eZm45/WrunNrVxu1Io0yOSYnpEYcckE a5IY0iUsYeSTP5JW8GU/Gi/FufMxbS0Yxc0j+wPj8AUwNlbo=< /latexit>
xr(T )
<latexit sha1_base64="xIC 23ioYKQHePUUIsJAbhx7fHeA=">AAAB93icbVDLSgNBEOz1GeM jqx69LAYhXsKuF/UW8OIxQtYEkmWZncwmQ2YfzPRKkiVf4sWD ilf/wG/wIPg3Th4HTSxoKKq66e4KUsEV2va3sba+sbm1Xdgp7u 7tH5TMw6N7lWSSMpcmIpGtgCgmeMxc5ChYK5WMRIFgzWBwM/Wb D0wqnsQNHKXMi0gv5iGnBLXkm6UOsiEGYT6c+LLSOPfNsl21Z 7BWibMg5Vph/PUBAHXf/Ox0E5pFLEYqiFJtx07Ry4lETgWbFDu ZYimhA9JjbU1jEjHl5bPDJ9aZVrpWmEhdMVoz9fdETiKlRlGg OyOCfbXsTcX/vHaG4ZWX8zjNkMV0vijMhIWJNU3B6nLJKIqRJo RKrm+1aJ9IQlFnVdQhOMsvrxL3onpdde50GBWYowAncAoVcOA SanALdXCBQgaP8Awvxth4Ml6Nt3nrmrGYOYY/MN5/AC5ylR4=< /latexit><latexit sha1_base64="CBo 1r0vG53cCKqjs+pI8Bga0eNc=">AAAB93icbVA9TwJBEN3zE/C DU0ubjcQEG3Jno3YkNpYYOSEBctlb9mDD3t5ld84AF36JjYUa W3+HnYWJ/8blo1DwJZO8vDeTmXlBIrgGx/m21tY3Nre2c/nCzu 7eftE+OLzXcaoo82gsYtUMiGaCS+YBB8GaiWIkCgRrBIPrqd94 YErzWNZhlLBORHqSh5wSMJJvF9vAhhCE2XDiq3L9zLdLTsWZA a8Sd0FK1dz46+Oulq/59me7G9M0YhKoIFq3XCeBTkYUcCrYpNB ONUsIHZAeaxkqScR0J5sdPsGnRuniMFamJOCZ+nsiI5HWoygw nRGBvl72puJ/XiuF8LKTcZmkwCSdLwpTgSHG0xRwlytGQYwMIV RxcyumfaIIBZNVwYTgLr+8SrzzylXFvTVhlNEcOXSMTlAZueg CVdENqiEPUZSiR/SMXqyx9WS9Wm/z1jVrMXOE/sB6/wEipJXV< /latexit><latexit sha1_base64="CBo 1r0vG53cCKqjs+pI8Bga0eNc=">AAAB93icbVA9TwJBEN3zE/C DU0ubjcQEG3Jno3YkNpYYOSEBctlb9mDD3t5ld84AF36JjYUa W3+HnYWJ/8blo1DwJZO8vDeTmXlBIrgGx/m21tY3Nre2c/nCzu 7eftE+OLzXcaoo82gsYtUMiGaCS+YBB8GaiWIkCgRrBIPrqd94 YErzWNZhlLBORHqSh5wSMJJvF9vAhhCE2XDiq3L9zLdLTsWZA a8Sd0FK1dz46+Oulq/59me7G9M0YhKoIFq3XCeBTkYUcCrYpNB ONUsIHZAeaxkqScR0J5sdPsGnRuniMFamJOCZ+nsiI5HWoygw nRGBvl72puJ/XiuF8LKTcZmkwCSdLwpTgSHG0xRwlytGQYwMIV RxcyumfaIIBZNVwYTgLr+8SrzzylXFvTVhlNEcOXSMTlAZueg CVdENqiEPUZSiR/SMXqyx9WS9Wm/z1jVrMXOE/sB6/wEipJXV< /latexit><latexit sha1_base64="h8j vv6biiaQKRXRgAK7cGXSO7KA=">AAAB93icbVBNT8JAEN3iF+I HVY9eNhITvJDWi3oj8eIREyok0DTbZQsbtttmd2rAhl/ixYMa r/4Vb/4bF+hBwZdM8vLeTGbmhangGhzn2yptbG5t75R3K3v7B4 dV++j4QSeZosyjiUhUNySaCS6ZBxwE66aKkTgUrBOOb+d+55Ep zRPZhmnK/JgMJY84JWCkwK72gU0gjPLJLFD19kVg15yGswBeJ 25BaqhAK7C/+oOEZjGTQAXRuuc6Kfg5UcCpYLNKP9MsJXRMhqx nqCQx036+OHyGz40ywFGiTEnAC/X3RE5iradxaDpjAiO96s3F /7xeBtG1n3OZZsAkXS6KMoEhwfMU8IArRkFMDSFUcXMrpiOiCA WTVcWE4K6+vE68y8ZNw713as16kUYZnaIzVEcuukJNdIdayEM UZegZvaI368l6sd6tj2VrySpmTtAfWJ8/B3uSxg==</latexit >
Figure 3.8: A schematic view for RWS with reference tracking along with a control funnel.
Theorem 9 Given a plant P and a smooth control funnel function V , there exists a smooth feedback
function for reaching G such that for any initial state xd(0) ∈ I, the goal state is eventually reached
at some time t∗ satisfying T/u0 ≥ t∗ ≥ T/u0, while staying in set S for 0 ≤ t ≤ t∗.
Proof Initially z(0) = [θ(0),xd(0)
t]t. According to condition (a), V (x(0)) = β0 < 0 as θ(0) = 0
According to condition (d) in Eq. (3.23) and by Sontag’s result (cf. [131, 149]), there exists a smooth
feedback function K which decreases the value of V for all time instances that θ(t) ∈ Θ ∧ x(t) ∈
S ∧ V (x(t)) = 0. Now, we assume x(·) reaches the boundary of S before reaching G. Let t2 be the
first time instance that x(·) reaches the boundary of S. According to condition (c), V (x(t2)) > 0.
By smoothness of V and the dynamics, there is a time t (0 ≤ t < t2) for which V (x(t)) = 0.
Let t1 be the first time instance that V (x(t1)) = 0 and V
+(t1) > 0. However, the feedback law
forces V to decrease, which is a contradiction (V +(t1) < 0). Therefore, either xd(·) remains inside
R = V ≤β ∩ S forever or remains inside R until it reaches G. On the other hand, let tf be the time
θ(tf ) = T and
T
u0
≤ tf ≤ Tu0 . Since xd(·) remains in V ≤β, V (xd(tf )) ≤ β. According to condition
(b), xd(tf ) is in the interior of G. 
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Alternatively, similar to Eq. (3.17), we can replace condition (d) in Eq. (3.23) with the following:
(∀θ ∈ Θ,xd ∈ S(θ)) (∃v ∈ V)
 V˙ (θ,xd,v) + λ∗V (θ,xd) < 0∨
V˙ (θ,xd,v)− λ∗V (θ,xd) < 0
 . (3.24)
Extracting switched feedback law from control funnel function can be addressed using a similar
protocol used in the proof of Theorem 7.
3.4.3 Uninitialized RWS
Another interesting class of properties is control to facet problems, related to work of Habets
et al. [47] and Kloetzer et al. [65], wherein the control system is modeled with a finite automaton by
solving local control-to-facet problems. These properties are RWS properties. However, the initial
set I is the same as safe set S (uninitialized RWS). Precisely, the specification is S ⇒ S U G, where
S is a nondegenerate basic semi-algebraic compact set. Since G is usually a facet, this property is
also called control-to-facet. Let S be a nondegenerate basic semialgebraic sets, as in Definition 12:
S : {x | pS,1(x) ≤ 0 ∧ · · · ∧ pS,i(x) ≤ 0} ,
where
HS,j = {x | x ∈ S ∧ pS,j(x) = 0} 6= ∅ .
Let ∂S be partitioned into nonempty facets F1, . . . , Fl. Each facet Fk is, in turn, defined by
two sets of polynomial inequalities F<k of inactive constraints and F
=
k of active constraints: Fk =
{∧pS,j∈F<k pS,j(x) < 0 ∧ ∧pS,j∈F=k pS,j(x) = 0}. For example, Figure 3.9 shows facets for a polytope.
For i ∈ [0..4], F i= : {pi} and for i ∈ [5..9], F i= : {pi−5, p(i−6)%5}.
For each state on a facet and not in G, we require the existence of an input u, whose vector
field points inside S. Additionally, we require a certificate V to decrease everywhere in S \G. For
any polynomial pS,j , let p˙S,j,u : (∇pS,j) · fu(x). Conventional methods [48] combine conditions for
safety and reachability to define a Control Lyapunov Fixed-Barriers Function (CLFBFs) V
49
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Black lines and blue dots are the facets. For blue dots and red dots, feasible directions for the
vector field is shown.
Figure 3.9: Facets for a 2D polytope.
(which is smooth) as the following:
(0) : x ∈ S \
◦
G =⇒ (∃ u ∈ U) V˙u(x) < 0
(1) : x ∈ F1 \
◦
G =⇒ (∃ u ∈ U)
(
V˙u(x) < 0 ∧
∧
p∈F=1
p˙u(x) < 0
)
...
(l) : x ∈ Fl \
◦
G =⇒ (∃ u ∈ U)
(
V˙u(x) < 0 ∧
∧
p∈F=l
p˙u(x) < 0
)
.
(3.25)
Condition (0) in Eq. (3.25) states that V must decrease everywhere in the set S \
◦
G. The
subsequent conditions treat each facet Fj of the set S and posit the existence of a feedback u for
each state that causes the active constraints and the function V to decrease.
However, we note that as the number of state variables increases, the number of facets can
be exponential in the number of inequalities that define S [51]. For example, a 4D (n = 4) box has
80 facets. This poses a serious limitation to the applicability of Eq. (3.25).
Our solution to this problem, is based on the idea introduced for control barrier functions
in Section 3.3. Rather than force the vector field to point inwards at each facet, we simply ensure
that each polynomial inequality pS,j ≤ 0 that defines S, satisfies a decrease condition outside the
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set G. Thus, Eq. (3.25) is replaced by a simpler (relaxed) condition:
x ∈ S \
◦
G =⇒ (∃ u ∈ U) V˙u(x) < 0 ∧
∧
j
(
p˙S,j,u(x) + λ pS,j(x) < 0
)
. (3.26)
Again, λ > 0 is a user specified parameter and this rule is a relaxation of Eq. (3.25).
This control certificate may not be constructive for nonlinear smooth feedback systems
because of the logical formulation. In other words, extracting a closed-form smooth feedback is not
trivial and potentially a hard problem. As a result, here we discuss feedback law extraction only
for switched systems.
Given a control certificate V satisfying Eq. (3.26), the choice of a switching mode is dictated
by a function condu(x) defined for each state x ∈ X and mode u ∈ U as follows:
condu(x) : max
(
V˙u(x), condS,1,u(x), · · · , condS,k,u(x)
)
, (3.27)
where condS,j,u is p˙S,j,u + λpS,j . The goal of a controller is to switch to a mode u that guarantees
that condu(x) < −, which in turn guarantees decrease of V as well as remaining in S. Now,
we can show there exists  s.t. any feedback function K ∈ κ(cond, S \
◦
G, ) is a solution to the
reach-while-stay problem.
Theorem 10 Given a switched plant P, a nondegenerate basic semialgebraic set S, a compact
set G, and a smooth function V (satisfying Eq. (3.26)), there exists  s.t. the κ(cond, S \
◦
G, )
(wherein condu is defined by Eq. (3.27)) is non-empty, and any K ∈ κ(cond, S \
◦
G, ) guarantees
the RWS property defined by S,G: S =⇒ SUG.
Proof Note that condu(x) is defined as max(α0(x), . . . , αm′(x)) for some smooth functions α0, . . . ,
αm′. Also, x˙ is bounded as D is bounded. Using Eq. (3.26), and Lemma 1 there exists  s.t.
K ∈ κ(cond, S, ) is non-empty. Moreover, for any K ∈ κ(cond, S \
◦
G, ), (i) the min-dwell time
exists and (ii) V˙u(t)(x(t)) ≤ −s and
∧
j(p˙S,j,u(t)(x(t)) + λpS,j(x(t)) ≤ −s as long as x(t) ∈ S \
◦
G.
Assume x(t) is on the boundary of S (and not in G) at some time t. Because S is assumed to
be a nondegenerate basic semialgebraic set, there exists at least one j s.t. pS,j(x(t)) = 0. We obtain
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p˙S,j,u(t)(x(t)) ≤ −s < 0. Therefore, there exits τj > 0, s.t. ∀s ∈ (t, t+ τj), pS,j,u(s)(x(s)) < 0. As
a result, the trajectory cannot leave the set S.
Thus, the trace cannot leave S, unless it reaches G. Now, we show that the trajectory cannot
stay inside S\
◦
G forever. By the construction of the controller, we can conclude that time progresses
as long as x(·) ∈ S \
◦
G (because the controller respects the min-dwell time property) and that V
decreases (V˙u(t)(x(t)) ≤ −s). However, the value of V is bounded on bounded set S \
◦
G. Therefore,
x cannot remain in S \
◦
G and the only possible outcome for the trace is to reach G. 
Example 11 This example is adopted from [96]. There are two variables and three control modes
with the dynamics given below: x˙1
x˙2
 =
 −x2 − 1.5x1 − 0.5x31
x1
+Bu, Bu1 =
 0
−x22 + 2
 , Bu2 =
 0
−x2
 , Bu3 =
 2
10
 .
The goal is to reach the target set G : (x1 + 0.75)
2 + (x2 − 1.75)2 ≤ 0.252, a circle centered at
(−0.75, 1.75), as shown in Figure 3.10a, while staying in the safe region given by the rectangle
S0 : [−2, 2]× [−2, 3]:
S0 : {x|(x1 + 2)(x1 − 2) ≤ 0 ∧ (x2 + 2)(x2 − 3) ≤ 0} .
First, we find the following control certificate:
V (x1, x2) : 37.782349x
2
1 − 2.009762x1x2 + 60.190607x1 + 4.415093x22 − 16.960145x2 + 37.411604 .
Using Eq. (3.18) we design a controller. Figure 3.10b shows some of the simulation traces of this
closed-loop system, demonstrating the RWS property.
3.5 Disturbances
Going one step further, one can consider the disturbances as well, and design a more robust
solution. In this setting, f is not only is a function of x and u, but also function of disturbances
d, which belongs to a compact set D ⊆ Rp: x˙ = f(x,u,d) (Figure 3.11). To avoid technical
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(a) Region G is shown with a green circle
and the vector fields for modes u1,u2 and
u3 are shown in red, green and blue, respec-
tively. Level sets of V are shown with black
dashed lines
(b) Closed-loop trajectories using a
CLFBF-based controller. The segments
shown in colors red, green and blue
correspond to the modes u1,u2 and u3,
respectively
Figure 3.10: Plots for Example 11.
difficulties, we simply assume D is a basic semi-algebraic set, and d(·) describes the uncontrollable
input signal, and d(·) is assumed to be (locally) Lipschitz.
The controller has access to the state x and needs to choose a proper input, without knowing
the value of the disturbance d. The idea is to find feedback u such that the value of V decreases
under all possible disturbances. To handle disturbances, the notion of CLF is extended to robust
CLFs (RCLF) [121, 40]. We modify Definition 14 to incorporate disturbances.
Definition 23 (Robust CLF) A robust CLF (RCLF) is a smooth radially unbounded function V
with the following properties:
V (xr) = 0 , (∀x 6= xr) V (x) > 0 , (∀x 6= xr) (∃u ∈ U) (∀d ∈ D) (∇V ).f(x,u,d) < 0 . (3.28)
When compared to Eq. (3.1), the third condition for the RCLF is more complicated because
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u
<latexit sha1_ba se64="z37R1m0qdIW5K4aMo7Vfzw/rnN 0=">AAAB/XicbVBLSgNBEK2Jvxh/UZd uGoPgKsyYhbrRgBuXER0TSIbQ0+lJmvR 0D909gTAEvIBbvYErcesBPIUX8Bx2Pg uT+KDg8V4VVfXChDNtXPfbya2srq1v5D cLW9s7u3vF/YNHLVNFqE8kl6oRYk05E 9Q3zHDaSBTFcchpPezfjP36gCrNpHgww 4QGMe4KFjGCjZXuW4O0XSy5ZXcCtEy8 GSldf1UqVQCotYs/rY4kaUyFIRxr3fTc xAQZVoYRTkeFVqppgkkfd2nTUoFjqoN scuoInVilgyKpbAmDJurfiQzHWg/j0Hb G2PT0ojcW//OaqYkugoyJJDVUkOmiKO XISDT+G3WYosTwoSWYKGZvRaSHFSbGpj O3Jba+1KOCDcZbjGGZ+Gfly7J355aqV zBFHo7gGE7Bg3Oowi3UwAcCXXiGF3h1n pw35935mLbmnNnMIczB+fwFWI6Xxw== </latexit><latexit sha1_ba se64="LT+Jc0t0RjPzDRQmWY6Dw1o9hW s=">AAAB/XicbVBLSgNBEK3xG+Mv6tJ NYxBchRldqBsNuHEZ0TGBZAg9nZ6kSU/ 30N0TCEPAC7jVG7gStx7AU3gBz2Fnko VJfFDweK+Kqnphwpk2rvvtLC2vrK6tFz aKm1vbO7ulvf1HLVNFqE8kl6oRYk05E 9Q3zHDaSBTFcchpPezfjP36gCrNpHgww 4QGMe4KFjGCjZXuW4O0XSq7FTcHWiTe lJSvv85y1Nqln1ZHkjSmwhCOtW56bmKC DCvDCKejYivVNMGkj7u0aanAMdVBlp8 6QsdW6aBIKlvCoFz9O5HhWOthHNrOGJu envfG4n9eMzXRRZAxkaSGCjJZFKUcGY nGf6MOU5QYPrQEE8XsrYj0sMLE2HRmts TWl3pUtMF48zEsEv+0clnx7txy9QomK MAhHMEJeHAOVbiFGvhAoAvP8AKvzpPz5 rw7H5PWJWc6cwAzcD5/AR3vmFM=</la texit><latexit sha1_ba se64="LT+Jc0t0RjPzDRQmWY6Dw1o9hW s=">AAAB/XicbVBLSgNBEK3xG+Mv6tJ NYxBchRldqBsNuHEZ0TGBZAg9nZ6kSU/ 30N0TCEPAC7jVG7gStx7AU3gBz2Fnko VJfFDweK+Kqnphwpk2rvvtLC2vrK6tFz aKm1vbO7ulvf1HLVNFqE8kl6oRYk05E 9Q3zHDaSBTFcchpPezfjP36gCrNpHgww 4QGMe4KFjGCjZXuW4O0XSq7FTcHWiTe lJSvv85y1Nqln1ZHkjSmwhCOtW56bmKC DCvDCKejYivVNMGkj7u0aanAMdVBlp8 6QsdW6aBIKlvCoFz9O5HhWOthHNrOGJu envfG4n9eMzXRRZAxkaSGCjJZFKUcGY nGf6MOU5QYPrQEE8XsrYj0sMLE2HRmts TWl3pUtMF48zEsEv+0clnx7txy9QomK MAhHMEJeHAOVbiFGvhAoAvP8AKvzpPz5 rw7H5PWJWc6cwAzcD5/AR3vmFM=</la texit><latexit sha1_ba se64="U64vseuy1K9XGlEw6n6kYqDh7W k=">AAAB/XicbVDLSgNBEOyNrxhfUY9 eBoPgKex6US8S8OIxojGBZAmzk9lkyDy WmdlAWAL+gFf9A0/i1W/xB/wOJ8keTG JBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aW d3b/+gfHj0ZFSqCW0QxZVuRdhQziRtW GY5bSWaYhFx2oyGt1O/OaLaMCUf7Tiho cB9yWJGsHXSQ2eUdssVv+rPgFZJkJMK 5Kh3yz+dniKpoNISjo1pB35iwwxrywin k1InNTTBZIj7tO2oxIKaMJudOkFnTum hWGlX0qKZ+nciw8KYsYhcp8B2YJa9qfi f105tfBVmTCappZLMF8UpR1ah6d+oxz Qllo8dwUQzdysiA6wxsS6dhS3C+cpMSi 6YYDmGVdK4qF5Xg3u/UrvJEyrCCZzCO QRwCTW4gzo0gEAfXuAV3rxn79378D7nr QUvnzmGBXhfv/tLlh8=</latexit>
Plant
Controller
x
<latexit sha1_base64="zRhVAJdXoA5WB5ZmT/jtVmKxH5Y=">AAAB/XicbVB LSgNBEK2Jvxh/UZduGoPgKszoQt1owI3LiI4JJEPo6fQkTXq6h+6eYBgCXsCt3sCVuPUAnsILeA47n4VJfFDweK+Kqnphwpk2rvvt5JaWV1bX8uuFjc2t7Z3i7t6Dl qki1CeSS1UPsaacCeobZjitJ4riOOS0FvauR36tT5VmUtybQUKDGHcEixjBxkp3zf5jq1hyy+4YaJF4U1K6+jo9rQBAtVX8abYlSWMqDOFY64bnJibIsDKMcDosNFN NE0x6uEMblgocUx1k41OH6MgqbRRJZUsYNFb/TmQ41noQh7Yzxqar572R+J/XSE10HmRMJKmhgkwWRSlHRqLR36jNFCWGDyzBRDF7KyJdrDAxNp2ZLbH1pR4WbDDef AyLxD8pX5S9W7dUuYQJ8nAAh3AMHpxBBW6gCj4Q6MAzvMCr8+S8Oe/Ox6Q150xn9mEGzucvXVOXyg==</latexit><latexit sha1_base64="rRjqgHFXr6eVKT53MHwvkd3wbso=">AAAB/XicbVB LTgJBEK3BH+IPdemmIzFxRWZ0oW6UxI1LjI6QwIT0ND3Qobtn0t1DJITEC7jVG7gybj2Ap/ACnsNmYCHgSyp5ea8qVfXChDNtXPfbyS0tr6yu5dcLG5tb2zvF3b0HH aeKUJ/EPFb1EGvKmaS+YYbTeqIoFiGntbB3PfZrfao0i+W9GSQ0ELgjWcQINla6a/YfW8WSW3YzoEXiTUnp6us0Q7VV/Gm2Y5IKKg3hWOuG5yYmGGJlGOF0VGimmia Y9HCHNiyVWFAdDLNTR+jIKm0UxcqWNChT/04MsdB6IELbKbDp6nlvLP7nNVITnQdDJpPUUEkmi6KUIxOj8d+ozRQlhg8swUQxeysiXawwMTadmS3C+rEeFWww3nwMi 8Q/KV+UvVu3VLmECfJwAIdwDB6cQQVuoAo+EOjAM7zAq/PkvDnvzsekNedMZ/ZhBs7nLyK0mFY=</latexit><latexit sha1_base64="rRjqgHFXr6eVKT53MHwvkd3wbso=">AAAB/XicbVB LTgJBEK3BH+IPdemmIzFxRWZ0oW6UxI1LjI6QwIT0ND3Qobtn0t1DJITEC7jVG7gybj2Ap/ACnsNmYCHgSyp5ea8qVfXChDNtXPfbyS0tr6yu5dcLG5tb2zvF3b0HH aeKUJ/EPFb1EGvKmaS+YYbTeqIoFiGntbB3PfZrfao0i+W9GSQ0ELgjWcQINla6a/YfW8WSW3YzoEXiTUnp6us0Q7VV/Gm2Y5IKKg3hWOuG5yYmGGJlGOF0VGimmia Y9HCHNiyVWFAdDLNTR+jIKm0UxcqWNChT/04MsdB6IELbKbDp6nlvLP7nNVITnQdDJpPUUEkmi6KUIxOj8d+ozRQlhg8swUQxeysiXawwMTadmS3C+rEeFWww3nwMi 8Q/KV+UvVu3VLmECfJwAIdwDB6cQQVuoAo+EOjAM7zAq/PkvDnvzsekNedMZ/ZhBs7nLyK0mFY=</latexit><latexit sha1_base64="jah66yKLL4aVp6sfY7PilYj1bx8=">AAAB/XicbVD LSgNBEOyNrxhfUY9eBoPgKex6US8S8OIxomuEZAmzk0kyZB7LzGwwLAF/wKv+gSfx6rf4A36Hk2QPJrGgoajqprsrTjgz1ve/vcLK6tr6RnGztLW9s7tX3j94MCrVh IZEcaUfY2woZ5KGlllOHxNNsYg5bcSD64nfGFJtmJL3dpTQSOCeZF1GsHXSXWv41C5X/Ko/BVomQU4qkKPeLv+0OoqkgkpLODamGfiJjTKsLSOcjkut1NAEkwHu0aa jEgtqomx66hidOKWDukq7khZN1b8TGRbGjETsOgW2fbPoTcT/vGZquxdRxmSSWirJbFE35cgqNPkbdZimxPKRI5ho5m5FpI81JtalM7dFOF+ZcckFEyzGsEzCs+plN bj1K7WrPKEiHMExnEIA51CDG6hDCAR68AKv8OY9e+/eh/c5ay14+cwhzMH7+gUAH5Yi</latexit>
u
<latexit sha1_base64="z37R1m0qdIW5K4aMo7Vfzw/rnN0=">AAAB/XicbVB LSgNBEK2Jvxh/UZduGoPgKsyYhbrRgBuXER0TSIbQ0+lJmvR0D909gTAEvIBbvYErcesBPIUX8Bx2PguT+KDg8V4VVfXChDNtXPfbya2srq1v5DcLW9s7u3vF/YNHL VNFqE8kl6oRYk05E9Q3zHDaSBTFcchpPezfjP36gCrNpHgww4QGMe4KFjGCjZXuW4O0XSy5ZXcCtEy8GSldf1UqVQCotYs/rY4kaUyFIRxr3fTcxAQZVoYRTkeFVqp pgkkfd2nTUoFjqoNscuoInVilgyKpbAmDJurfiQzHWg/j0HbG2PT0ojcW//OaqYkugoyJJDVUkOmiKOXISDT+G3WYosTwoSWYKGZvRaSHFSbGpjO3Jba+1KOCDcZbj GGZ+Gfly7J355aqVzBFHo7gGE7Bg3Oowi3UwAcCXXiGF3h1npw35935mLbmnNnMIczB+fwFWI6Xxw==</latexit><latexit sha1_base64="LT+Jc0t0RjPzDRQmWY6Dw1o9hWs=">AAAB/XicbVB LSgNBEK3xG+Mv6tJNYxBchRldqBsNuHEZ0TGBZAg9nZ6kSU/30N0TCEPAC7jVG7gStx7AU3gBz2FnkoVJfFDweK+Kqnphwpk2rvvtLC2vrK6tFzaKm1vbO7ulvf1HL VNFqE8kl6oRYk05E9Q3zHDaSBTFcchpPezfjP36gCrNpHgww4QGMe4KFjGCjZXuW4O0XSq7FTcHWiTelJSvv85y1Nqln1ZHkjSmwhCOtW56bmKCDCvDCKejYivVNMG kj7u0aanAMdVBlp86QsdW6aBIKlvCoFz9O5HhWOthHNrOGJuenvfG4n9eMzXRRZAxkaSGCjJZFKUcGYnGf6MOU5QYPrQEE8XsrYj0sMLE2HRmtsTWl3pUtMF48zEsE v+0clnx7txy9QomKMAhHMEJeHAOVbiFGvhAoAvP8AKvzpPz5rw7H5PWJWc6cwAzcD5/AR3vmFM=</latexit><latexit sha1_base64="LT+Jc0t0RjPzDRQmWY6Dw1o9hWs=">AAAB/XicbVB LSgNBEK3xG+Mv6tJNYxBchRldqBsNuHEZ0TGBZAg9nZ6kSU/30N0TCEPAC7jVG7gStx7AU3gBz2FnkoVJfFDweK+Kqnphwpk2rvvtLC2vrK6tFzaKm1vbO7ulvf1HL VNFqE8kl6oRYk05E9Q3zHDaSBTFcchpPezfjP36gCrNpHgww4QGMe4KFjGCjZXuW4O0XSq7FTcHWiTelJSvv85y1Nqln1ZHkjSmwhCOtW56bmKCDCvDCKejYivVNMG kj7u0aanAMdVBlp86QsdW6aBIKlvCoFz9O5HhWOthHNrOGJuenvfG4n9eMzXRRZAxkaSGCjJZFKUcGYnGf6MOU5QYPrQEE8XsrYj0sMLE2HRmtsTWl3pUtMF48zEsE v+0clnx7txy9QomKMAhHMEJeHAOVbiFGvhAoAvP8AKvzpPz5rw7H5PWJWc6cwAzcD5/AR3vmFM=</latexit><latexit sha1_base64="U64vseuy1K9XGlEw6n6kYqDh7Wk=">AAAB/XicbVD LSgNBEOyNrxhfUY9eBoPgKex6US8S8OIxojGBZAmzk9lkyDyWmdlAWAL+gFf9A0/i1W/xB/wOJ8keTGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0ZFSqC W0QxZVuRdhQziRtWGY5bSWaYhFx2oyGt1O/OaLaMCUf7TihocB9yWJGsHXSQ2eUdssVv+rPgFZJkJMK5Kh3yz+dniKpoNISjo1pB35iwwxrywink1InNTTBZIj7tO2 oxIKaMJudOkFnTumhWGlX0qKZ+nciw8KYsYhcp8B2YJa9qfif105tfBVmTCappZLMF8UpR1ah6d+oxzQllo8dwUQzdysiA6wxsS6dhS3C+cpMSi6YYDmGVdK4qF5Xg 3u/UrvJEyrCCZzCOQRwCTW4gzo0gEAfXuAV3rxn79378D7nrQUvnzmGBXhfv/tLlh8=</latexit>
(a)
<latexit sha1_base64="sN9/uBnvq6 uVOdcJZSDpmXUtGHo=">AAAB/XicbVDLSgNBEOz1GeMr6lGQwSDES9j1ol4k4MV jRNcEkiXMTmaTITOzy8ysEJaAP+BVyc2TJ/Hqt/gDfoeTx8EkFjQUVd10d4UJZ9 q47reztLyyurae28hvbm3v7Bb29h90nCpCfRLzWNVDrClnkvqGGU7riaJYhJzWw t71yK89UqVZLO9NP6GBwB3JIkawsdJdCZ+2CkW37I6BFok3JcXK0XD4BgDVVuGn 2Y5JKqg0hGOtG56bmCDDyjDC6SDfTDVNMOnhDm1YKrGgOsjGpw7QiVXaKIqVLWn QWP07kWGhdV+EtlNg09Xz3kj8z2ukJroIMiaT1FBJJouilCMTo9HfqM0UJYb3Lc FEMXsrIl2sMDE2nZktwvqxHuRtMN58DIvEPytflr1bG9AVTJCDQziGEnhwDhW4g Sr4QKADz/ACr86T8+58OJ+T1iVnOnMAM3C+fgErTZe6</latexit><latexit sha1_base64="pzX1DfCcRF giOXCGqnO7Q4EGZdw=">AAAB/XicbVDLSgNBEOyNrxhfUY+CDAYhXsKuF/UiAS8 eI7omkCxhdjJJhszsLDOzQlgC/oBXRT/Ak3j1W/wBv8PZJAeTWNBQVHXT3RXGnG njut9Obml5ZXUtv17Y2Nza3inu7t1rmShCfSK5VI0Qa8pZRH3DDKeNWFEsQk7r4 eAq8+sPVGkmozszjGkgcC9iXUawsdJtGZ+0iyW34o6BFok3JaXq4WuGt1q7+NPq SJIIGhnCsdZNz41NkGJlGOF0VGglmsaYDHCPNi2NsKA6SMenjtCxVTqoK5WtyKC x+ncixULroQhtp8Cmr+e9TPzPayamex6kLIoTQyMyWdRNODISZX+jDlOUGD60BB PF7K2I9LHCxNh0ZrYI60s9KthgvPkYFol/WrmoeDc2oEuYIA8HcARl8OAMqnANN fCBQA+e4BlenEfn3flwPietOWc6sw8zcL5+AaopmX8=</latexit><latexit sha1_base64="pzX1DfCcRF giOXCGqnO7Q4EGZdw=">AAAB/XicbVDLSgNBEOyNrxhfUY+CDAYhXsKuF/UiAS8 eI7omkCxhdjJJhszsLDOzQlgC/oBXRT/Ak3j1W/wBv8PZJAeTWNBQVHXT3RXGnG njut9Obml5ZXUtv17Y2Nza3inu7t1rmShCfSK5VI0Qa8pZRH3DDKeNWFEsQk7r4 eAq8+sPVGkmozszjGkgcC9iXUawsdJtGZ+0iyW34o6BFok3JaXq4WuGt1q7+NPq SJIIGhnCsdZNz41NkGJlGOF0VGglmsaYDHCPNi2NsKA6SMenjtCxVTqoK5WtyKC x+ncixULroQhtp8Cmr+e9TPzPayamex6kLIoTQyMyWdRNODISZX+jDlOUGD60BB PF7K2I9LHCxNh0ZrYI60s9KthgvPkYFol/WrmoeDc2oEuYIA8HcARl8OAMqnANN fCBQA+e4BlenEfn3flwPietOWc6sw8zcL5+AaopmX8=</latexit><latexit sha1_base64="5mvJ7quHwx AJP5CO7bibzn7XmUw=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBDiJex6US8S8OI xomsCyRJmJ7PJkHksM7NCCAF/wKv+gSfx6rf4A36Hk2QPJrGgoajqprsrTjkz1v e/vZXVtfWNzcJWcXtnd2+/dHD4aFSmCQ2J4ko3Y2woZ5KGlllOm6mmWMScNuLBz cRvPFFtmJIPdpjSSOCeZAkj2DrpvoLPOqWyX/WnQMskyEkZctQ7pZ92V5FMUGkJ x8a0Aj+10Qhrywin42I7MzTFZIB7tOWoxIKaaDQ9dYxOndJFidKupEVT9e/ECAt jhiJ2nQLbvln0JuJ/XiuzyWU0YjLNLJVktijJOLIKTf5GXaYpsXzoCCaauVsR6W ONiXXpzG0RzldmXHTBBIsxLJPwvHpVDe78cu06T6gAx3ACFQjgAmpwC3UIgUAPX uAV3rxn79378D5nrStePnMEc/C+fgEN65WK</latexit>
Smooth Feedback (b)
<latexit sha1_base64="kZDuv/O2qx2OkQZ0zL7T3bgmTIM=">AAAB/XicbVD LSgNBEOz1GeMr6lGQwSDES9j1ol4k4MVjRNcEkiXMTmaTITOzy8ysEJaAP+BVyc2TJ/Hqt/gDfoeTx8EkFjQUVd10d4UJZ9q47reztLyyurae28hvbm3v7Bb29h90n CpCfRLzWNVDrClnkvqGGU7riaJYhJzWwt71yK89UqVZLO9NP6GBwB3JIkawsdJdKTxtFYpu2R0DLRJvSoqVo+HwDQCqrcJPsx2TVFBpCMdaNzw3MUGGlWGE00G+mWq aYNLDHdqwVGJBdZCNTx2gE6u0URQrW9Kgsfp3IsNC674IbafApqvnvZH4n9dITXQRZEwmqaGSTBZFKUcmRqO/UZspSgzvW4KJYvZWRLpYYWJsOjNbhPVjPcjbYLz5G BaJf1a+LHu3NqArmCAHh3AMJfDgHCpwA1XwgUAHnuEFXp0n5935cD4nrUvOdOYAZuB8/QIs5Ze7</latexit><latexit sha1_base64="BOR2fa5CKZC2t4JywQ+aO7TDMO0=">AAAB/XicbVD LSgNBEOyNrxhfUY+CDAYhXsKuF/UiAS8eI7omkCxhdjJJhszsLDOzQlgC/oBXRT/Ak3j1W/wBv8PZJAeTWNBQVHXT3RXGnGnjut9Obml5ZXUtv17Y2Nza3inu7t1rm ShCfSK5VI0Qa8pZRH3DDKeNWFEsQk7r4eAq8+sPVGkmozszjGkgcC9iXUawsdJtOTxpF0tuxR0DLRJvSkrVw9cMb7V28afVkSQRNDKEY62bnhubIMXKMMLpqNBKNI0 xGeAebVoaYUF1kI5PHaFjq3RQVypbkUFj9e9EioXWQxHaToFNX897mfif10xM9zxIWRQnhkZksqibcGQkyv5GHaYoMXxoCSaK2VsR6WOFibHpzGwR1pd6VLDBePMxL BL/tHJR8W5sQJcwQR4O4AjK4MEZVOEaauADgR48wTO8OI/Ou/PhfE5ac850Zh9m4Hz9AqvBmYA=</latexit><latexit sha1_base64="BOR2fa5CKZC2t4JywQ+aO7TDMO0=">AAAB/XicbVD LSgNBEOyNrxhfUY+CDAYhXsKuF/UiAS8eI7omkCxhdjJJhszsLDOzQlgC/oBXRT/Ak3j1W/wBv8PZJAeTWNBQVHXT3RXGnGnjut9Obml5ZXUtv17Y2Nza3inu7t1rm ShCfSK5VI0Qa8pZRH3DDKeNWFEsQk7r4eAq8+sPVGkmozszjGkgcC9iXUawsdJtOTxpF0tuxR0DLRJvSkrVw9cMb7V28afVkSQRNDKEY62bnhubIMXKMMLpqNBKNI0 xGeAebVoaYUF1kI5PHaFjq3RQVypbkUFj9e9EioXWQxHaToFNX897mfif10xM9zxIWRQnhkZksqibcGQkyv5GHaYoMXxoCSaK2VsR6WOFibHpzGwR1pd6VLDBePMxL BL/tHJR8W5sQJcwQR4O4AjK4MEZVOEaauADgR48wTO8OI/Ou/PhfE5ac850Zh9m4Hz9AqvBmYA=</latexit><latexit sha1_base64="7vqCZGT4BoVruwjfv1ITrF9ky1A=">AAAB/XicbVD LSgNBEOz1GeMr6tHLYBDiJex6US8S8OIxomsCyRJmJ7PJkHksM7NCCAF/wKv+gSfx6rf4A36Hk2QPJrGgoajqprsrTjkz1ve/vZXVtfWNzcJWcXtnd2+/dHD4aFSmC Q2J4ko3Y2woZ5KGlllOm6mmWMScNuLBzcRvPFFtmJIPdpjSSOCeZAkj2DrpvhKfdUplv+pPgZZJkJMy5Kh3Sj/triKZoNISjo1pBX5qoxHWlhFOx8V2ZmiKyQD3aMt RiQU10Wh66hidOqWLEqVdSYum6t+JERbGDEXsOgW2fbPoTcT/vFZmk8toxGSaWSrJbFGScWQVmvyNukxTYvnQEUw0c7ci0scaE+vSmdsinK/MuOiCCRZjWCbhefWqG tz55dp1nlABjuEEKhDABdTgFuoQAoEevMArvHnP3rv34X3OWle8fOYI5uB9/QIPg5WL</latexit>
Switched Feedback
x˙ = f(x,u,d)
<latexit sha1_base64="uYXe18pAiZ KgRq9KfHj2r9Ze7pk=">AAACGHicbVDLSgMxFL1TX7W+Rl2JLoJFqCBlxo12IRT cuKzg2EKnlEyaaUMzD5JMsQwF8Tf8Abf6B67ErTt/wO8w03ZhWw8kHM65j+R4MW dSWda3kVtaXlldy68XNja3tnfM3b17GSWCUIdEPBIND0vKWUgdxRSnjVhQHHic1 r3+debXB1RIFoV3ahjTVoC7IfMZwUpLbfPI7UQqdQcPI3SF/JImZ8gdJNnVOW2b RatsjYEWiT0lxerBI2Sotc0fPY4kAQ0V4VjKpm3FqpVioRjhdFRwE0ljTPq4S5u ahjigspWOfzFCJ1rpID8S+oQKjdW/HSkOpBwGnq4MsOrJeS8T//OaifIvWykL40 TRkEwW+QlHKkJZJKjDBCWKDzXBRDD9VkR6WGCidHAzWwLtR3JU0MHY8zEsEue8X CnbtzqgCkyQh0M4hhLYcAFVuIEaOEDgCV7gFd6MZ+Pd+DA+J6U5Y9qzDzMwvn4B 2C6gTw==</latexit><latexit sha1_base64="uYXe18pAiZ KgRq9KfHj2r9Ze7pk=">AAACGHicbVDLSgMxFL1TX7W+Rl2JLoJFqCBlxo12IRT cuKzg2EKnlEyaaUMzD5JMsQwF8Tf8Abf6B67ErTt/wO8w03ZhWw8kHM65j+R4MW dSWda3kVtaXlldy68XNja3tnfM3b17GSWCUIdEPBIND0vKWUgdxRSnjVhQHHic1 r3+debXB1RIFoV3ahjTVoC7IfMZwUpLbfPI7UQqdQcPI3SF/JImZ8gdJNnVOW2b RatsjYEWiT0lxerBI2Sotc0fPY4kAQ0V4VjKpm3FqpVioRjhdFRwE0ljTPq4S5u ahjigspWOfzFCJ1rpID8S+oQKjdW/HSkOpBwGnq4MsOrJeS8T//OaifIvWykL40 TRkEwW+QlHKkJZJKjDBCWKDzXBRDD9VkR6WGCidHAzWwLtR3JU0MHY8zEsEue8X CnbtzqgCkyQh0M4hhLYcAFVuIEaOEDgCV7gFd6MZ+Pd+DA+J6U5Y9qzDzMwvn4B 2C6gTw==</latexit><latexit sha1_base64="uYXe18pAiZ KgRq9KfHj2r9Ze7pk=">AAACGHicbVDLSgMxFL1TX7W+Rl2JLoJFqCBlxo12IRT cuKzg2EKnlEyaaUMzD5JMsQwF8Tf8Abf6B67ErTt/wO8w03ZhWw8kHM65j+R4MW dSWda3kVtaXlldy68XNja3tnfM3b17GSWCUIdEPBIND0vKWUgdxRSnjVhQHHic1 r3+debXB1RIFoV3ahjTVoC7IfMZwUpLbfPI7UQqdQcPI3SF/JImZ8gdJNnVOW2b RatsjYEWiT0lxerBI2Sotc0fPY4kAQ0V4VjKpm3FqpVioRjhdFRwE0ljTPq4S5u ahjigspWOfzFCJ1rpID8S+oQKjdW/HSkOpBwGnq4MsOrJeS8T//OaifIvWykL40 TRkEwW+QlHKkJZJKjDBCWKDzXBRDD9VkR6WGCidHAzWwLtR3JU0MHY8zEsEue8X CnbtzqgCkyQh0M4hhLYcAFVuIEaOEDgCV7gFd6MZ+Pd+DA+J6U5Y9qzDzMwvn4B 2C6gTw==</latexit><latexit sha1_base64="8gBf+osq0e S/nYHonbNAITFALzw=">AAACGHicbVBPS8MwHE3nvzn/VT3qITiECTJaL7qDMPD icYJ1g7WMNE23sDQtSTocZRe/hl/Aq34DT+LVm1/Az2G69eA2HyQ83vv9SZ6fMC qVZX0bpZXVtfWN8mZla3tnd8/cP3iQcSowcXDMYtHxkSSMcuIoqhjpJIKgyGek7 Q9vcr89IkLSmN+rcUK8CPU5DSlGSks989gNYpW5o8cJvIZhTZNz6I7S/ArOembV qltTwGViF6QKCrR65o8eh9OIcIUZkrJrW4nyMiQUxYxMKm4qSYLwEPVJV1OOIiK 9bPqLCTzVSgDDWOjDFZyqfzsyFEk5jnxdGSE1kIteLv7ndVMVXnkZ5UmqCMezRW HKoIphHgkMqCBYsbEmCAuq3wrxAAmElQ5ubkuk/VhOKjoYezGGZeJc1Bt1+86qN htFQmVwBE5ADdjgEjTBLWgBB2DwBF7AK3gzno1348P4nJWWjKLnEMzB+PoFoiGf dg==</latexit>
x˙ = f(x,u,d)
<latexit sha1_base64="uYXe18pAiZKgRq9KfHj2r9Ze7pk=">AAACGHicbVD LSgMxFL1TX7W+Rl2JLoJFqCBlxo12IRTcuKzg2EKnlEyaaUMzD5JMsQwF8Tf8Abf6B67ErTt/wO8w03ZhWw8kHM65j+R4MWdSWda3kVtaXlldy68XNja3tnfM3b17G SWCUIdEPBIND0vKWUgdxRSnjVhQHHic1r3+debXB1RIFoV3ahjTVoC7IfMZwUpLbfPI7UQqdQcPI3SF/JImZ8gdJNnVOW2bRatsjYEWiT0lxerBI2Sotc0fPY4kAQ0 V4VjKpm3FqpVioRjhdFRwE0ljTPq4S5uahjigspWOfzFCJ1rpID8S+oQKjdW/HSkOpBwGnq4MsOrJeS8T//OaifIvWykL40TRkEwW+QlHKkJZJKjDBCWKDzXBRDD9V kR6WGCidHAzWwLtR3JU0MHY8zEsEue8XCnbtzqgCkyQh0M4hhLYcAFVuIEaOEDgCV7gFd6MZ+Pd+DA+J6U5Y9qzDzMwvn4B2C6gTw==</latexit><latexit sha1_base64="uYXe18pAiZKgRq9KfHj2r9Ze7pk=">AAACGHicbVD LSgMxFL1TX7W+Rl2JLoJFqCBlxo12IRTcuKzg2EKnlEyaaUMzD5JMsQwF8Tf8Abf6B67ErTt/wO8w03ZhWw8kHM65j+R4MWdSWda3kVtaXlldy68XNja3tnfM3b17G SWCUIdEPBIND0vKWUgdxRSnjVhQHHic1r3+debXB1RIFoV3ahjTVoC7IfMZwUpLbfPI7UQqdQcPI3SF/JImZ8gdJNnVOW2bRatsjYEWiT0lxerBI2Sotc0fPY4kAQ0 V4VjKpm3FqpVioRjhdFRwE0ljTPq4S5uahjigspWOfzFCJ1rpID8S+oQKjdW/HSkOpBwGnq4MsOrJeS8T//OaifIvWykL40TRkEwW+QlHKkJZJKjDBCWKDzXBRDD9V kR6WGCidHAzWwLtR3JU0MHY8zEsEue8XCnbtzqgCkyQh0M4hhLYcAFVuIEaOEDgCV7gFd6MZ+Pd+DA+J6U5Y9qzDzMwvn4B2C6gTw==</latexit><latexit sha1_base64="uYXe18pAiZKgRq9KfHj2r9Ze7pk=">AAACGHicbVD LSgMxFL1TX7W+Rl2JLoJFqCBlxo12IRTcuKzg2EKnlEyaaUMzD5JMsQwF8Tf8Abf6B67ErTt/wO8w03ZhWw8kHM65j+R4MWdSWda3kVtaXlldy68XNja3tnfM3b17G SWCUIdEPBIND0vKWUgdxRSnjVhQHHic1r3+debXB1RIFoV3ahjTVoC7IfMZwUpLbfPI7UQqdQcPI3SF/JImZ8gdJNnVOW2bRatsjYEWiT0lxerBI2Sotc0fPY4kAQ0 V4VjKpm3FqpVioRjhdFRwE0ljTPq4S5uahjigspWOfzFCJ1rpID8S+oQKjdW/HSkOpBwGnq4MsOrJeS8T//OaifIvWykL40TRkEwW+QlHKkJZJKjDBCWKDzXBRDD9V kR6WGCidHAzWwLtR3JU0MHY8zEsEue8XCnbtzqgCkyQh0M4hhLYcAFVuIEaOEDgCV7gFd6MZ+Pd+DA+J6U5Y9qzDzMwvn4B2C6gTw==</latexit><latexit sha1_base64="8gBf+osq0eS/nYHonbNAITFALzw=">AAACGHicbVB PS8MwHE3nvzn/VT3qITiECTJaL7qDMPDicYJ1g7WMNE23sDQtSTocZRe/hl/Aq34DT+LVm1/Az2G69eA2HyQ83vv9SZ6fMCqVZX0bpZXVtfWN8mZla3tnd8/cP3iQc SowcXDMYtHxkSSMcuIoqhjpJIKgyGek7Q9vcr89IkLSmN+rcUK8CPU5DSlGSks989gNYpW5o8cJvIZhTZNz6I7S/ArOembVqltTwGViF6QKCrR65o8eh9OIcIUZkrJ rW4nyMiQUxYxMKm4qSYLwEPVJV1OOIiK9bPqLCTzVSgDDWOjDFZyqfzsyFEk5jnxdGSE1kIteLv7ndVMVXnkZ5UmqCMezRWHKoIphHgkMqCBYsbEmCAuq3wrxAAmEl Q5ubkuk/VhOKjoYezGGZeJc1Bt1+86qNhtFQmVwBE5ADdjgEjTBLWgBB2DwBF7AK3gzno1348P4nJWWjKLnEMzB+PoFoiGfdg==</latexit>
d
<latexit sha1_ba se64="HI2RIZudUISiLHMdoMaS0wLXKy w=">AAAB/XicbVBLSgNBEK2Jvxh/UZd uGoPgKsyYhbrRgBuXER0TSIbQ09OTNOn pHrp7AiEEvIBbvYErcesBPIUX8Bx2Pg uT+KDg8V4VVfXClDNtXPfbya2srq1v5D cLW9s7u3vF/YNHLTNFqE8kl6oRYk05E 9Q3zHDaSBXFSchpPezdjP16nyrNpHgwg 5QGCe4IFjOCjZXuW/2oXSy5ZXcCtEy8 GSldf1UqVQCotYs/rUiSLKHCEI61bnpu aoIhVoYRTkeFVqZpikkPd2jTUoETqoP h5NQROrFKhGKpbAmDJurfiSFOtB4koe1 MsOnqRW8s/uc1MxNfBEMm0sxQQaaL4o wjI9H4bxQxRYnhA0swUczeikgXK0yMTW duS2J9qUcFG4y3GMMy8c/Kl2Xvzi1Vr 2CKPBzBMZyCB+dQhVuogQ8EOvAML/DqP DlvzrvzMW3NObOZQ5iD8/kLPYeXtg== </latexit><latexit sha1_ba se64="AQLt3tnCBE703V3nnjmjNY0hgN k=">AAAB/XicbVBLSgNBEK3xG+Mv6tJ NYxBchRldqBsNuHEZ0TGBZAg9PZ2kSU/ 30N0TCEPAC7jVG7gStx7AU3gBz2Fnko VJfFDweK+Kqnphwpk2rvvtLC2vrK6tFz aKm1vbO7ulvf1HLVNFqE8kl6oRYk05E 9Q3zHDaSBTFcchpPezfjP36gCrNpHgww 4QGMe4K1mEEGyvdtwZRu1R2K24OtEi8 KSlff53lqLVLP61IkjSmwhCOtW56bmKC DCvDCKejYivVNMGkj7u0aanAMdVBlp8 6QsdWiVBHKlvCoFz9O5HhWOthHNrOGJu envfG4n9eMzWdiyBjIkkNFWSyqJNyZC Qa/40ipigxfGgJJorZWxHpYYWJsenMbI mtL/WoaIPx5mNYJP5p5bLi3bnl6hVMU IBDOIIT8OAcqnALNfCBQBee4QVenSfnz Xl3PiatS8505gBm4Hz+AgLomEI=</la texit><latexit sha1_ba se64="AQLt3tnCBE703V3nnjmjNY0hgN k=">AAAB/XicbVBLSgNBEK3xG+Mv6tJ NYxBchRldqBsNuHEZ0TGBZAg9PZ2kSU/ 30N0TCEPAC7jVG7gStx7AU3gBz2Fnko VJfFDweK+Kqnphwpk2rvvtLC2vrK6tFz aKm1vbO7ulvf1HLVNFqE8kl6oRYk05E 9Q3zHDaSBTFcchpPezfjP36gCrNpHgww 4QGMe4K1mEEGyvdtwZRu1R2K24OtEi8 KSlff53lqLVLP61IkjSmwhCOtW56bmKC DCvDCKejYivVNMGkj7u0aanAMdVBlp8 6QsdWiVBHKlvCoFz9O5HhWOthHNrOGJu envfG4n9eMzWdiyBjIkkNFWSyqJNyZC Qa/40ipigxfGgJJorZWxHpYYWJsenMbI mtL/WoaIPx5mNYJP5p5bLi3bnl6hVMU IBDOIIT8OAcqnALNfCBQBee4QVenSfnz Xl3PiatS8505gBm4Hz+AgLomEI=</la texit><latexit sha1_ba se64="W1YTaq6bfVTD9xZCNSuTm/OADM U=">AAAB/XicbVDLSsNAFL2pr1pfVZd uBovgqiRu1I0U3LisaGyhDWUymbRDJzN hZlIooeAPuNU/cCVu/RZ/wO9w2mZhWw 9cOJxzL/feE6acaeO6305pbX1jc6u8Xd nZ3ds/qB4ePWmZKUJ9IrlU7RBrypmgv mGG03aqKE5CTlvh8Hbqt0ZUaSbFoxmnN EhwX7CYEWys9NAdRb1qza27M6BV4hWk BgWavepPN5IkS6gwhGOtO56bmiDHyjDC 6aTSzTRNMRniPu1YKnBCdZDPTp2gM6t EKJbKljBopv6dyHGi9TgJbWeCzUAve1P xP6+TmfgqyJlIM0MFmS+KM46MRNO/Uc QUJYaPLcFEMXsrIgOsMDE2nYUtifWlnl RsMN5yDKvEv6hf1717t9a4KRIqwwmcw jl4cAkNuIMm+ECgDy/wCm/Os/PufDif8 9aSU8wcwwKcr1/gRJYO</latexit>
d
<latexit sha1_base64="HI2RIZudUISiLHMdoMaS0wLXKyw=">AAAB/XicbVB LSgNBEK2Jvxh/UZduGoPgKsyYhbrRgBuXER0TSIbQ09OTNOnpHrp7AiEEvIBbvYErcesBPIUX8Bx2PguT+KDg8V4VVfXClDNtXPfbya2srq1v5DcLW9s7u3vF/YNHL TNFqE8kl6oRYk05E9Q3zHDaSBXFSchpPezdjP16nyrNpHgwg5QGCe4IFjOCjZXuW/2oXSy5ZXcCtEy8GSldf1UqVQCotYs/rUiSLKHCEI61bnpuaoIhVoYRTkeFVqZ pikkPd2jTUoETqoPh5NQROrFKhGKpbAmDJurfiSFOtB4koe1MsOnqRW8s/uc1MxNfBEMm0sxQQaaL4owjI9H4bxQxRYnhA0swUczeikgXK0yMTWduS2J9qUcFG4y3G MMy8c/Kl2Xvzi1Vr2CKPBzBMZyCB+dQhVuogQ8EOvAML/DqPDlvzrvzMW3NObOZQ5iD8/kLPYeXtg==</latexit><latexit sha1_base64="AQLt3tnCBE703V3nnjmjNY0hgNk=">AAAB/XicbVB LSgNBEK3xG+Mv6tJNYxBchRldqBsNuHEZ0TGBZAg9PZ2kSU/30N0TCEPAC7jVG7gStx7AU3gBz2FnkoVJfFDweK+Kqnphwpk2rvvtLC2vrK6tFzaKm1vbO7ulvf1HL VNFqE8kl6oRYk05E9Q3zHDaSBTFcchpPezfjP36gCrNpHgww4QGMe4K1mEEGyvdtwZRu1R2K24OtEi8KSlff53lqLVLP61IkjSmwhCOtW56bmKCDCvDCKejYivVNMG kj7u0aanAMdVBlp86QsdWiVBHKlvCoFz9O5HhWOthHNrOGJuenvfG4n9eMzWdiyBjIkkNFWSyqJNyZCQa/40ipigxfGgJJorZWxHpYYWJsenMbImtL/WoaIPx5mNYJ P5p5bLi3bnl6hVMUIBDOIIT8OAcqnALNfCBQBee4QVenSfnzXl3PiatS8505gBm4Hz+AgLomEI=</latexit><latexit sha1_base64="AQLt3tnCBE703V3nnjmjNY0hgNk=">AAAB/XicbVB LSgNBEK3xG+Mv6tJNYxBchRldqBsNuHEZ0TGBZAg9PZ2kSU/30N0TCEPAC7jVG7gStx7AU3gBz2FnkoVJfFDweK+Kqnphwpk2rvvtLC2vrK6tFzaKm1vbO7ulvf1HL VNFqE8kl6oRYk05E9Q3zHDaSBTFcchpPezfjP36gCrNpHgww4QGMe4K1mEEGyvdtwZRu1R2K24OtEi8KSlff53lqLVLP61IkjSmwhCOtW56bmKCDCvDCKejYivVNMG kj7u0aanAMdVBlp86QsdWiVBHKlvCoFz9O5HhWOthHNrOGJuenvfG4n9eMzWdiyBjIkkNFWSyqJNyZCQa/40ipigxfGgJJorZWxHpYYWJsenMbImtL/WoaIPx5mNYJ P5p5bLi3bnl6hVMUIBDOIIT8OAcqnALNfCBQBee4QVenSfnzXl3PiatS8505gBm4Hz+AgLomEI=</latexit><latexit sha1_base64="W1YTaq6bfVTD9xZCNSuTm/OADMU=">AAAB/XicbVD LSsNAFL2pr1pfVZduBovgqiRu1I0U3LisaGyhDWUymbRDJzNhZlIooeAPuNU/cCVu/RZ/wO9w2mZhWw9cOJxzL/feE6acaeO6305pbX1jc6u8XdnZ3ds/qB4ePWmZK UJ9IrlU7RBrypmgvmGG03aqKE5CTlvh8Hbqt0ZUaSbFoxmnNEhwX7CYEWys9NAdRb1qza27M6BV4hWkBgWavepPN5IkS6gwhGOtO56bmiDHyjDC6aTSzTRNMRniPu1 YKnBCdZDPTp2gM6tEKJbKljBopv6dyHGi9TgJbWeCzUAve1PxP6+TmfgqyJlIM0MFmS+KM46MRNO/UcQUJYaPLcFEMXsrIgOsMDE2nYUtifWlnlRsMN5yDKvEv6hf1 717t9a4KRIqwwmcwjl4cAkNuIMm+ECgDy/wCm/Os/PufDif89aSU8wcwwKcr1/gRJYO</latexit>
u = K(x)
<latexit sha1_base64="37feu0mPTP BIXU3gULrKCSaayOw=">AAACB3icbVDLSsNAFL3xWeur6krcDBahbkriRrsQCm4 ENxWMLTShTKaTduhMEmcmxVIKrv0Bt/oHrsStn+EP+B1O2i5s64ELh3Pu5VxOkH CmtG1/W0vLK6tr67mN/ObW9s5uYW//XsWpJNQlMY9lI8CKchZRVzPNaSORFIuA0 3rQu8r8ep9KxeLoTg8S6gvciVjICNZG8r1+ii6Rd1Py+o+nrULRLttjoEXiTEmx evgEGWqtwo/XjkkqaKQJx0o1HTvR/hBLzQino7yXKppg0sMd2jQ0woIqfzh+eoR OjNJGYSzNRBqN1b8XQyyUGojAbAqsu2rey8T/vGaqwwt/yKIk1TQik6Aw5UjHKG sAtZmkRPOBIZhIZn5FpIslJtr0NJMijB+rUd4U48zXsEjcs3Kl7NyagiowQQ6O4 BhK4MA5VOEaauACgQd4gVd4s56td+vD+pysLlnTmwOYgfX1Cxd2mhY=</latexi t><latexit sha1_base64="37feu0mPTP BIXU3gULrKCSaayOw=">AAACB3icbVDLSsNAFL3xWeur6krcDBahbkriRrsQCm4 ENxWMLTShTKaTduhMEmcmxVIKrv0Bt/oHrsStn+EP+B1O2i5s64ELh3Pu5VxOkH CmtG1/W0vLK6tr67mN/ObW9s5uYW//XsWpJNQlMY9lI8CKchZRVzPNaSORFIuA0 3rQu8r8ep9KxeLoTg8S6gvciVjICNZG8r1+ii6Rd1Py+o+nrULRLttjoEXiTEmx evgEGWqtwo/XjkkqaKQJx0o1HTvR/hBLzQino7yXKppg0sMd2jQ0woIqfzh+eoR OjNJGYSzNRBqN1b8XQyyUGojAbAqsu2rey8T/vGaqwwt/yKIk1TQik6Aw5UjHKG sAtZmkRPOBIZhIZn5FpIslJtr0NJMijB+rUd4U48zXsEjcs3Kl7NyagiowQQ6O4 BhK4MA5VOEaauACgQd4gVd4s56td+vD+pysLlnTmwOYgfX1Cxd2mhY=</latexi t><latexit sha1_base64="37feu0mPTP BIXU3gULrKCSaayOw=">AAACB3icbVDLSsNAFL3xWeur6krcDBahbkriRrsQCm4 ENxWMLTShTKaTduhMEmcmxVIKrv0Bt/oHrsStn+EP+B1O2i5s64ELh3Pu5VxOkH CmtG1/W0vLK6tr67mN/ObW9s5uYW//XsWpJNQlMY9lI8CKchZRVzPNaSORFIuA0 3rQu8r8ep9KxeLoTg8S6gvciVjICNZG8r1+ii6Rd1Py+o+nrULRLttjoEXiTEmx evgEGWqtwo/XjkkqaKQJx0o1HTvR/hBLzQino7yXKppg0sMd2jQ0woIqfzh+eoR OjNJGYSzNRBqN1b8XQyyUGojAbAqsu2rey8T/vGaqwwt/yKIk1TQik6Aw5UjHKG sAtZmkRPOBIZhIZn5FpIslJtr0NJMijB+rUd4U48zXsEjcs3Kl7NyagiowQQ6O4 BhK4MA5VOEaauACgQd4gVd4s56td+vD+pysLlnTmwOYgfX1Cxd2mhY=</latexi t><latexit sha1_base64="B41HxH8/Dp RlAcWZnvHhGFFCNRc=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQN2HGjWYhBNw IbiI4RsgMoafTkzTpz9jdEwxDLuAF3OoNXIlbj+EFPIedZBYmseBBUfUe9agoYV Qb1/12Ciura+sbxc3S1vbO7l55/+Bey1Rh4mPJpHqIkCaMCuIbahh5SBRBPGKkF Q2uJn5rSJSmUtyZUUJCjnqCxhQjY6UwGKbwEgY31WD4dNopV9yaOwVcJl5OKiBH s1P+CboSp5wIgxnSuu25iQkzpAzFjIxLQapJgvAA9UjbUoE40WE2fXoMT6zShbF UdoSBU/XvRYa41iMe2U2OTF8vehPxP6+dmvgizKhIUkMEngXFKYNGwkkDsEsVwY aNLEFYUfsrxH2kEDa2p7kUbn2pxyVbjLdYwzLxz2r1mnfrVhr1vKEiOALHoAo8c A4a4Bo0gQ8weAQv4BW8Oc/Ou/PhfM5WC05+cwjm4Hz9AuFamT0=</latexit>
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Figure 3.11: Models of state feedback systems in presence of disturbances.
of the extra (∀d) quantifier.
The solution of Freeman et al. [40] for extracting a smooth feedback function K from RCLF
is not constructive. Battilotti [16] provides a method for automatic design of K, which depends on
finding unknown functions with complicated constraints. We are not aware of any efficient method
for extracting K from RCLFs. In fact, it can be quite complicated, requiring expensive quantifier
elimination procedures.
Here we discuss robust control certificates for switched systems. For brevity, we only con-
sider robust CLBFs, and we mention that other robust control certificates will follow a similar
protocol. Our solution is constructive and the design of the feedback function K is quite straight-
forward if we postpone quantifier elimination to runtime.
Definition 24 (Robust CLBF) A smooth function V is a robust control Lyapunov-barrier func-
tion iff
(∀x ∈ I) V (x) < 0
(∀x ∈ ∂S) V (x) > 0
(∀x ∈ S \
◦
G) (∃u ∈ U) (∀d ∈ D) ∇V.f(x,u,d) < 0 .
(3.29)
To design a switched feedback, let us define a function condu(x) over a state x and mode u
as
condu(x) = max
d∈D
∇V · fu(x,d) . (3.30)
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The goal of a controller is to switch to a mode u that guarantees that condu(x) < −, which in
turn guarantees decrease of V . Now, we show that having an RCLBF V , there exists  s.t. any
feedback function K ∈ κ(cond, S \
◦
G, ) is a solution to the reach-while-stay problem. Notice that
as S is compact, and there is no need to check whether there is a finite escape time. Also, Zenoness
must be avoided only for some time T where x(T ) ∈ G. Once the state reaches G, we assume the
control is handed over to another controller.
Theorem 11 Given a plant P, sets I, G, S, and a RCLBF V (x), there exists  s.t. the κ(cond, S\
◦
G, ) (wherein condu : maxd∈D(∇V ) · fu(x,d)) in non-empty, and any K ∈ κ(cond, S \
◦
G, )
guarantees RWS property defined by I, S, and G: I =⇒ S U G.
Proof Note that as D is a compact basic semi-algebraic set and thus, f is bounded on S \G. Also,
condu is piecewise continuous. By Eq. (3.28) and Lemma 1, there exists  s.t. K ∈ κ(cond, S \
◦
G, ) is non-empty. Moreover, for any K ∈ κ(cond, S \
◦
G, ) (i) a min dwell-time exists and (ii)
condu(t)(x(t)) : ∇V.fu(t)(x(t),d(t)) ≤ −s as long as x(t) ∈ S \ G. Using Lemma 2 we conclude
I =⇒ S U G. 
Recall that the controller needs to track the value of condu(x), which involves an optimization.
As these optimizations can be expensive, we use the following assumption to design an efficient
controller: (a) D is a polytope, and (b) f is affine in d. Now, the optimization is equivalent to
solving a linear programming problem. Furthermore, if D is a hyper-box, the optimization problem
is effectively solvable with complexity O(p), which is practically appealing. Therefore, the whole
mode selection is O(pm′), where m′ is the number of modes.
Summary: In this chapter, we discussed already established control certificates for smooth
feedback systems to address stability, reference tracking, and safety. Moreover, for these systems, we
introduced control Lyapunov-barrier functions and control funnel functions (using path-following)
for RWS properties. We introduced non-Zeno CLFs for switched feedback systems. In addition,
we showed that other control certificates for smooth feedback systems are applicable to switched
feedback systems as well. Furthermore, we introduced control Lyapunov fixed-barriers functions
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for switched feedback systems. Finally, we demonstrated that robust control certificates can be
used for switched feedback systems with disturbances. In the next chapter, we provide a framework
for discovering these control certificates.
Chapter 4
Inductive Synthesis
In the previous chapter, we described several classes of control certificates and how a control
synthesis problem is reduced to that of finding a control certificate. We now propose a framework for
finding such control certificates. In the proposed framework, the hypothesis space is defined using
parameterization. More specifically, a template T : C 7→ H is defined over a set of parameters c ∈ C.
For each c ∈ C, T (c) is a member of the hypothesis space H, and the goal is to find c such that T (c)
is a control certificate. All the control certificates we discussed in the previous chapter are functions
that map X to R. We define a template T : C 7→ (X 7→ R) as T (c) : Vc(x) :
∑r
k=1 ckgk(x), wherein
ck is the coefficient of basis function gk(x). Suppose that we wish to find a CLF. If gk’s are smooth,
then V is smooth. Moreover, if gk’s are monomials, V would be radially unbounded. Now, it is
sufficient to solve for
(∃c ∈ C) (Vc(0) = 0 ∧ (∀x 6= 0) (Vc(x) > 0 ∧ (∃u) ∇V · f(x,u) < 0)) . (4.1)
Either we prove no such c exists or we show that there exists c∗ s.t. Vc∗ is a CLF. The former case
translates to “non-existence of CLFs in the hypothesis space.” Nevertheless, one can try to simply
change the hypothesis space by adding more basis functions to the template.
Finding control certificates is challenging as solving constraints which arise in a control cer-
tificate search is expensive [107]. Experts use their knowledge about the domain of interest to
design a “control certificate” [94, 95]. Alternatively, there are solutions for specific systems such as
feedback linearizable systems [70] and strict feedback systems [39]. In this chapter, we introduce
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an inductive framework for finding a control certificate T (c) : Vc. First, we discuss the related
work.
4.1 Background
We go over the related work by first discussing the certificate synthesis problem using con-
straint solvers. Afterward, we investigate the control synthesis problem. For simplification, we
mostly focus on the stability property. More specifically, we discuss constraint solving techniques
used to analyze or synthesize control systems using Lyapunov functions.
4.1.1 Lyapunov Function Synthesis
Suppose we wish to find a Lyapunov function V . The search space is simplified through
parameterization Vc :
r∑
k=1
ckgk(x). Now, the problem is to find c s.t. Vc is a Lyapunov function. In
this chapter, we assume V is a polynomial with unknown coefficients (gk’s are monomials). Other
templates are left for future work. We note that using parameterization, the completeness is lost.
However, any smooth function can be approximated with a polynomial.
Linear Systems: For a linear system where x˙ = Ax, the problem of finding a Lyapunov
function can be solved quite efficiently. More specifically, it is known that for a stable linear
system, quadratic Lyapunov functions exist. Therefore, the parameterization of V preserves the
completeness as long as Vc contains all quadratic terms. Now, we wish to find c s.t.
Vc(0) = 0 ∧ (∀x 6= 0) Vc(x) > 0 ∧ (∀x 6= 0) ∇Vc · f(x) < 0 . (4.2)
I.e., Vc should be positive definite and V˙c is negative definite. Notice that Vc :
r∑
k=1
ckgk(x) is linear
in c and therefore, ∇Vc ·f(x) :
r∑
k=1
ck(∇gk ·f(x)) is linear in c as well. Also, if Vc is purely quadratic
in x (Vc :
n∑
i=1
i∑
j=1
cijxixj), then Vc(0) = 0, Vc : x
tCx, and ∇Vc · f(x) : xtCAx + xtAtCx, where C
is a symmetric matrix and its entities have linear relations with c. Alternatively, CLF conditions
can be written in the following form:
(∀x 6= 0) (〈C,xxt〉 > 0 ∧ 〈CA+AtC,xxt〉 < 0) ,
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wherein 〈A,B〉 is trace(AB). Using the fact that
C  0 ⇐⇒ (∀X  0, 6= 0) 〈C,X〉 > 0 ⇐⇒ (∀x 6= 0) 〈C,xxt〉 > 0 ,
any solution to the following semi-definite programming (SDP) problem yields a Lyapunov function:
(∃c) s.t. C  0 ∧ CA+AtC ≺ 0 ∧ 〈C,xxt〉 = Vc(x),
wherein the last condition defines the (linear) relation between c and C.
Nonlinear Systems: The verification problem for a nonlinear system is harder. First, V
is not necessarily quadratic, and second, even if V is quadratic in x, ∇V is not quadratic anymore.
Nevertheless, if V and f (and thus ∇V ) are polynomials over x, the same trick is extended to
polynomials using SOS programming [99, 105]. To represent a polynomial g : X 7→ R, a vector
collecting all monomials of degree up to D is defined:
z :
[
1 x1 x2 . . . x
D
n
]t
,
wherein D is chosen to be at least half of the maximum degree in x among all monomials in
g(x) : D ≥ 12deg(g). Each polynomial p of degree up to 2D (including g) may now be written as a
trace inner product p(x) :
〈
P, zzt
〉
, wherein the matrix P is symmetric and has real-valued entries
that define the coefficients in p corresponding to the various monomials. Then, it is easy to show
P  0⇒ (∀Z  0, 6= 0) 〈P,Z〉 > 0⇒ (∀z 6= 0) 〈P, zzt〉 > 0⇒ (∀x) p(x 6= 0) > 0 .
Notice that the reverse does not hold anymore. For example, Motzkin polynomial m(x) : x41x
2
2 +
x21x
4
2− 3x21x22 + 1 is a non-negative function, but for all M s.t. m(x) =
〈
M, zzt
〉
, M is not positive-
semi definite [119]. Similarly, one can show m′(x) : m(x) +  ( > 0) is a positive polynomial,
but for all M ′ s.t. m′(x) =
〈
M ′, zzt
〉
, M ′ is not positive definite (we leave the proof of this to the
reader as it is slightly different from the one discussed in [119]).
The method can be extended to cases where x ∈ I for some basic semi-algebraic set I :
{x | g1(x) ≥ 0∧. . .∧gl(x) ≥ 0}. Let gi(x) =
〈
Gi, zz
t
〉
and I : {z | 〈G1, zzt〉 ≥ 0∧. . .∧〈Gl, zzt〉 ≥ 0}.
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It is straightforward to show(
P0  0,
l∧
i=1
Pi  0
)
⇒ (∀z ∈ I) 〈P0, zzt〉+ l∑
i=1
〈
Pi,
〈
Gi, zz
t
〉
zzt
〉
> 0
⇒ (∀x ∈ I) p(x) = p0(x) +
l∑
i=1
pi(x)gi(x) > 0 ,
where D ≥ 12 max(deg(p0),∪ideg(pigi)). This trick is known as S-procedure.
Let cone of I be
Cone(I) :
{
p
∣∣∣∣∣
(
(∃P0, . . . , Pl  0)
〈
P, zzt
〉
=
〈
P0, zz
t
〉
+
l∑
i=1
〈
Pi,
〈
Gi, zz
t
〉
zzt
〉)}
.
The following theorem shows the inverse is true under some assumptions.
Theorem 12 (Putinar’s Positivestellensatz [108]) Given a set I : {x |g1(x) ≥ 0∧. . .∧gl(x) ≥
0}, assume there exists h ∈ Cone(I) s.t. {x | h(x) ≥ 0} is a compact set, and p is a positive
polynomial on K, then, there exists D and P0, P1, . . . , Pl  0 s.t.
p(x) =
〈
P, zzt
〉
=
〈
P0, zz
t
〉
+
l∑
i=1
〈
Pi,
〈
Gi, zz
t
〉
zzt
〉
.
Given a compact set I, without loss of generality, one could add an extra constraint gl+1(x) : N −
||x||2 for a large enough N . Then, the above theorem is applicable to I ′ : I∩{x | N−||x||2 ≥ 0} = I.
This idea leads to an SDP relaxation for approximate polynomial optimization [73], as well
as sum of squares (SOS) programming [99], which is used to find Lyapunov functions over semi-
algebraic sets. More specifically, by fixing a template Vc, and a large enough D (to define the size
of P0, P1, . . . , Pl), any constraint of the form (∀x ∈ I) pc(x) > 0 is relaxed to an SDP constraint:
l∧
i=0
Pi  0 ∧
(〈
P0, zz
t
〉
+
l∑
i=1
〈
Pi,
〈
Gi, zz
t
〉
zzt
〉)
= pc(x) ,
wherein the last condition defines the (linear) relation between P0, P1, . . . Pl, and c. Thus, one
could use an SDP solver to find a Lyapunov function for polynomial dynamical systems [99].
Sample-Based Lyapunov Function Synthesis: The problem of synthesizing Lyapunov
functions for a control system by observing states of the system in simulation (for sampling) has
been investigated in the past by Topcu et al. to learn Lyapunov functions along with the resulting
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basin of attraction [144]. Whereas the original problem is bilinear, the use of simulation data makes
it simpler to postulate states that belong to the region of attraction, and therefore find Lyapunov
functions that belong to this region. We use similar ideas to find control Lyapunov functions.
4.1.2 Lyapunov Function + Feedback law Synthesis
As discussed in Chapter 2, to address the control synthesis problem, most of constraint
solving methods find a “certificate+feedback law.” In other words, K is also parameterized Kc′(x) :∑r′
i=1 c
′
ig
′(x). The problem of finding feedback function and Lyapunov function at the same time
is harder as there are two sets of unknowns.
Linear Systems: For state feedback linear systems where x˙ = Ax + Bu, the problem
remains simple. In fact, to stabilize to the origin, one would only need a linear feedback function
K. Then, the goal is to find c and c′ s.t.
Vc(0) = 0 ∧ (∀x 6= 0) Vc(x) > 0 ∧ (∀x 6= 0) ∇Vc · f(x,Kc′(x)) < 0 .
Written in matrix form, we wish to find C and C ′ s.t.
C  0 , C(A+BC ′) + (A+BC ′)C ≺ 0 .
This problem seems harder as unknowns are multiplied which yields a bilinear problem. However,
the following trick solves the bilinearity problem [82]. Let Q = C−1 and Y = C ′Q. Then, find Q
and Y s.t.
Q  0 ∧QA+AtQ+ Y tBt +BY ≺ 0 ,
which is linear (not biliear). Then, C is Q−1 and C ′ = CY . Another approach is to use LQR [23]
in which a Riccati differential equation is solved.
Nonlinear Systems: The idea mentioned above is not extendable to nonlinear systems.
In fact, for a nonlinear system, such a problem is not convex (the feasible set is not even connected)
anymore [106]. Usually, this problem is formulated as a bilinear SOS programming with two sets
of unknowns. There are expensive methods which can solve such nonconvex bilinear problem [82].
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Another approach is to use alternating optimizations. To form an optimization problem, a scalar
variable γ is added and we wish to solve the following optimization problem:
min
c,c′,γ
γ s.t. Vc(0) = 0 ∧ (∀x 6= 0) Vc(x) > 0 ∧ (∀x 6= 0) ∇Vc · f(x,Kc′(x)) < γ .
Then, alternatively (i) c is fixed while γ is minimized by changing c′, and (ii) c′ is fixed while
γ is minimized by changing c. This procedure repeats until it converges to a local minimum. If
γ is negative, the solution is feasible. This method (which is also called policy iteration) has poor
guarantees in practice, it often gets stuck on a saddle point that does not allow the technique to
make progress in finding a feasible solution [44, 126] . To combat this, Majumdar et al. (ibid) use
LQR controllers and their associated Lyapunov functions for the linearization of the dynamics as a
good initial seed solution [84]. However, the linearization of the dynamics may not be controllable.
In addition, the complexity of their method is exponential in the number of inputs when inputs are
saturated.
4.1.3 Control Lyapunov Function Synthesis
The problem of finding control Lyapunov function synthesis is harder as there is one addition
quantifier alternation. The problem for linear systems is not considered as complete solutions exists
for finding a “Lyapunov function + feedback law” (as discussed). For nonlinear systems Tan et al.
consider systems with control affine dynamics [140]. Then, they reduce the problem of finding a
CLF to the following problem:
(∃c ∈ C) Vc(0) = 0 , (∀x 6= 0) Vc(x) > 0 , (∀x 6= 0)
(
m∧
i=1
∇V.fi(x) = 0
)
=⇒ f0(x) < 0,
which gives a bilinear formulation through SOS programming. Then, the bilinearity is solved using
alternative optimizations which may trap in a local infeasible solution.
In this chapter, we propose a framework to find CLFs as well as other control certificates. For
other control certificates we use similar templates Vc(x) :
∑r
i=1 cigi(x), where gi(x) is a monomial
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in x. For smooth feedback systems, we need to solve a formula of the following form:
(∃c ∈ C) (∀x ∈ X)

x ∈ R1 =⇒
∨
q∈Q
(∃u ∈ U) pc,1,q(x,u) < 0
...
x ∈ Rl =⇒
∨
q∈Q
(∃u ∈ U) pc,l,q(x,u) < 0 ,
(4.3)
wherein Ri is a basic semi-algebraic set and pc,i,q is linear in c. The disjunction over Q is used
for control barrier functions. To find a control barrier function, we wish to solve the following
formula:
(∃c ∈ C) (∀x ∈ X)

x ∈ ∂S =⇒ Bc(x) > 0
x ∈ I =⇒ Bc(x) < 0
x ∈ S \
◦
I =⇒

(∃u ∈ U) ∇Bc · f(x,u)− λ∗Bc(x) < 0
∨
(∃u ∈ U) ∇Bc · f(x,u) + λ∗Bc(x) < 0

,
which fits the general form in Eq. (4.3). Similar argument applies for control funnel functions (see
Eqs. (3.23) and (3.24)).
For switched feedback systems, we wish to solve the following formula:
(∃c ∈ C) (∀x ∈ X)

x ∈ R1 =⇒
∨
q∈Q
∧
s∈S
pc,1,q,s(x) < 0
...
x ∈ Rl =⇒
∨
q∈Q
∧
s∈S
pc,l,q,s(x) < 0 ,
(4.4)
wherein Ri is a basic semi-algebraic set and pc,i,q,s is linear in c. Notice that here (∃u ∈ U) is
merged into the disjunction over Q as U is finite. Recall that we consider control Lyapunov fixed-
barriers functions only for switched feedback systems. The disjunction over S is needed when we
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search for a control Lyapunov fixed-barriers function:
(∃c ∈ C) (∀x ∈ X)
 x ∈ S \
◦
G =⇒ ∨u∈U

∇Vc · fu(x) < 0 ∧∧
j
(
∇pS,j · fu(x) + λ pS,j(x) < 0
)
 .
Now, we propose our framework to solve Eqs. (4.3) and (4.4).
4.2 Counterexample Guided Search
The general idea for our proposed framework is to use a finite number of samples to learn
a control certificate. The idea is simple: given a finite set of points (states), if a hypothesis T (c)
satisfies conditions for being a control certificate on these sample points (witness), T (c) potentially
satisfies those conditions for all states.
Example 12 Consider a smooth feedback system with two state variables x1 and x2, where x˙1 = x2,
x˙2 = −x1 + u, and u ∈ [−1, 1]. The goal is to stabilize the system. It is easy to show (cf. [112])
that V is a CLF for the smooth feedback system iff V is a CLF for a switched feedback system with
two modes U : {u1, u2} and the following dynamics:
u1

x˙1 = x2
x˙2 = −x1 − 1
,u2

x˙1 = x2
x˙2 = −x1 + 1 .
We use a quadratic template Vc(x1, x2) : c1x
2
1 +c2x1x2 +c3x
2
2. Then, we find a c s.t. Vc(x) satisfies
Eq. (3.1) only for states shown in red in Figure 4.1. In other words, for red states, (a) V (x) is
positive, and (b) there is an input (u1 or u2) which if selected, the value of V decreases. We find
one such Vc. Vc(x1, x2) = 3x
2
1 + 1.5x1x2 + 1.5x
2
2. Interestingly, it is verified that this Vc is in fact
a control Lyapunov function.
Unfortunately, the set of samples may yield a candidate solution T (c) which is not a control
certificate. In these cases, we wish to generate a new sample and repeat the process iteratively.
Ultimately, we want to carefully select samples and learn suitable parameters c with few witnesses.
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V ≃ 0.5V ≃ 0.5
V ≃ -0.25V ≃ -0.25
V ≃ -0.62 V ! -0.62
Left plot shows the vector field for mode u1 and right plot shows the vector field for mode u2
along with level sets of the CLF discovered.
Figure 4.1: Learning a CLF from finite samples.
For learning Lyapunov functions, Kapinski et al. [61] propose to generate samples iteratively using
counterexamples through counterexample guided inductive synthesis (CEGIS) framework, which
originally is proposed in verification community by Solar-Lezama et al. [130, 129]. Here, we extend
this method to learn control certificates.
First, we briefly discuss how CEGIS works. The procedure is iterative and solves (∃c ∈
C) (∀x ∈ X) ψc(x). By solving, we mean either prove no c∗ ∈ C exists, or find a c∗ ∈ C for which
(∀x ∈ X) ψc∗(x) holds. The framework consists of two components: (i) a learner which generates
a candidate solution using samples, and (ii) a verifier that tests whether the candidate solution is
valid.
The learner uses the following concept to generate a candidate solution.
Definition 25 (Sample Compatibility) A formula ψ(x) : X 7→ B is compatible with a set of
samples X iff ∧
xi∈X
ψ(xi).
For each iteration j, we define a finite set of witnesses (counterexamples) Xj : {x1, . . . ,xj} ⊂
X. Then, an implicit set of candidate solutions Cj defined as all c ∈ C for which ψc(x) is compatible
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Xj := Xj 1 [ {xj}
<latexit sha1_base64="AEB4VLwGlOIi+bj+I3VTpXQHDgI=">AAACNHicbVDLSgNB EOyNrxhfUQ8evAwGwYthVwSjIAhe9BbBaCAbwuxkNplk9sFMrxiW/RV/wx/wqncPgiB69BucJB6MWjBQVFXTPeXFUmi07WcrNzU9MzuXny8sLC4trxRX1650lCjGayySkap7VHM pQl5DgZLXY8Vp4El+7fVPh/71DVdaROElDmLeDGgnFL5gFI3UKlbcgGKXUZnWs1aPHB2Tn0La23Uy4rIkJm7qIr9Fz09vTdDNWsWSXbZHIH+J801KJxvnH68AUG0VP9x2xJKAh8 gk1brh2DE2U6pQMMmzgptoHlPWpx3eMDSkAdfNdPTDjGwbpU38SJkXIhmpPydSGmg9CDyTHJ6vf3tD8T+vkaBfaaYijBPkIRsv8hNJMCLDukhbKM5QDgyhTAlzK2FdqihDU+rEls D4kc4Kphjndw1/SW2vfFh2LkxB+zBGHjZhC3bAgQM4gTOoQg0Y3MEDPMKTdW+9WG/W+zias75n1mEC1ucXyWOu2A==</latexit><latexit sha1_base64="AgtOjIy7DoEXgNldy3Ga1zJGeXQ=">AAACNHicbVDLSsNA FJ3Ud31FXbhwM1gEN5ZEBB8gFNzoTsHYQlPqZDrRqTNJmLkRS8iv+Bv9Abe6d+FKdNlvcNK60OqBgcM553LvnCARXIPjvFqlicmp6ZnZufL8wuLSsr2yeqXjVFHm0VjEqhEQzQS PmAccBGskihEZCFYP7k4Kv37PlOZxdAm9hLUkuYl4yCkBI7XtA18SuKVEZI283cVHx/inkHV33Bz7NE2wn/nAHiAIswcT9PO2XXGqzhD4L3G/SaW2fvY56Jeuz9v2p9+JaSpZBF QQrZuuk0ArIwo4FSwv+6lmCaF35IY1DY2IZLqVDX+Y4y2jdHAYK/MiwEP150RGpNY9GZhkcb4e9wrxP6+ZQnjQyniUpMAiOloUpgJDjIu6cIcrRkH0DCFUcXMrprdEEQqm1F9bpP FjnZdNMe54DX+Jt1s9rLoXpqA9NMIs2kCbaBu5aB/V0Ck6Rx6i6BE9oWf0YvWtN+vd+hhFS9b3zBr6BWvwBWnzr/8=</latexit><latexit sha1_base64="AgtOjIy7DoEXgNldy3Ga1zJGeXQ=">AAACNHicbVDLSsNA FJ3Ud31FXbhwM1gEN5ZEBB8gFNzoTsHYQlPqZDrRqTNJmLkRS8iv+Bv9Abe6d+FKdNlvcNK60OqBgcM553LvnCARXIPjvFqlicmp6ZnZufL8wuLSsr2yeqXjVFHm0VjEqhEQzQS PmAccBGskihEZCFYP7k4Kv37PlOZxdAm9hLUkuYl4yCkBI7XtA18SuKVEZI283cVHx/inkHV33Bz7NE2wn/nAHiAIswcT9PO2XXGqzhD4L3G/SaW2fvY56Jeuz9v2p9+JaSpZBF QQrZuuk0ArIwo4FSwv+6lmCaF35IY1DY2IZLqVDX+Y4y2jdHAYK/MiwEP150RGpNY9GZhkcb4e9wrxP6+ZQnjQyniUpMAiOloUpgJDjIu6cIcrRkH0DCFUcXMrprdEEQqm1F9bpP FjnZdNMe54DX+Jt1s9rLoXpqA9NMIs2kCbaBu5aB/V0Ck6Rx6i6BE9oWf0YvWtN+vd+hhFS9b3zBr6BWvwBWnzr/8=</latexit><latexit sha1_base64="GPV3OENLraYHHxRyI0tvXWJmKsk=">AAACNHicbVDLSgMx FM3UV62vqks3wSK4scyIYBWEghuXFRxb6JSSSTNt2syD5I60DPMr/oY/4Fb3LlyJLv0G03YWfXggcDjnXO7NcSPBFZjmh5FbWV1b38hvFra2d3b3ivsHjyqMJWU2DUUoGy5RTPC A2cBBsEYkGfFdweru4Hbs15+YVDwMHmAUsZZPugH3OCWgpXax4vgEepSIpJG2+/j6Bs8KSf/MSrFD4wg7iQNsCK6XDHXQSdvFklk2J8DLxMpICWWotYs/Tieksc8CoIIo1bTMCF oJkcCpYGnBiRWLCB2QLmtqGhCfqVYy+WGKT7TSwV4o9QsAT9TZiYT4So18VyfH56tFbyz+5zVj8CqthAdRDCyg00VeLDCEeFwX7nDJKIiRJoRKrm/FtEckoaBLndviaz9UaUEXYy 3WsEzs8/JV2bo3S9WLrKE8OkLH6BRZ6BJV0R2qIRtR9Ixe0Rt6N16MT+PL+J5Gc0Y2c4jmYPz+AV/XrHI=</latexit>
X0 = finite set
<latexit sha1_base64="tmbXqJN7vh+T Myh0Cmf3JRmuGyY=">AAACHXicbVDLahtBEOx1XrLysGwfc5lEBHISuyEQ5xAw+OKjDJ YlkISYHfVKg+exzPSGiGXP+Q3/gK/2KVefhK/GP+DvyOhxiK0UNBRV3XR3pbmSnuL4P tp69vzFy1e17frrN2/f7TR29868LZzAjrDKul7KPSppsEOSFPZyh1ynCrvp+dHC7/5E5 6U1pzTLcaj5xMhMCk5BGjU+DDSnqeCq7FWjmP1gA53aX2UmjSRkHqkaNZpxK16CbZJkT ZqHtfkfCGiPGg+DsRWFRkNCce/7SZzTsOSOpFBY1QeFx5yLcz7BfqCGa/TDcvlKxT4F Zcwy60IZYkv134mSa+9nOg2di8P9U28h/s/rF5QdDEtp8oLQiNWirFCMLFvkwsbSoSA1 C4QLJ8OtTEy544JCeo+26OBbX9VDMMnTGDZJ50vreys5CQF9hRVq8B4+wmdI4BscwjG 0oQMCfsMlXMF1dBHdRPPodtW6Fa1n9uERoru/DPakgw==</latexit><latexit sha1_base64="r68zlIZb4vC0 JDP9+UuvV9gzuhE=">AAACHXicbVA9SwNBEN3zM8avqKXNqghW4U4EtRACWlgqGA0kIe xt5nRxP47dOTEcV/s3rOxstbK1ElvxD/g73CQWfj0YeLw3w8y8OJXCYRi+ByOjY+MTk 6Wp8vTM7Nx8ZWHx1JnMcqhzI41txMyBFBrqKFBCI7XAVCzhLL7c7/tnV2CdMPoEeym0F TvXIhGcoZc6lZWWYnjBmcwbRSeke7SlYnOdJ0ILBOoAi05lLayGA9C/JPoia7XSy9Piw d3qUafy0eoaninQyCVzrhmFKbZzZlFwCUW5lTlIGb9k59D0VDMFrp0PXinoule6NDHW l0Y6UL9P5Ew511Ox7+wf7n57ffE/r5lhstPOhU4zBM2Hi5JMUjS0nwvtCgscZc8Txq3w t1J+wSzj6NP7sUV537ii7IOJfsfwl9Q3q7vV6NgHtEWGKJFlsko2SES2SY0ckiNSJ5z ckHvyQB6D2+A5eAleh60jwdfMEvmB4O0ToJmloQ==</latexit><latexit sha1_base64="r68zlIZb4vC0 JDP9+UuvV9gzuhE=">AAACHXicbVA9SwNBEN3zM8avqKXNqghW4U4EtRACWlgqGA0kIe xt5nRxP47dOTEcV/s3rOxstbK1ElvxD/g73CQWfj0YeLw3w8y8OJXCYRi+ByOjY+MTk 6Wp8vTM7Nx8ZWHx1JnMcqhzI41txMyBFBrqKFBCI7XAVCzhLL7c7/tnV2CdMPoEeym0F TvXIhGcoZc6lZWWYnjBmcwbRSeke7SlYnOdJ0ILBOoAi05lLayGA9C/JPoia7XSy9Piw d3qUafy0eoaninQyCVzrhmFKbZzZlFwCUW5lTlIGb9k59D0VDMFrp0PXinoule6NDHW l0Y6UL9P5Ew511Ox7+wf7n57ffE/r5lhstPOhU4zBM2Hi5JMUjS0nwvtCgscZc8Txq3w t1J+wSzj6NP7sUV537ii7IOJfsfwl9Q3q7vV6NgHtEWGKJFlsko2SES2SY0ckiNSJ5z ckHvyQB6D2+A5eAleh60jwdfMEvmB4O0ToJmloQ==</latexit><latexit sha1_base64="Nw0Dw6I+BWuo e9eTHZxseDl2fmI=">AAACHXicbVDLSgNBEJz1bXxFPXoZDYKnsCuCehAELx4VjAaSEG YnvcngPJaZXjEse/Y3/AGv+geexKv4A36Hk5iDJhY0FFXddHfFqRQOw/AzmJqemZ2bX 1gsLS2vrK6V1zeunckshxo30th6zBxIoaGGAiXUUwtMxRJu4tuzgX9zB9YJo6+wn0JLs a4WieAMvdQubzcVwx5nMq8X7ZCe0KaKzX2eCC0QqAMs2uVKWA2HoJMkGpEKGeGiXf5qd gzPFGjkkjnXiMIUWzmzKLiEotTMHKSM37IuNDzVTIFr5cNXCrrrlQ5NjPWlkQ7V3xM5 U871Vew7B4e7cW8g/uc1MkyOWrnQaYag+c+iJJMUDR3kQjvCAkfZ94RxK/ytlPeYZRx9 en+2KO8bV5R8MNF4DJOktl89rkaXYeX0YJTQAtkiO2SPROSQnJJzckFqhJMH8kSeyUv wGLwGb8H7T+tUMJrZJH8QfHwDdgGisg==</latexit>
(9cj 2 C)^
xi2Xj 1
 cj (xi)
<latexit sha1_base64="WxYfajy0Ym8304f+WYMK2QYuN4Y=">AAACfXicbVHRTtsw FHUCG6yD0TFpPPBirQIVaVTJhMT2hsTLHkGiUKmuIse9KQbHiewb1irywz6TH2C/MbcEiQLXinR8zrm+9klaKmkxiu6DcGX13fu19Q+tjxubn7ban7cvbVEZAX1RqMIMUm5BSQ1 9lKhgUBrgeargKr09netXd2CsLPQFzkoY5XyiZSYFR08l7b/7lDWLdhlM/URLGcIU06wWLrmhTGrKco7Xgqv61B1QxmjLd6Vy8gfGE0hqdjdN5LJv4JL65jB2jrLSSm95dqLrPu 2mLpEHSbsT9aJF0dcgbkCHNHWWtB/YuBBVDhqF4tYO46jEUc0NSqHAtVhloeTilk9g6KHmOdhRvYjK0T3PjGlWGP9ppAv2eUfNc2tneeqd87fYl9qcfEsbVpj9HNVSlxWCFo+Dsk pRLOg8dzqWBgSqmQdcGOnvSsU1N1yg/ztLU3KvF9a1fDDxyxheg/6P3q9efH7UOTlqElonu+Qb6ZKYHJMT8puckT4R5F+wGXwNdkIS7offw96jNQyani9kqcLj/yxSwKw=</lat exit><latexit sha1_base64="WxYfajy0Ym8304f+WYMK2QYuN4Y=">AAACfXicbVHRTtsw FHUCG6yD0TFpPPBirQIVaVTJhMT2hsTLHkGiUKmuIse9KQbHiewb1irywz6TH2C/MbcEiQLXinR8zrm+9klaKmkxiu6DcGX13fu19Q+tjxubn7ban7cvbVEZAX1RqMIMUm5BSQ1 9lKhgUBrgeargKr09netXd2CsLPQFzkoY5XyiZSYFR08l7b/7lDWLdhlM/URLGcIU06wWLrmhTGrKco7Xgqv61B1QxmjLd6Vy8gfGE0hqdjdN5LJv4JL65jB2jrLSSm95dqLrPu 2mLpEHSbsT9aJF0dcgbkCHNHWWtB/YuBBVDhqF4tYO46jEUc0NSqHAtVhloeTilk9g6KHmOdhRvYjK0T3PjGlWGP9ppAv2eUfNc2tneeqd87fYl9qcfEsbVpj9HNVSlxWCFo+Dsk pRLOg8dzqWBgSqmQdcGOnvSsU1N1yg/ztLU3KvF9a1fDDxyxheg/6P3q9efH7UOTlqElonu+Qb6ZKYHJMT8puckT4R5F+wGXwNdkIS7offw96jNQyani9kqcLj/yxSwKw=</lat exit><latexit sha1_base64="WxYfajy0Ym8304f+WYMK2QYuN4Y=">AAACfXicbVHRTtsw FHUCG6yD0TFpPPBirQIVaVTJhMT2hsTLHkGiUKmuIse9KQbHiewb1irywz6TH2C/MbcEiQLXinR8zrm+9klaKmkxiu6DcGX13fu19Q+tjxubn7ban7cvbVEZAX1RqMIMUm5BSQ1 9lKhgUBrgeargKr09netXd2CsLPQFzkoY5XyiZSYFR08l7b/7lDWLdhlM/URLGcIU06wWLrmhTGrKco7Xgqv61B1QxmjLd6Vy8gfGE0hqdjdN5LJv4JL65jB2jrLSSm95dqLrPu 2mLpEHSbsT9aJF0dcgbkCHNHWWtB/YuBBVDhqF4tYO46jEUc0NSqHAtVhloeTilk9g6KHmOdhRvYjK0T3PjGlWGP9ppAv2eUfNc2tneeqd87fYl9qcfEsbVpj9HNVSlxWCFo+Dsk pRLOg8dzqWBgSqmQdcGOnvSsU1N1yg/ztLU3KvF9a1fDDxyxheg/6P3q9efH7UOTlqElonu+Qb6ZKYHJMT8puckT4R5F+wGXwNdkIS7offw96jNQyani9kqcLj/yxSwKw=</lat exit><latexit sha1_base64="WxYfajy0Ym8304f+WYMK2QYuN4Y=">AAACfXicbVHRTtsw FHUCG6yD0TFpPPBirQIVaVTJhMT2hsTLHkGiUKmuIse9KQbHiewb1irywz6TH2C/MbcEiQLXinR8zrm+9klaKmkxiu6DcGX13fu19Q+tjxubn7ban7cvbVEZAX1RqMIMUm5BSQ1 9lKhgUBrgeargKr09netXd2CsLPQFzkoY5XyiZSYFR08l7b/7lDWLdhlM/URLGcIU06wWLrmhTGrKco7Xgqv61B1QxmjLd6Vy8gfGE0hqdjdN5LJv4JL65jB2jrLSSm95dqLrPu 2mLpEHSbsT9aJF0dcgbkCHNHWWtB/YuBBVDhqF4tYO46jEUc0NSqHAtVhloeTilk9g6KHmOdhRvYjK0T3PjGlWGP9ppAv2eUfNc2tneeqd87fYl9qcfEsbVpj9HNVSlxWCFo+Dsk pRLOg8dzqWBgSqmQdcGOnvSsU1N1yg/ztLU3KvF9a1fDDxyxheg/6P3q9efH7UOTlqElonu+Qb6ZKYHJMT8puckT4R5F+wGXwNdkIS7offw96jNQyani9kqcLj/yxSwKw=</lat exit>
(9xj 2 X)
¬ cj (xj)
<latexit sha1_base64="Q/+/NzYnWJa9pLdbwFQGltGP3Jg=">AAACSnicbVDLahsx FNU4aZu6j7jJsptLTIOzMTMhkGYX6KarkkLcGCwzaOQ7iRqNNEh3gs0wf9Xf6Ac025T8QFelm8iOC3ldEBzOOZdzdbJSK09x/Ctqraw+e/5i7WX71es3b9c77za+eVs5iQNptXX DTHjUyuCAFGkclg5FkWk8yc4/zfWTC3ReWXNMsxLHhTg1KldSUKDSzpdt6HGchiAPnHBKWV5Pm/Q7cGVguAOcQ3sbOHBtLAEvvUrr/z4ZfE3v7tZO2unG/Xgx8BgkS9BlyzlKO9 d8YmVVoCGphfejJC5pXAtHSmps2rzyWAp5Lk5xFKARBfpxvfh3Ax8CM4HcuvAMwYK9u1GLwvtZkQVnIejMP9Tm5FPaqKL847hWpqwIjbwNyisNZGFeIkyUQ0l6FoCQToVbQZ4JJy SFqu+lFEG3vmmHYpKHNTwGg93+QT/5utc93Fs2tMbesy3WYwnbZ4fsMztiAybZD3bJrtjv6Gf0J/ob/bu1tqLlzia7N63VGx3esw4=</latexit><latexit sha1_base64="Q/+/NzYnWJa9pLdbwFQGltGP3Jg=">AAACSnicbVDLahsx FNU4aZu6j7jJsptLTIOzMTMhkGYX6KarkkLcGCwzaOQ7iRqNNEh3gs0wf9Xf6Ac025T8QFelm8iOC3ldEBzOOZdzdbJSK09x/Ctqraw+e/5i7WX71es3b9c77za+eVs5iQNptXX DTHjUyuCAFGkclg5FkWk8yc4/zfWTC3ReWXNMsxLHhTg1KldSUKDSzpdt6HGchiAPnHBKWV5Pm/Q7cGVguAOcQ3sbOHBtLAEvvUrr/z4ZfE3v7tZO2unG/Xgx8BgkS9BlyzlKO9 d8YmVVoCGphfejJC5pXAtHSmps2rzyWAp5Lk5xFKARBfpxvfh3Ax8CM4HcuvAMwYK9u1GLwvtZkQVnIejMP9Tm5FPaqKL847hWpqwIjbwNyisNZGFeIkyUQ0l6FoCQToVbQZ4JJy SFqu+lFEG3vmmHYpKHNTwGg93+QT/5utc93Fs2tMbesy3WYwnbZ4fsMztiAybZD3bJrtjv6Gf0J/ob/bu1tqLlzia7N63VGx3esw4=</latexit><latexit sha1_base64="Q/+/NzYnWJa9pLdbwFQGltGP3Jg=">AAACSnicbVDLahsx FNU4aZu6j7jJsptLTIOzMTMhkGYX6KarkkLcGCwzaOQ7iRqNNEh3gs0wf9Xf6Ac025T8QFelm8iOC3ldEBzOOZdzdbJSK09x/Ctqraw+e/5i7WX71es3b9c77za+eVs5iQNptXX DTHjUyuCAFGkclg5FkWk8yc4/zfWTC3ReWXNMsxLHhTg1KldSUKDSzpdt6HGchiAPnHBKWV5Pm/Q7cGVguAOcQ3sbOHBtLAEvvUrr/z4ZfE3v7tZO2unG/Xgx8BgkS9BlyzlKO9 d8YmVVoCGphfejJC5pXAtHSmps2rzyWAp5Lk5xFKARBfpxvfh3Ax8CM4HcuvAMwYK9u1GLwvtZkQVnIejMP9Tm5FPaqKL847hWpqwIjbwNyisNZGFeIkyUQ0l6FoCQToVbQZ4JJy SFqu+lFEG3vmmHYpKHNTwGg93+QT/5utc93Fs2tMbesy3WYwnbZ4fsMztiAybZD3bJrtjv6Gf0J/ob/bu1tqLlzia7N63VGx3esw4=</latexit><latexit sha1_base64="Q/+/NzYnWJa9pLdbwFQGltGP3Jg=">AAACSnicbVDLahsx FNU4aZu6j7jJsptLTIOzMTMhkGYX6KarkkLcGCwzaOQ7iRqNNEh3gs0wf9Xf6Ac025T8QFelm8iOC3ldEBzOOZdzdbJSK09x/Ctqraw+e/5i7WX71es3b9c77za+eVs5iQNptXX DTHjUyuCAFGkclg5FkWk8yc4/zfWTC3ReWXNMsxLHhTg1KldSUKDSzpdt6HGchiAPnHBKWV5Pm/Q7cGVguAOcQ3sbOHBtLAEvvUrr/z4ZfE3v7tZO2unG/Xgx8BgkS9BlyzlKO9 d8YmVVoCGphfejJC5pXAtHSmps2rzyWAp5Lk5xFKARBfpxvfh3Ax8CM4HcuvAMwYK9u1GLwvtZkQVnIejMP9Tm5FPaqKL847hWpqwIjbwNyisNZGFeIkyUQ0l6FoCQToVbQZ4JJy SFqu+lFEG3vmmHYpKHNTwGg93+QT/5utc93Fs2tMbesy3WYwnbZ4fsMztiAybZD3bJrtjv6Gf0J/ob/bu1tqLlzia7N63VGx3esw4=</latexit>
Sol : cj
<latexit sha1_base64="GEusYYHyw/Mqzt1CJwArIIeqA+A=">AAACFnicbVDLSgNB EOz1GeMr6kHQy6AInsKuCD5Oghe9RTQqZEOYnczqmJmdZaZXDMuCv+EPeNU/8CRevXrz5Hc4STz4Kmgoqrrp7opSKSz6/ps3NDwyOjZemihPTk3PzFbm5k+tzgzjdaalNucRtVy KhNdRoOTnqeFURZKfRZ39nn92zY0VOjnBbsqbil4kIhaMopNalaVQRfomP9ayILshCZHfYBTnrGhdtSqrftXvg/wlwRdZ3Vs8/HgHgFqr8hG2NcsUT5BJam0j8FNs5tSgYJIX5T CzPKWsQy94w9GEKm6bef+Hgqw5pU1ibVwlSPrq94mcKmu7KnKdiuKl/e31xP+8RobxdjMXSZohT9hgUZxJgpr0AiFtYThD2XWEMiPcrYRdUkMZuth+bFHO17You2CC3zH8JfWN6k 41OHIBbcIAJViGFViHALZgDw6gBnVgcAv38ACP3p335D17L4PWIe9rZgF+wHv9BLeGomY=</latexit><latexit sha1_base64="8lR0sEEFlsan7nE83I9S9ZecOjU=">AAACFnicbVC7SgNB FJ2NrxhfUQtBm8EgWIVdEXxUARvtIhoNZEOcnczq6MzOMnNXDMuCv+EP2GpnaSW2tv5ASr/BSWJhogcuHM65l3vvCWLBDbjup5MbG5+YnMpPF2Zm5+YXiotLZ0YlmrIaVULpekA MEzxiNeAgWD3WjMhAsPPg5qDnn98ybbiKTqETs6YklxEPOSVgpVZx1ZeBuktPlMjwvo99YHcQhCnNWtetYsktu33gv8T7IaXKylH36yV3UW0Vu35b0USyCKggxjQ8N4ZmSjRwKl hW8BPDYkJvyCVrWBoRyUwz7f+Q4Q2rtHGotK0IcF/9PZESaUxHBrZTErgyo15P/M9rJBDuNlMexQmwiA4WhYnAoHAvENzmmlEQHUsI1dzeiukV0YSCjW1oi7S+MlnBBuONxvCX1L bKe2Xv2Aa0jQbIozW0jjaRh3ZQBR2iKqohiu7RI3pCz86D8+q8Oe+D1pzzM7OMhuB8fANYFqON</latexit><latexit sha1_base64="8lR0sEEFlsan7nE83I9S9ZecOjU=">AAACFnicbVC7SgNB FJ2NrxhfUQtBm8EgWIVdEXxUARvtIhoNZEOcnczq6MzOMnNXDMuCv+EP2GpnaSW2tv5ASr/BSWJhogcuHM65l3vvCWLBDbjup5MbG5+YnMpPF2Zm5+YXiotLZ0YlmrIaVULpekA MEzxiNeAgWD3WjMhAsPPg5qDnn98ybbiKTqETs6YklxEPOSVgpVZx1ZeBuktPlMjwvo99YHcQhCnNWtetYsktu33gv8T7IaXKylH36yV3UW0Vu35b0USyCKggxjQ8N4ZmSjRwKl hW8BPDYkJvyCVrWBoRyUwz7f+Q4Q2rtHGotK0IcF/9PZESaUxHBrZTErgyo15P/M9rJBDuNlMexQmwiA4WhYnAoHAvENzmmlEQHUsI1dzeiukV0YSCjW1oi7S+MlnBBuONxvCX1L bKe2Xv2Aa0jQbIozW0jjaRh3ZQBR2iKqohiu7RI3pCz86D8+q8Oe+D1pzzM7OMhuB8fANYFqON</latexit><latexit sha1_base64="VqfLP23fVuQPl8gLPENk5Q6/owM=">AAACFnicbVDLSgNB EJz1GeMr6k0vg0HwFHZF8HEKePEY0ZhANoTZyWwyZmZnmemVhGXB3/AHvOofeBKvXv0Bv8PJ42ASCxqKqm66u4JYcAOu++0sLC4tr6zm1vLrG5tb24Wd3XujEk1ZlSqhdD0ghgk esSpwEKwea0ZkIFgt6F0N/doj04ar6A4GMWtK0ol4yCkBK7UK+74MVD+9VSLDlz72gfUhCFOatR5ahaJbckfA88SbkCKaoNIq/PhtRRPJIqCCGNPw3BiaKdHAqWBZ3k8MiwntkQ 5rWBoRyUwzHf2Q4SOrtHGotK0I8Ej9O5ESacxABrZTEuiaWW8o/uc1EgjPmymP4gRYRMeLwkRgUHgYCG5zzSiIgSWEam5vxbRLNKFgY5vaIq2vTJa3wXizMcyT6knpouTduMXy6S ShHDpAh+gYeegMldE1qqAqougJvaBX9OY8O+/Oh/M5bl1wJjN7aArO1y9N+qAA</latexit>
Figure 4.2: Visualization of the CEGIS framework.
with the samples:
Cj : {c ∈ C|
∧
xi∈Xj
ψc(xi)} .
Set Cj over-approximates feasible solutions in C (Cj is a set of potential solutions). Cj is
defined by Xj and the procedure starts with X0 = ∅ (C0 = C). As depicted in Figure 4.2, in the jth
iteration starting from j = 1, the following steps are executed:
(1) findCandidate: The learner checks wether Cj−1 is empty
(a) If yes, CEGIS terminates, proving no solution exists,
(b) Otherwise, the learner returns a candidate cj ∈ Cj−1.
(2) verify: The verifier checks whether candidate cj yields a solution: (∀x ∈ X) ψcj (x)
(a) If yes, CEGIS terminates with c∗ = cj as a solution,
(b) Otherwise, the verifier returns a counterexample (witness) xj ∈ X s.t. ¬ψcj (xj).
(3) update add the new witness to the witnesses set:
Xj : Xj−1 ∪ {xj} (4.5)
Cj : Cj−1 ∩ {c ∈ C | ψc(xj)} . (4.6)
First, the learner checks whether a candidate solution exists. Since Cj over-approximates
feasible solution, Cj = ∅ implies that no solution exists. Otherwise, the verifier tests feasibility
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of a candidate solution. If no counterexample is found, the candidate is feasible. Otherwise, the
counterexample is added to the set of witnesses. We note that xj 6∈ Xj−1 since it is guaranteed for
all cj ∈ Cj−1, (∀xj ∈ Xj−1) ψcj (xj). Intuitively, set Xj has one more member (xj) that Xj−1 and
Cj ⊂ Cj−1. If X is a finite set, CEGIS terminates with two possible outcomes: Either (a) Cj = ∅
for some iteration j (no solution exists), or cj is a solution (no xj exists).
Remark 1 The initial set of witnesses X0 does not need to be empty, and it can be an arbitrary
finite set.
The CEGIS method is not directly applicable to our problem, and we need some adaptations.
Recall Eq. (3.1):
Vc(0) = 0 , (∀x 6= 0) (Vc(x) > 0 ∧ (∃u ∈ U) ∇Vc · f(x,u) < 0) . (4.7)
Let C0 : {c ∈ C| Vc(0) = 0}. We wish to solve (∃c ∈ C) (∀x 6= 0)ψc(x), where ψc(x) is
ψc(x) : Vc(x) > 0 ∧ (∃u ∈ U) ∇Vc · f(x,u) < 0 .
To implement the CEGIS framework, two main steps should be addressed: (a) Discovering
a cj ∈ Cj−1, and (b) Verifying whether candidate Vcj is a solution. For the learning step, we need
to solve the following formula for c ∈ C:
∧
xi∈Xj−1
(Vc(xi) > 0 ∧ (∃u ∈ U) ∇Vc · f(xi,u) < 0) . (4.8)
Also, in the verification step, we need to solve two formulae for x ∈ X:
(a) : x 6= 0 ∧ Vcj (x) ≤ 0 (4.9)
(b) : x 6= 0 ∧ (∃u ∈ U) ∇Vcj · f(x,u) ≥ 0 . (4.10)
However, these formulae are hard to solve mainly because of the quantifier over u. To make
CEGIS applicable to our problem we consider switched systems (i.e., we assume that the set U is fi-
nite). Theoretically, each U can be safely under-approximated with a finite set Uˆ and a solution for
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the switched system is also a solution for the original problem. This reduction is complete for cer-
tain systems/properties [112]. For now, we assume that U is finite. We will remove this restriction,
later in this chapter. Having a finite U , each formula mentioned above is a quantifier-free formula
as (∃u ∈ U) is replaced with ∨u∈U . More precisely, Eq. (4.8) is a Quantifier-Free formula in Linear
Real Arithmetic theory (QF-LRA), which can be solved with satisfiability modulo theories (SMT)
solvers such as Z3 [32] or mixed integer linear programming (MILP) solvers. Eqs. (4.9) and (4.10)
are quantifier-free formula as well. Solving these formulae is in general undecidable if the dynamics
(or basis functions) include trigonometric and exponential functions. However, δ-decision proce-
dures can solve these problems approximately under certain assumptions [42]. Assuming that the
dynamics and chosen bases are polynomials in x, Eqs. (4.9) and (4.10) are Quantifier Free formula
in Nonlinear Real Arithmetic theory (QF-NRA). Such problems are decidable with high complexity
(NP-hard) [15]. Exact approaches using semi-algebraic geometry [26] or branch-and-bound solvers
(e.g. dReal [43]) can tackle this problem precisely.
Numerical SMT Solvers such as dReal [43] are shown to be more efficient. However, they
use some numerical thresholds, which result in two issues. First, numerical SMT solvers need the
region of interest (here X \ {0}) to be bounded. Second, an output for a given formula is either
UNSAT (unsatisfiable) or δ-SAT, when the formula is satisfiable under some δ-perturbation [42]
(for δ > 0). These two issues prevent us from verifying a CLF because first, the CLF conditions
are defined over an unbounded open set (x 6= 0), and second, an SMT solver would return δ-SAT
for any CLF as infinite precision is needed around the origin. For these reasons, we consider other
control certificates (where the regions of interest are compact semi-algebraic sets) in the rest of this
section. We will deal with CLFs in the next section.
Recall that for other control certificates we use similar templates: Vc(x) =
∑r
i=1 cigi(x),
where gi(x) is a monomial in x. Then, assuming C0 : C, using learning a proper c is equivalent to
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solving (∃c ∈ C) (∀x ∈ X) ψc(x) where ψc(x) has the following general form (see Eq. (4.4)):
ψc(x) :

x ∈ R1 =⇒
∨
q∈Q
∧
s∈S
pc,1,q,s(x) < 0
...
x ∈ Rl =⇒
∨
q∈Q
∧
s∈S
pc,l,q,s(x) < 0 ,
(4.11)
wherein Ri is a basic semi-algebraic set, and pc,q,s,i is linear in c. Moreover, for all control certificates
except for CLFs, Ri is compact (for all i). At each iteration a candidate cj is generated s.t. ψcj (x)
holds for all x ∈ Xj−1:
∧
x∈Xj−1

x ∈ R1 =⇒
∨
q∈Q
∧
s∈S
pcj ,1,q,s(x) < 0
...
x ∈ Rl =⇒
∨
q∈Q
∧
s∈S
pcj ,l,q,s(x) < 0 .
(4.12)
This formula belongs to QF-LRA. Then, having a candidate cj , we solve l different verification
problems:
(1) : x ∈ R1 ∧
∧
q∈Q
∨
s∈S
pcj ,1,q,s(x) ≥ 0
...
(l) : x ∈ Rl ∧
∧
q∈Q
∨
s∈S
pcj ,l,q,s(x) ≥ 0 .
Now, we could use numerical SMT solvers to solve these problems because Ri is a compact set.
They can correctly conclude that the current candidate yields a valid control certificate. In case
one of the problems is δ-SAT, the witness may not be a witness to the original problem. Using the
spurious witness may cause the CEGIS procedure to potentially continue (needlessly) even when
a solution ci has been found. Even worse, a δ-SAT procedure may cause Cj−1 = Cj (because of a
spurious witness), i.e., CEGIS does not progress. We address this problem next.
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4.2.1 Termination
The termination of CEGIS is not guaranteed in a continuous domain, even if we use symbolic
SMT solvers to make sure the method progresses. We noted that termination is possible if a
solution of the desired form exists, or the hypothesis space is exhausted. However, neither situation
may happen, and the algorithm may run forever. We provide a strengthening of Eq. (4.12) that
guarantees termination:
∧
x∈Xj−1
ψc(x) :

x ∈ R1 =⇒
∨
q∈Q
∧
s∈S
pcj ,1,q,s(x) < −T
...
x ∈ Rl =⇒
∨
q∈Q
∧
s∈S
pcj ,l,q,s(x) < −T ,
(4.13)
wherein T > 0 is fixed and larger than the threshold used for the numerical SMT solver.
Let cj be a candidate examined at the j
th iteration of the CEGIS procedure modified to use
Eq. (4.13). Suppose Vcj fails to be a control certificate and we compute Cj . It is easily shown the
cj 6∈ Cj . Furthermore, by using (4.13), we obtain the following result that any candidate in a η-ball
around cj is also eliminated if C is compact.
Theorem 13 Given a compact C, if the CEGIS procedure were modified using Eq. (4.13) with a
given T > 0, then there exists a constant η > 0 such that at each iteration j, Bη(cj) ∩ Cj = ∅.
Proof Given a counterexample (xj) for Vcj , there is a k ∈ [1, . . . , l] s.t.
(k) : xj ∈ Rk ∧
∧
q∈Q
∨
s∈S
pcj ,k,q,s(xj) ≥ 0 ,
and for next iteration
Cj ⊆ Cj−1 ∩
c | ∨
q∈Q
∧
s∈S
pc,k,q,s(xj) < −T
 . (4.14)
Let p′(c) : minq∈Q maxs∈S pc,k,q,s(xj ,u). As p′ is continuous and piecewise differentiable. There-
fore, there is a Lipschitz constant Ap′ s.t.
(∀c1, c2 ∈ C) ||p′(c1)− p′(c2)|| ≤ Ap′ ||c1 − c2|| .
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Let η : TAp′
. Then
(∀c ∈ Bη(cj)) ||p′(c)− p′(cj)|| ≤ Ap′ ||c− cj || ≤ Ap′η = T
=⇒ p′(c) ≥ p′(cj)− T ≥ −T =⇒ c 6∈ Cj .

As a result, starting from a compact initial set C0 : C, we note that employing the stronger
rule (Eq. (4.13)) guarantees that at each step, an η-ball around the current solution is also removed.
Thus, either a control certificate is found, or the hypothesis space is empty within finitely many
iterations. If we exhaust the hypothesis space for a given value of T , it is possible to repeat the
search by halving T to alleviate the loss of possible solutions due to the strengthening of Eq. (4.12)
by Eq. (4.13).
4.2.2 Implementation Heuristics
A first cut application of the CEGIS approach, presented thus far, resulted in a prohibitively
large number of witnesses, failing on most of our benchmarks. Such a failure happens because
candidate control certificates returned by the SMT solvers are similar (parameters are close in term
of Euclidean distance). We discuss a heuristic for witnesses selection at each step, that leads to
successful implementation of the overall procedure.
Given a current candidate cj , we may split the search for a witness into l parts, for each
of which we find a witness that violates the corresponding condition. For the kth condition, we
search for a counterexample that produces the “most-egregious” violation of the constraint possible.
Therefore, we wish to maximize
min
q∈Q
max
s∈S
pcj ,k,q,s(x) .
However, many SMT solvers currently lack the ability to optimize. Therefore, we simply fix a
constant γ and search for xj satisfying
min
q∈Q
max
s∈S
pcj ,k,q,s(xj) > γ .
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A larger γ leads to a more “egregious” violation and a larger set of candidates ruled out in the
hypothesis space and it is less likely to find a candidate that is similar to the previously selected
candidate. The parameter γ itself is iteratively reduced to find a witness or conclude that no
witness exists when γ = 0. Another heuristic is to seed the process with an initial set of points X0,
which in our experiments improves the performance.
Equality Constraints: Recall the conditions for a parameterized control barrier function
Bc
(∀x ∈ I) Bc(x) < 0
(∀x ∈ ∂S) Bc(x) > 0
(∀x ∈ S \
◦
I) Bc(x) = 0 =⇒
∨
u∈U
∇Bc · f(x,u) < 0 .
The condition in Eq. (3.16) can be encoded into the CEGIS framework. However, the presence
of the equality B(x) = 0 poses practical problems. In particular, it requires to find a candidate Bc,
s.t. for all x ∈ X :
Bc(x) 6= 0 ∨
∧
u∈U
∇Bc · f(x,u) ≥ 0 .
Unfortunately, such an assertion is easy to satisfy (Bc(x) 6= 0 can easily be satisfied), resulting in
the procedure always exceeding the maximum number of iterations permitted. However, our ex-
periments suggest that the following relaxation (as discussed in Chapter 3) is particularly effective:
(∀x ∈ I) Bc(x) < 0
(∀x ∈ ∂S) Bc(x) > 0
(∀x ∈ S \
◦
I)
∨
u∈U
(
∇B · f(x,u)− λB(x) < 0 ∨∇B · f(x,u) + λB(x) < 0
)
.
The same argument applies to control funnel functions (see Eq. (3.24)).
4.2.3 An Illustrative Example
We consider a simple example and follow the CEGIS procedure step by step. The system of
interest has two continuous variables x and y and two modes u1 and u2 with the following vector
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Figure 4.3: Iterations of the CEGIS algorithm.
field:
u1

x˙ = −x+ y2
y˙ = 1
,u2

x˙ = −x− y2
y˙ = −1 .
We are interested in a reach-while-stay (RWS) property where S = [−0.5, 0.5]2, I : B0.2(0), and G :
B0.05(0). We use the following template for control Lyapunov-barrier function V : c1x2+c2xy+c1y2.
Notice that we assumed coefficients of x2 and y2 are equal so that the C becomes a 2D space
suitable for illustration. We use Eq. (4.13) by setting T = 1. Initial sets are C0 = [−10, 10]2,
X0 = {(z1, z2)|z1, z2 ∈ {−0.5, 0, 0.5}} \ {(0, 0)}.
The whole procedure is summarized in Figure 4.3. The candidate c1 = [10 0]
t is learned
in the first iteration. Vc1 fails to be a CLBF as a witness x1 = [0.115,−0.4989]t is found with
γ = 8. The figure shows that the flow at x1 locally violates the candidate Vc1 in each mode. In the
next iteration, by adding this counterexample to X , feasible parameter set gets smaller and then
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c2 = [10 − 4]t is learned. This fails once again with witness x2 = [0.024 − 0.5]t for γ = 2. For
the third iteration, the feasible region is further refined as shown in Figure 4.3 (top right). In this
iteration c3 = [9.92288424748 − 10]t is learned as a candidate and verified by the verifier. The
final CLBF is V (x) = 9.92288424748x2 − 10xy + 9.92288424748y2.
4.2.4 Completeness and Complexity
There are many sources of incompleteness: (i) The polynomial template on the control certifi-
cate; (ii) The use of T in Eq. (4.13); and finally (iii) the use of a δ-satisfiability solver for nonlinear
constraints. However, it is possible to reduce this incompleteness by making δ and T smaller and
using larger polynomial templates.
Regarding the complexity, solving linear arithmetic constraints and quantifier-free nonlinear
constraints are well-known to be NP-hard. Furthermore, while it is guaranteed that there will be
a finite number of iterations, this number can be prohibitively large. Though we provided some
heuristics to decrease the number of iterations, the worst case can be in the order of O(dr), where r
is the number of unknown coefficients in the template and d is a function of C0 and η in Theorem 13.
4.2.5 Handling Disturbances
Recall that modeling disturbances would result in additional quantifier alternations. More-
over, we address disturbances only for switched feedback systems. To find a robust control certifi-
cate, we need to extend Eq. (4.4) and solve a problem with the following structure:
(∃ c ∈ C) (∀ x ∈ X)

x ∈ R1 =⇒
∨
q∈Q
∧
s∈S(∀ d ∈ D) pc,1,q,s(x,d) < 0
x ∈ R2 =⇒
∨
q∈Q
∧
s∈S(∀ d ∈ D) pc,2,q,s(x,d) < 0
...
x ∈ Rl =⇒
∨
q∈Q
∧
s∈S(∀ d ∈ D) pc,l,q,s(x,d) < 0 .
First, we replace conjunction over s ∈ S (|S| = k′) by a quantifier over s′ ∈ S : {s′ | s′ ≥
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0 ∧ 1 · s′ = 1} s.t. ∧
s∈S
hs(x) < 0 ⇐⇒ (∀s′ ∈ S′) s′ · h(x) < 0 ,
where h is vector of function hs’s. Then, the formula is rewritten in a shorter form as
(∃ c ∈ C) (∀ x ∈ X)

x ∈ R1 =⇒
∨
q∈Q(∀ d′ ∈ D′) pc,1,q(x,d′) < 0
x ∈ R2 =⇒
∨
q∈Q(∀ d′ ∈ D′) pc,2,q(x,d′) < 0
...
x ∈ Rl =⇒
∨
q∈Q(∀ d′ ∈ D′) pc,l,q(x,d′) < 0 ,
for a quantifier over d′t : [s′t dt] ∈ D′ : S′ ×D.
A first solution consists of applying CEGIS for ∃∀ described previously. However, doing so
yields quantified constraints for the candidate and witness generation steps. Since our objective
was to avoid these quantified constraints in the first place, we modify the witness structure.
Our solution is conceptually simple: we will extend the witnesses structure. Rather than
witnesses which are simply states xi ∈ X, we will now allow witnesses that are of the form (xi, (Q 7→
D′)), i.e, a combination of a state xi ∈ X and a map from each disjunction to a disturbance vector.
Since Q is finite, this map is explicitly stored as (xi, (q1,d
′
q1), . . . , (qk,d
′
qk
)).
Witness Structure: A witness to the violation of a given robust control certificate candi-
date T (c) includes a state x ∈ X at which the violation happens along with for each disjunction q,
a disturbance witness d′q ∈ D′ that will violate the formula. With disturbances, each witness then
has the following structure:
yi :
(
xi, (q1,d
′(i)
q1 ), . . . , (qm,d
′(i)
qk
)
)
. (4.15)
With this witness structure, the overall CEGIS procedure now extends naturally.
Learning: Let Yj : {y1, . . . ,yj} be the set of witnesses at the jth iteration, starting from
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Y0 : ∅. The learner solves the formula:
(∃c ∈ C) ∧
∧
(xi,(q1,d
′(i)
q1
),...,(qk,d
′(i)
qk
))∈Yj−1

xi ∈ R1 =⇒
∨
q∈Q
pc,1,q(xi,d
′(i)
q ) < 0
xi ∈ R2 =⇒
∨
q∈Q
pc,2,q(xi,d
′(i)
q ) < 0
...
xi ∈ Rl =⇒
∨
q∈Q
pc,l,q(xi,d
′(i)
q ) < 0 .
(4.16)
We now use an SMT solver to find if the unquantified formula holds.
Verification: Once a candidate cj is generated we now evaluate if it yields a robust control
certificate. Since ψc itself is the conjunction of l > 0 conditions, its negation is a disjunction and
we can check each disjunct separately for satisfiability. Each disjunct has the following form:
x ∈ Ri ∧
∧
q∈Q
(∃ d′ ∈ D′) pcj ,i,q(x,d′) ≥ 0 .
We can remove the existential quantifier over d′ equivalently through k fresh set of variables
d′q1 , . . . ,d
′
qk
. The new disjunct is written:
x ∈ Ri ∧
∧
q∈Q
pcj ,i,q(x,d
′
q) ≥ 0 . (4.17)
If satisfiable, we obtain a witness (xj , (q1,d
′(j)
q1 ), . . . , (qk, d
′(j)
qk )). Otherwise, we conclude that cj
yields a valid robust control certificate.
4.3 Demonstration Guided Search
The CEGIS framework can be viewed as a framework in which a learner interacts with a
verifier oracle. A more general framework is Oracle-Guided Inductive Synthesis (OGIS) framework
wherein, a learner interacts with different input/output oracles [58]. As depicted in Figure 4.4, if
the only oracle is the verifier, then OGIS is equivalent to CEGIS. Here, in addition to a verifier
oracle, we wish to use a demonstrator oracle. The idea of learning from demonstrations has a long
history [7]. A demonstrator can, in fact, be a human operator [63, 64] or a complex model predictive
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<latexit sha1_base64="ZtggOFhhG dLIIzeHEazaLTK88zo=">AAACCHicbVBLSgNBFHzjN8Zf1KWbwSC4CjMiqCs FNy5cRDBGSEbp6bxJmvRn6O4Rw5ATeAHdqTdwJdl6Cy/gOewkLjRa8KCoeo9 6VJxyZmwQfHhT0zOzc/OFheLi0vLKamlt/dKoTFOsUcWVvoqJQc4k1iyzHK9 SjUTEHOtx92To129RG6bkhe2lGAnSlixhlFgnXTdFrO7yMyRaou7flMpBJRj B/0vCb1I+Gjw+PgFA9ab02WwpmgmUlnJiTCMMUhvlRFtGOfaLzcxgSmiXtLH hqCQCTZSPvu77205p+YnSbqT1R+rPi5wIY3oidpuC2I6Z9Ibif14js8lBlDO ZZhYlHQclGfet8ocV+C2mkVrec4RQzdyvPu0QTah1Rf1KEc5Xpl90xYSTNfw ltd3KYSU8D8rHezBGATZhC3YghH04hlOoQg0oaHiAZ3jx7r1X780bjFenvO+ bDfgF7/0L6BKd2Q==</latexit><latexit sha1_base64="tAjThpi6y ayKv+qabEzHRRu2sXc=">AAACCHicbVBLSgNBFOyJvxh/UZduBoPgKsyIoK4 MuHHhIoJjAkkMPZ03SZP+DN09YhhyAi+g7vQGriRbb+EFPIc9iQuTWPCgqHq PelQYM6qN5305uYXFpeWV/GphbX1jc6u4vXOrZaIIBEQyqeoh1sCogMBQw6A eK8A8ZFAL+xeZX7sHpakUN2YQQ4vjrqARJdhY6a7JQ/mQXgFWAtSwXSx5ZW8 Md574v6R0PnrO8FJtF7+bHUkSDsIQhrVu+F5sWilWhhIGw0Iz0RBj0sddaFg qMAfdSsdfD90Dq3TcSCo7wrhj9e9FirnWAx7aTY5NT896mfif10hMdNpKqYg TA4JMgqKEuUa6WQVuhyoghg0swURR+6tLelhhYmxRUync+lIPC7YYf7aGeRI clc/K/rVXqhyjCfJoD+2jQ+SjE1RBl6iKAkSQQk/oFb05j8678+GMJqs55/d mF03B+fwBZv2fng==</latexit><latexit sha1_base64="tAjThpi6y ayKv+qabEzHRRu2sXc=">AAACCHicbVBLSgNBFOyJvxh/UZduBoPgKsyIoK4 MuHHhIoJjAkkMPZ03SZP+DN09YhhyAi+g7vQGriRbb+EFPIc9iQuTWPCgqHq PelQYM6qN5305uYXFpeWV/GphbX1jc6u4vXOrZaIIBEQyqeoh1sCogMBQw6A eK8A8ZFAL+xeZX7sHpakUN2YQQ4vjrqARJdhY6a7JQ/mQXgFWAtSwXSx5ZW8 Md574v6R0PnrO8FJtF7+bHUkSDsIQhrVu+F5sWilWhhIGw0Iz0RBj0sddaFg qMAfdSsdfD90Dq3TcSCo7wrhj9e9FirnWAx7aTY5NT896mfif10hMdNpKqYg TA4JMgqKEuUa6WQVuhyoghg0swURR+6tLelhhYmxRUync+lIPC7YYf7aGeRI clc/K/rVXqhyjCfJoD+2jQ+SjE1RBl6iKAkSQQk/oFb05j8678+GMJqs55/d mF03B+fwBZv2fng==</latexit><latexit sha1_base64="bxGWcPpne UHqoB4JqualBeVADHI=">AAACCHicbVDLSsNAFJ34rPVVdekmWARXJRFB3RX cuHBRwdhCG8tketMOnUeYmYgl5Av8Abf6B67ErX/hD/gdTtssbOuBC4dz7uV cTpQwqo3nfTtLyyura+uljfLm1vbObmVv/17LVBEIiGRStSKsgVEBgaGGQSt RgHnEoBkNr8Z+8xGUplLcmVECIcd9QWNKsLHSQ4dH8im7AawEqLxbqXo1bwJ 3kfgFqaICjW7lp9OTJOUgDGFY67bvJSbMsDKUMMjLnVRDgskQ96FtqcAcdJh Nvs7dY6v03FgqO8K4E/XvRYa51iMe2U2OzUDPe2PxP6+dmvgizKhIUgOCTIP ilLlGuuMK3B5VQAwbWYKJovZXlwywwsTYomZSuPWlzsu2GH++hkUSnNYua/6 tV62fFQ2V0CE6QifIR+eojq5RAwWIIIVe0Ct6c56dd+fD+ZyuLjnFzQGagfP 1C+52mw8=</latexit>
Oracle
<latexit sha1_base64="G0YDnvapA zrKBzCnzl0X8HsgAWs=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIR1JU FN+6sYGyhDWUynbRDZzJxZiKW0B/wB6S7+geuRJd+hj/gdzhpu7CtBy4czrk vThAzqrTjfFu5peWV1bX8emFjc2t7p7i7d69EIjHxsGBC1gOkCKMR8TTVjNR jSRAPGKkFvavMrz0SqaiI7nQ/Jj5HnYiGFCNtJL/JA/GU3kiEGRm0iiWn7Ix hLxJ3SkqXn8PhCACqreJPsy1wwkmkMUNKNVwn1n6KpKbZvkIzUSRGuIc6pGF ohDhRfjp+emAfGaVth0KairQ9Vv9OpIgr1eeB6eRId9W8l4n/eY1Eh+d+SqM 40STCk0Nhwmwt7CwBu00lwZr1DUFYUvOrjbvIRKBNTjNXuPGFGhRMMO58DIv EOylflN1bp1Q5hQnycACHcAwunEEFrqEKHmB4gBcYwav1bL1Z79bHpDVnTWf 2YQbW1y8G+p1c</latexit><latexit sha1_base64="ImnfAJcDi D967I0yNG42gp9NZco=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclRkR1JU FN+6s4NhCO5RMmrahyWRMMmIZ+gP+gOhK/8CV6NLP8Af8DjNtF7b1wIXDOff FCWPOtHHdb2dufmFxaTm3kl9dW9/YLGxt32iZKEJ9IrlUtRBryllEfcMMp7V YUSxCTqth7zzzq3dUaSaja9OPaSBwJ2JtRrCxUtAQobxPLxUmnA6ahaJbcod As8Qbk+LZ51OG50qz8NNoSZIIGhnCsdZ1z41NkGJlWLYv30g0jTHp4Q6tWxp hQXWQDp8eoH2rtFBbKluRQUP170SKhdZ9EdpOgU1XT3uZ+J9XT0z7JEhZFCe GRmR0qJ1wZCTKEkAtpigxvG8JJorZXxHpYhuBsTlNXBHWl3qQt8F40zHMEv+ wdFryrtxi+QhGyMEu7MEBeHAMZbiACvhA4BYe4QVenQfnzXl3Pkatc854Zgc m4Hz9AoXWnyE=</latexit><latexit sha1_base64="ImnfAJcDi D967I0yNG42gp9NZco=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclRkR1JU FN+6s4NhCO5RMmrahyWRMMmIZ+gP+gOhK/8CV6NLP8Af8DjNtF7b1wIXDOff FCWPOtHHdb2dufmFxaTm3kl9dW9/YLGxt32iZKEJ9IrlUtRBryllEfcMMp7V YUSxCTqth7zzzq3dUaSaja9OPaSBwJ2JtRrCxUtAQobxPLxUmnA6ahaJbcod As8Qbk+LZ51OG50qz8NNoSZIIGhnCsdZ1z41NkGJlWLYv30g0jTHp4Q6tWxp hQXWQDp8eoH2rtFBbKluRQUP170SKhdZ9EdpOgU1XT3uZ+J9XT0z7JEhZFCe GRmR0qJ1wZCTKEkAtpigxvG8JJorZXxHpYhuBsTlNXBHWl3qQt8F40zHMEv+ wdFryrtxi+QhGyMEu7MEBeHAMZbiACvhA4BYe4QVenQfnzXl3Pkatc854Zgc m4Hz9AoXWnyE=</latexit><latexit sha1_base64="Ytf/bIzTz jYbOXUmfMWH9xh9ASM=">AAACB3icbZDNSgMxFIXv+FvrX9Wlm2ARXJUZEdR dwY07Kzi20A4lk2ba0GQyJhmxDH0BX8CtvoErcetj+AI+h5l2Frb1QuBwzr2 5ly9MONPGdb+dpeWV1bX10kZ5c2t7Z7eyt3+vZaoI9YnkUrVCrClnMfUNM5y 2EkWxCDlthsOrPG8+UqWZjO/MKKGBwP2YRYxgY62gI0L5lN0oTDgddytVt+Z OCi0KrxBVKKrRrfx0epKkgsaGcKx123MTE2RYGZb/V+6kmiaYDHGftq2MsaA 6yCZHj9GxdXooksq+2KCJ+3ciw0LrkQhtp8BmoOez3Pwva6cmuggyFiepoTG ZLopSjoxEOQHUY4oSw0dWYKKYvRWRAbYIjOU0s0XYXOpx2YLx5jEsCv+0dln zbt1q/awgVIJDOIIT8OAc6nANDfCBwAO8wCu8Oc/Ou/PhfE5bl5xi5gBmyvn 6BQ1empI=</latexit>
(Verifier)
<latexit sha1_base64="tmUt8D01l TyXNPleaWpzbNBw/vU=">AAACDXicbVDLSsNAFL2p7/pK1Z2boAh1UxIR1J3 gxmUFU4W21Mn0ph06kwkzE7WE/IM/4Fb/wJW49Rv8Ab/DaetCrQcuHM65l3M 5UcqZNr7/4ZRmZufmFxaXyssrq2vrbmWjoWWmKIZUcqmuI6KRswRDwwzH61Q hERHHq2hwNvKvblFpJpNLM0yxLUgvYTGjxFip41ZaIpL3ebWByqqo9ouOu+v X/DG8aRJ8k93TrTi+AYB6x/1sdSXNBCaGcqJ1M/BT086JMoxyLMqtTGNK6ID 0sGlpQgTqdj5+vfD2rNL1YqnsJMYbqz8vciK0HorIbgpi+vqvNxL/85qZiY/ bOUvSzGBCJ0Fxxj0jvVEPXpcppIYPLSFUMfurR/tEEWpsW79ShPWlLsq2mOB vDdMkPKid1IILW9AhTLAI27ADVQjgCE7hHOoQAoU7eIQneHYenBfn1XmbrJa c75tN+AXn/QtC9p2i</latexit><latexit sha1_base64="UKwGHCCVS LCJFf9MFVXbtNg9P4M=">AAACDXicbVDLSsNAFJ3UV62vVN25CRahbkoigro ruHFZwbRCW8pketMOncmEmYlaQv7BH3Crf+BK3PoN/oDf4TTtwrYeuHA4517 O5QQxo0q77rdVWFldW98obpa2tnd29+zyflOJRBLwiWBC3gdYAaMR+JpqBve xBMwDBq1gdD3xWw8gFRXRnR7H0OV4ENGQEqyN1LPLHR6Ip7TaBGlUkKdZz66 4NTeHs0y8GanUD8McjZ790+kLknCINGFYqbbnxrqbYqkpYZCVOomCGJMRHkD b0AhzUN00fz1zTozSd0IhzUTaydW/FynmSo15YDY51kO16E3E/7x2osPLbkq jONEQkWlQmDBHC2fSg9OnEohmY0MwkdT86pAhlpho09ZcCje+UFnJFOMt1rB M/LPaVc27NQWdoymK6Agdoyry0AWqoxvUQD4i6BG9oFf0Zj1b79aH9TldLVi zmwM0B+vrF/sJnto=</latexit><latexit sha1_base64="UKwGHCCVS LCJFf9MFVXbtNg9P4M=">AAACDXicbVDLSsNAFJ3UV62vVN25CRahbkoigro ruHFZwbRCW8pketMOncmEmYlaQv7BH3Crf+BK3PoN/oDf4TTtwrYeuHA4517 O5QQxo0q77rdVWFldW98obpa2tnd29+zyflOJRBLwiWBC3gdYAaMR+JpqBve xBMwDBq1gdD3xWw8gFRXRnR7H0OV4ENGQEqyN1LPLHR6Ip7TaBGlUkKdZz66 4NTeHs0y8GanUD8McjZ790+kLknCINGFYqbbnxrqbYqkpYZCVOomCGJMRHkD b0AhzUN00fz1zTozSd0IhzUTaydW/FynmSo15YDY51kO16E3E/7x2osPLbkq jONEQkWlQmDBHC2fSg9OnEohmY0MwkdT86pAhlpho09ZcCje+UFnJFOMt1rB M/LPaVc27NQWdoymK6Agdoyry0AWqoxvUQD4i6BG9oFf0Zj1b79aH9TldLVi zmwM0B+vrF/sJnto=</latexit><latexit sha1_base64="lw+yMLHck l1QxKXhDjmwAvuh26c=">AAACDXicbVDLSsNAFJ3UV62vVJdugkWom5KIoO4 KblxWMG2hDWUyvWmHzmTCzEQtof/gD7jVP3Albv0Gf8DvcNpmYVsPXDiccy/ ncsKEUaVd99sqrK1vbG4Vt0s7u3v7B3b5sKlEKgn4RDAh2yFWwGgMvqaaQTu RgHnIoBWObqZ+6wGkoiK+1+MEAo4HMY0owdpIPbvc5aF4yqpNkEYFeTbp2RW 35s7grBIvJxWUo9Gzf7p9QVIOsSYMK9Xx3EQHGZaaEgaTUjdVkGAywgPoGBp jDirIZq9PnFOj9J1ISDOxdmbq34sMc6XGPDSbHOuhWvam4n9eJ9XRVZDROEk 1xGQeFKXM0cKZ9uD0qQSi2dgQTCQ1vzpkiCUm2rS1kMKNL9SkZIrxlmtYJf5 57brm3bmV+kXeUBEdoxNURR66RHV0ixrIRwQ9ohf0it6sZ+vd+rA+56sFK78 5Qguwvn4BH+qcIg==</latexit>
Learner
<latexit sha1_base64="ZtggOFhhGdLIIzeHEazaLTK88zo=">AAACCHicb VBLSgNBFHzjN8Zf1KWbwSC4CjMiqCsFNy5cRDBGSEbp6bxJmvRn6O4Rw5ATeAHdqTdwJdl6Cy/gOewkLjRa8KCoeo96VJxyZmwQfHhT0zOzc/OFheLi0vLKa mlt/dKoTFOsUcWVvoqJQc4k1iyzHK9SjUTEHOtx92To129RG6bkhe2lGAnSlixhlFgnXTdFrO7yMyRaou7flMpBJRjB/0vCb1I+Gjw+PgFA9ab02WwpmgmUl nJiTCMMUhvlRFtGOfaLzcxgSmiXtLHhqCQCTZSPvu77205p+YnSbqT1R+rPi5wIY3oidpuC2I6Z9Ibif14js8lBlDOZZhYlHQclGfet8ocV+C2mkVrec4RQz dyvPu0QTah1Rf1KEc5Xpl90xYSTNfwltd3KYSU8D8rHezBGATZhC3YghH04hlOoQg0oaHiAZ3jx7r1X780bjFenvO+bDfgF7/0L6BKd2Q==</latexit><latexit sha1_base64="tAjThpi6yayKv+qabEzHRRu2sXc=">AAACCHicb VBLSgNBFOyJvxh/UZduBoPgKsyIoK4MuHHhIoJjAkkMPZ03SZP+DN09YhhyAi+g7vQGriRbb+EFPIc9iQuTWPCgqHqPelQYM6qN5305uYXFpeWV/GphbX1jc 6u4vXOrZaIIBEQyqeoh1sCogMBQw6AeK8A8ZFAL+xeZX7sHpakUN2YQQ4vjrqARJdhY6a7JQ/mQXgFWAtSwXSx5ZW8Md574v6R0PnrO8FJtF7+bHUkSDsIQh rVu+F5sWilWhhIGw0Iz0RBj0sddaFgqMAfdSsdfD90Dq3TcSCo7wrhj9e9FirnWAx7aTY5NT896mfif10hMdNpKqYgTA4JMgqKEuUa6WQVuhyoghg0swURR+ 6tLelhhYmxRUync+lIPC7YYf7aGeRIclc/K/rVXqhyjCfJoD+2jQ+SjE1RBl6iKAkSQQk/oFb05j8678+GMJqs55/dmF03B+fwBZv2fng==</latexit><latexit sha1_base64="tAjThpi6yayKv+qabEzHRRu2sXc=">AAACCHicb VBLSgNBFOyJvxh/UZduBoPgKsyIoK4MuHHhIoJjAkkMPZ03SZP+DN09YhhyAi+g7vQGriRbb+EFPIc9iQuTWPCgqHqPelQYM6qN5305uYXFpeWV/GphbX1jc 6u4vXOrZaIIBEQyqeoh1sCogMBQw6AeK8A8ZFAL+xeZX7sHpakUN2YQQ4vjrqARJdhY6a7JQ/mQXgFWAtSwXSx5ZW8Md574v6R0PnrO8FJtF7+bHUkSDsIQh rVu+F5sWilWhhIGw0Iz0RBj0sddaFgqMAfdSsdfD90Dq3TcSCo7wrhj9e9FirnWAx7aTY5NT896mfif10hMdNpKqYgTA4JMgqKEuUa6WQVuhyoghg0swURR+ 6tLelhhYmxRUync+lIPC7YYf7aGeRIclc/K/rVXqhyjCfJoD+2jQ+SjE1RBl6iKAkSQQk/oFb05j8678+GMJqs55/dmF03B+fwBZv2fng==</latexit><latexit sha1_base64="bxGWcPpneUHqoB4JqualBeVADHI=">AAACCHicb VDLSsNAFJ34rPVVdekmWARXJRFB3RXcuHBRwdhCG8tketMOnUeYmYgl5Av8Abf6B67ErX/hD/gdTtssbOuBC4dz7uVcTpQwqo3nfTtLyyura+uljfLm1vbOb mVv/17LVBEIiGRStSKsgVEBgaGGQStRgHnEoBkNr8Z+8xGUplLcmVECIcd9QWNKsLHSQ4dH8im7AawEqLxbqXo1bwJ3kfgFqaICjW7lp9OTJOUgDGFY67bvJ SbMsDKUMMjLnVRDgskQ96FtqcAcdJhNvs7dY6v03FgqO8K4E/XvRYa51iMe2U2OzUDPe2PxP6+dmvgizKhIUgOCTIPilLlGuuMK3B5VQAwbWYKJovZXlwyww sTYomZSuPWlzsu2GH++hkUSnNYua/6tV62fFQ2V0CE6QifIR+eojq5RAwWIIIVe0Ct6c56dd+fD+ZyuLjnFzQGagfP1C+52mw8=</latexit>
Oracle 1
<latexit sha1_base64="WwayEiEG/3lCDWzQLxkeUQ8m+OY=">AAACC3icb VC7SgNBFL0bXzE+ErW0GQyCVdgVQa0M2NgZwZhAEsLsZDYZMrOzzMyKYdlfsA82FvoHNoqtH+EP+B1OHoVJPHDhcM59cfyIM21c99vJLC2vrK5l13Mbm1vb+ cLO7p2WsSK0SiSXqu5jTTkLadUww2k9UhQLn9Oa378c+bV7qjST4a0ZRLQlcDdkASPYWKldyDeFLx+Sa4UJp8hL24WiW3LHQIvEm5Lixftw+AwAlXbhp9mRJ BY0NIRjrRueG5lWgpVhdmOaa8aaRpj0cZc2LA2xoLqVjB9P0aFVOiiQylZo0Fj9O5FgofVA+LZTYNPT895I/M9rxCY4ayUsjGJDQzI5FMQcGYlGKaAOU5QYP rAEE8Xsr4j0sA3B2KxmrgjrS53mbDDefAyLpHpcOi95N26xfAITZGEfDuAIPDiFMlxBBapAIIYneIFX59F5cz6cz0lrxpnO7MEMnK9fVimd8g==</latexit ><latexit sha1_base64="CgpkhhVHU0nZIUaccvAq2BsAwVI=">AAACC3icb VDLSsNAFJ34rPXRqEs3g0VwVRIR1JUFN+6sYGyhLWUynbRD5xFmJmIJ+QX36lb/wI3i1o/wB/wOJ20XtvXAhcM598UJY0a18bxvZ2FxaXlltbBWXN/Y3Cq52 zu3WiYKkwBLJlUjRJowKkhgqGGkESuCeMhIPRxc5H79jihNpbgxw5i0OeoJGlGMjJU6bqnFQ3mfXimEGYF+1nHLXsUbAc4Tf0LK5++POZ5qHfen1ZU44UQYz JDWTd+LTTtFylC7MSu2Ek1ihAeoR5qWCsSJbqejxzN4YJUujKSyJQwcqX8nUsS1HvLQdnJk+nrWy8X/vGZiotN2SkWcGCLw+FCUMGgkzFOAXaoINmxoCcKK2 l8h7iMbgrFZTV3h1pc6K9pg/NkY5klwVDmr+NdeuXoMxiiAPbAPDoEPTkAVXIIaCAAGCXgGL+DVeXDenA/nc9y64ExmdsEUnK9f1QWftw==</latexit><latexit sha1_base64="CgpkhhVHU0nZIUaccvAq2BsAwVI=">AAACC3icb VDLSsNAFJ34rPXRqEs3g0VwVRIR1JUFN+6sYGyhLWUynbRD5xFmJmIJ+QX36lb/wI3i1o/wB/wOJ20XtvXAhcM598UJY0a18bxvZ2FxaXlltbBWXN/Y3Cq52 zu3WiYKkwBLJlUjRJowKkhgqGGkESuCeMhIPRxc5H79jihNpbgxw5i0OeoJGlGMjJU6bqnFQ3mfXimEGYF+1nHLXsUbAc4Tf0LK5++POZ5qHfen1ZU44UQYz JDWTd+LTTtFylC7MSu2Ek1ihAeoR5qWCsSJbqejxzN4YJUujKSyJQwcqX8nUsS1HvLQdnJk+nrWy8X/vGZiotN2SkWcGCLw+FCUMGgkzFOAXaoINmxoCcKK2 l8h7iMbgrFZTV3h1pc6K9pg/NkY5klwVDmr+NdeuXoMxiiAPbAPDoEPTkAVXIIaCAAGCXgGL+DVeXDenA/nc9y64ExmdsEUnK9f1QWftw==</latexit><latexit sha1_base64="EKxY+saTouAJR26ce8UtOrQnslA=">AAACC3icb ZDNSgMxFIXv1L9afzrq0k2wCK7KjAjqruDGnRUcK7RDyaSZNjSZDElGLENfwRdwq2/gStz6EL6Az2HazsK2Xggczrk39/JFKWfaeN63U1pZXVvfKG9WtrZ3d qvu3v69lpkiNCCSS/UQYU05S2hgmOH0IVUUi4jTVjS8muStR6o0k8mdGaU0FLifsJgRbKzVdasdEcmn/EZhwinyx1235tW9aaFl4ReiBkU1u+5PpydJJmhiC Mdat30vNWGOlWH2x3Glk2maYjLEfdq2MsGC6jCfHj5Gx9bpoVgq+xKDpu7fiRwLrUcisp0Cm4FezCbmf1k7M/FFmLMkzQxNyGxRnHFkJJpQQD2mKDF8ZAUmi tlbERlgC8FYVnNbhM2lHlcsGH8Rw7IITuuXdf/WqzXOCkJlOIQjOAEfzqEB19CEAAhk8AKv8OY8O+/Oh/M5ay05xcwBzJXz9QtcjZso</latexit>
Oracle 2
<latexit sha1_base64="HO6xm2jhyp0iL5DltuNFSEnD8Mk=">AAACC3icb VC7SgNBFL3rM8ZHVi1tBoNgFXaDoFYGbOyMYEwgCWF2MkmGzOwsM7NiWPYX7IONhf6BjWLrR/gDfoeTR2ESD1w4nHNfnCDiTBvP+3aWlldW19YzG9nNre2dn Lu7d6dlrAitEMmlqgVYU85CWjHMcFqLFMUi4LQa9C9HfvWeKs1keGsGEW0K3A1ZhxFsrNRycw0RyIfkWmHCKSqmLTfvFbwx0CLxpyR/8T4cPgNAueX+NNqSx IKGhnCsdd33ItNMsDLMbkyzjVjTCJM+7tK6pSEWVDeT8eMpOrJKG3WkshUaNFb/TiRYaD0Qge0U2PT0vDcS//PqsemcNRMWRrGhIZkc6sQcGYlGKaA2U5QYP rAEE8Xsr4j0sA3B2KxmrgjrS51mbTD+fAyLpFIsnBf8Gy9fOoEJMnAAh3AMPpxCCa6gDBUgEMMTvMCr8+i8OR/O56R1yZnO7MMMnK9fV8Gd8w==</latexit ><latexit sha1_base64="fZ61g4bwFKuSBIP3SW9GCpcmwhg=">AAACC3icb VDLSsNAFJ3UV62PRl26GSyCq5IUQV1ZcOPOCsYW2lAm00k7dCYTZiZiCfkF9+pW/8CN4taP8Af8DidtF7b1wIXDOffFCWJGlXacb6uwtLyyulZcL21sbm2X7 Z3dWyUSiYmHBROyFSBFGI2Ip6lmpBVLgnjASDMYXuR+845IRUV0o0cx8TnqRzSkGGkjde1yhwfiPr2SCDMCa1nXrjhVZwy4SNwpqZy/P+Z4anTtn05P4ISTS GOGlGq7Tqz9FElNzcas1EkUiREeoj5pGxohTpSfjh/P4KFRejAU0lSk4Vj9O5EirtSIB6aTIz1Q814u/ue1Ex2e+imN4kSTCE8OhQmDWsA8BdijkmDNRoYgL Kn5FeIBMiFok9XMFW58obKSCcadj2GReLXqWdW9dir1YzBBEeyDA3AEXHAC6uASNIAHMEjAM3gBr9aD9WZ9WJ+T1oI1ndkDM7C+fgHWnZ+4</latexit><latexit sha1_base64="fZ61g4bwFKuSBIP3SW9GCpcmwhg=">AAACC3icb VDLSsNAFJ3UV62PRl26GSyCq5IUQV1ZcOPOCsYW2lAm00k7dCYTZiZiCfkF9+pW/8CN4taP8Af8DidtF7b1wIXDOffFCWJGlXacb6uwtLyyulZcL21sbm2X7 Z3dWyUSiYmHBROyFSBFGI2Ip6lmpBVLgnjASDMYXuR+845IRUV0o0cx8TnqRzSkGGkjde1yhwfiPr2SCDMCa1nXrjhVZwy4SNwpqZy/P+Z4anTtn05P4ISTS GOGlGq7Tqz9FElNzcas1EkUiREeoj5pGxohTpSfjh/P4KFRejAU0lSk4Vj9O5EirtSIB6aTIz1Q814u/ue1Ex2e+imN4kSTCE8OhQmDWsA8BdijkmDNRoYgL Kn5FeIBMiFok9XMFW58obKSCcadj2GReLXqWdW9dir1YzBBEeyDA3AEXHAC6uASNIAHMEjAM3gBr9aD9WZ9WJ+T1oI1ndkDM7C+fgHWnZ+4</latexit><latexit sha1_base64="z5q6x0XzjfgHBWNJqdFnFhfQJIE=">AAACC3icb ZDLSsNAFIYn9VbrpVGXbgaL4KokRVB3BTfurGBsoQ1lMp20Q+cSZiZiCXkFX8CtvoErcetD+AI+h9M2C9t6YODn/8+Zc/iihFFtPO/bKa2tb2xulbcrO7t7+ 1X34PBBy1RhEmDJpOpESBNGBQkMNYx0EkUQjxhpR+Prad5+JEpTKe7NJCEhR0NBY4qRsVbfrfZ4JJ+yW4UwI7CR992aV/dmBVeFX4gaKKrVd396A4lTToTBD Gnd9b3EhBlShtof80ov1SRBeIyGpGulQJzoMJsdnsNT6wxgLJV9wsCZ+3ciQ1zrCY9sJ0dmpJezqflf1k1NfBlmVCSpIQLPF8Upg0bCKQU4oIpgwyZWIKyov RXiEbIQjGW1sIXbXOq8YsH4yxhWRdCoX9X9O6/WPC8IlcExOAFnwAcXoAluQAsEAIMUvIBX8OY8O+/Oh/M5by05xcwRWCjn6xdeJZsp</latexit>
Oracle k
<latexit sha1_base64="DeHAj6KVHT830z/AD/45DXcHUsA=">AAACC3icb VC7SgNBFL0bXzE+ErW0GQyCVdgVQa0M2NgZwZhAEsLsZDYZMrOzzMyKYdlfsA82FvoHNoqtH+EP+B1OHoVJPHDhcM59cfyIM21c99vJLC2vrK5l13Mbm1vb+ cLO7p2WsSK0SiSXqu5jTTkLadUww2k9UhQLn9Oa378c+bV7qjST4a0ZRLQlcDdkASPYWKldyDeFLx+Sa4UJp6iftgtFt+SOgRaJNyXFi/fh8BkAKu3CT7MjS SxoaAjHWjc8NzKtBCvD7MY014w1jTDp4y5tWBpiQXUrGT+eokOrdFAgla3QoLH6dyLBQuuB8G2nwKan572R+J/XiE1w1kpYGMWGhmRyKIg5MhKNUkAdpigxf GAJJorZXxHpYRuCsVnNXBHWlzrN2WC8+RgWSfW4dF7ybtxi+QQmyMI+HMAReHAKZbiCClSBQAxP8AKvzqPz5nw4n5PWjDOd2YMZOF+/spmeLA==</latexit ><latexit sha1_base64="gPLAmjmB3n2p01sErtGG2dr4D4g=">AAACC3icb VDLSsNAFJ34rPXRqEs3g0VwVRIR1JUFN+6sYGyhLWUynbRD5xFmJmIJ+QX36lb/wI3i1o/wB/wOJ20XtvXAhcM598UJY0a18bxvZ2FxaXlltbBWXN/Y3Cq52 zu3WiYKkwBLJlUjRJowKkhgqGGkESuCeMhIPRxc5H79jihNpbgxw5i0OeoJGlGMjJU6bqnFQ3mfXimEGYGDrOOWvYo3Apwn/oSUz98fczzVOu5Pqytxwokwm CGtm74Xm3aKlKF2Y1ZsJZrECA9QjzQtFYgT3U5Hj2fwwCpdGEllSxg4Uv9OpIhrPeSh7eTI9PWsl4v/ec3ERKftlIo4MUTg8aEoYdBImKcAu1QRbNjQEoQVt b9C3Ec2BGOzmrrCrS91VrTB+LMxzJPgqHJW8a+9cvUYjFEAe2AfHAIfnIAquAQ1EAAMEvAMXsCr8+C8OR/O57h1wZnM7IIpOF+/MYSf8Q==</latexit><latexit sha1_base64="gPLAmjmB3n2p01sErtGG2dr4D4g=">AAACC3icb VDLSsNAFJ34rPXRqEs3g0VwVRIR1JUFN+6sYGyhLWUynbRD5xFmJmIJ+QX36lb/wI3i1o/wB/wOJ20XtvXAhcM598UJY0a18bxvZ2FxaXlltbBWXN/Y3Cq52 zu3WiYKkwBLJlUjRJowKkhgqGGkESuCeMhIPRxc5H79jihNpbgxw5i0OeoJGlGMjJU6bqnFQ3mfXimEGYGDrOOWvYo3Apwn/oSUz98fczzVOu5Pqytxwokwm CGtm74Xm3aKlKF2Y1ZsJZrECA9QjzQtFYgT3U5Hj2fwwCpdGEllSxg4Uv9OpIhrPeSh7eTI9PWsl4v/ec3ERKftlIo4MUTg8aEoYdBImKcAu1QRbNjQEoQVt b9C3Ec2BGOzmrrCrS91VrTB+LMxzJPgqHJW8a+9cvUYjFEAe2AfHAIfnIAquAQ1EAAMEvAMXsCr8+C8OR/O57h1wZnM7IIpOF+/MYSf8Q==</latexit><latexit sha1_base64="KYFSbSkF12X/ZBawmSIfKUfzfDA=">AAACC3icb ZDNSgMxFIXv1L9afzrq0k2wCK7KjAjqruDGnRUcK7RDyaSZNjSZDElGLENfwRdwq2/gStz6EL6Az2HazsK2Xggczrk39/JFKWfaeN63U1pZXVvfKG9WtrZ3d qvu3v69lpkiNCCSS/UQYU05S2hgmOH0IVUUi4jTVjS8muStR6o0k8mdGaU0FLifsJgRbKzVdasdEcmn/EZhwikajrtuzat700LLwi9EDYpqdt2fTk+STNDEE I61bvteasIcK8Psj+NKJ9M0xWSI+7RtZYIF1WE+PXyMjq3TQ7FU9iUGTd2/EzkWWo9EZDsFNgO9mE3M/7J2ZuKLMGdJmhmakNmiOOPISDShgHpMUWL4yApMF LO3IjLAFoKxrOa2CJtLPa5YMP4ihmURnNYv6/6tV2ucFYTKcAhHcAI+nEMDrqEJARDI4AVe4c15dt6dD+dz1lpyipkDmCvn6xe4/Zti</latexit>
Query
<latexit sha1_base64="CFP3t9vZ+ BPETOwaUzhoYLjnadg=">AAAB/3icbVDLSgNBEOyNrxgfiXr0MhgET2FXBPV kwIvHBFwTSJYwO5lNhszOLDOzwrLk4g941T/wJF79FH9A8C+cPA4msaChqOq muytMONPGdb+cwtr6xuZWcbu0s7u3X64cHD5omSpCfSK5VO0Qa8qZoL5hhtN 2oiiOQ05b4eh24rceqdJMinuTJTSI8UCwiBFsrOQ3U6qyXqXq1twp0Crx5qR aL//cIABo9Crf3b4kaUyFIRxr3fHcxAQ5VoYRTselbqppgskID2jHUoFjqoN 8euwYnVqljyKpbAmDpurfiRzHWmdxaDtjbIZ62ZuI/3md1ERXQc5EkhoqyGx RlHJkJJp8jvpMUWJ4ZgkmitlbERlihYmx+Sxsia0v9bhkg/GWY1gl/nntuuY 1bUAXMEMRjuEEzsCDS6jDHTTABwIMnuEFXp0n5815dz5mrQVnPnMEC3A+fwH SopiP</latexit><latexit sha1_base64="iKgEWfo9H +GLc9y/967aGnz4eLI=">AAAB/3icbVDLSsNAFJ34rPHRqks3g0XQTUlEUFc WRHDZgrGFNpTJdNIOnUeYmQghdOMPuNU/cCVuxS/xBwT/wuljYVsPXDiccy/ 33hMljGrjeV/O0vLK6tp6YcPd3NreKZZ29+61TBUmAZZMqmaENGFUkMBQw0g zUQTxiJFGNLge+Y0HojSV4s5kCQk56gkaU4yMlYJ6SlTWKZW9ijcGXCT+lJS rxZ+rE/fzptYpfbe7EqecCIMZ0rrle4kJc6QMxYwM3XaqSYLwAPVIy1KBONF hPj52CI+s0oWxVLaEgWP170SOuNYZj2wnR6av572R+J/XSk18EeZUJKkhAk8 WxSmDRsLR57BLFcGGZZYgrKi9FeI+Uggbm8/MFm59qYeuDcafj2GRBKeVy4p ftwGdgQkK4AAcgmPgg3NQBbegBgKAAQVP4Bm8OI/Oq/PmvE9al5zpzD6YgfP xC1ZimaI=</latexit><latexit sha1_base64="iKgEWfo9H +GLc9y/967aGnz4eLI=">AAAB/3icbVDLSsNAFJ34rPHRqks3g0XQTUlEUFc WRHDZgrGFNpTJdNIOnUeYmQghdOMPuNU/cCVuxS/xBwT/wuljYVsPXDiccy/ 33hMljGrjeV/O0vLK6tp6YcPd3NreKZZ29+61TBUmAZZMqmaENGFUkMBQw0g zUQTxiJFGNLge+Y0HojSV4s5kCQk56gkaU4yMlYJ6SlTWKZW9ijcGXCT+lJS rxZ+rE/fzptYpfbe7EqecCIMZ0rrle4kJc6QMxYwM3XaqSYLwAPVIy1KBONF hPj52CI+s0oWxVLaEgWP170SOuNYZj2wnR6av572R+J/XSk18EeZUJKkhAk8 WxSmDRsLR57BLFcGGZZYgrKi9FeI+Uggbm8/MFm59qYeuDcafj2GRBKeVy4p ftwGdgQkK4AAcgmPgg3NQBbegBgKAAQVP4Bm8OI/Oq/PmvE9al5zpzD6YgfP xC1ZimaI=</latexit><latexit sha1_base64="DD+3VyY2i FZQ8/lSXv8o6PuS0sM=">AAAB/3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN4 CXjwm4BohWcLspDcZMo9lZlYISy7+gFf9A0/i1U/xB/wOJ8keTGJBQ1HVTXd XnHJmrO9/e6W19Y3NrfJ2ZWd3b/+genj0YFSmKYRUcaUfY2KAMwmhZZbDY6q BiJhDOx7dTv32E2jDlLy34xQiQQaSJYwS66SwlYEe96o1v+7PgFdJUJAaKtD sVX+6fUUzAdJSTozpBH5qo5xoyyiHSaWbGUgJHZEBdByVRICJ8tmxE3zmlD5 OlHYlLZ6pfydyIowZi9h1CmKHZtmbiv95ncwm11HOZJpZkHS+KMk4tgpPP8d 9poFaPnaEUM3crZgOiSbUunwWtgjnKzOpuGCC5RhWSXhRv6kHLb/WuCwSKqM TdIrOUYCuUAPdoSYKEUUMvaBX9OY9e+/eh/c5by15xcwxWoD39QuOKZb4</l atexit>
Answer
<latexit sha1_base64="gTWO7vdn5 ew9ss2jhtsxld+5+9M=">AAACAHicbVC7SgNBFL0bXzG+opY2g0GwCrsiqJU RG8sIbhJIQpidzCZjZmeWmVklLKn8AdtY2VqJpf6JP+B3OHkUJvHAhcM593L vPUHMmTau++1klpZXVtey67mNza3tnfzuXkXLRBHqE8mlqgVYU84E9Q0znNZ iRXEUcFoNetcjv/pAlWZS3Jl+TJsR7ggWMoKNlSpXQj9S1coX3KI7Blok3pQ ULj+Hw1cAKLfyP422JElEhSEca1333Ng0U6wMI5wOco1E0xiTHu7QuqUCR1Q 30/G1A3RklTYKpbIlDBqrfydSHGndjwLbGWHT1fPeSPzPqycmPG+mTMSJoYJ MFoUJR0ai0euozRQlhvctwUQxeysiXawwMTagmS2R9aUe5Gww3nwMi8Q/KV4 UvVu3UDqFCbJwAIdwDB6cQQluoAw+ELiHZxjCi/PkvDnvzsekNeNMZ/ZhBs7 XLz2zmiY=</latexit><latexit sha1_base64="QvVMZcLvz IYqUST8JcGxezAJQWA=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHaNiXo S48UjJi6QwIbMDrMwMo/NzKyGbDj5A17hDzwZj/on/oDf4SxwELCSTipV3en uCmNGtXHdbye3srq2vpHfLGxt7+zuFfcPalomChMfSyZVI0SaMCqIb6hhpBE rgnjISD3s32Z+/YkoTaV4MIOYBBx1BY0oRsZKtRuhn4lqF0tu2Z0ALhNvRkr Xn6MM42q7+NPqSJxwIgxmSOum58YmSJEyFDMyLLQSTWKE+6hLmpYKxIkO0sm 1Q3hilQ6MpLIlDJyofydSxLUe8NB2cmR6etHLxP+8ZmKiyyClIk4MEXi6KEo YNBJmr8MOVQQbNrAEYUXtrRD3kELY2IDmtnDrSz0s2GC8xRiWiX9Wvip7926 pcg6myIMjcAxOgQcuQAXcgSrwAQaP4BWMwNh5cd6cd+dj2ppzZjOHYA7O1y+ 8j5vr</latexit><latexit sha1_base64="QvVMZcLvz IYqUST8JcGxezAJQWA=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHaNiXo S48UjJi6QwIbMDrMwMo/NzKyGbDj5A17hDzwZj/on/oDf4SxwELCSTipV3en uCmNGtXHdbye3srq2vpHfLGxt7+zuFfcPalomChMfSyZVI0SaMCqIb6hhpBE rgnjISD3s32Z+/YkoTaV4MIOYBBx1BY0oRsZKtRuhn4lqF0tu2Z0ALhNvRkr Xn6MM42q7+NPqSJxwIgxmSOum58YmSJEyFDMyLLQSTWKE+6hLmpYKxIkO0sm 1Q3hilQ6MpLIlDJyofydSxLUe8NB2cmR6etHLxP+8ZmKiyyClIk4MEXi6KEo YNBJmr8MOVQQbNrAEYUXtrRD3kELY2IDmtnDrSz0s2GC8xRiWiX9Wvip7926 pcg6myIMjcAxOgQcuQAXcgSrwAQaP4BWMwNh5cd6cd+dj2ppzZjOHYA7O1y+ 8j5vr</latexit><latexit sha1_base64="rQ33i+Tu3 vbLvDirsgMfyKJXDKQ=">AAACAHicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiXr DePGIiQsksCGzwyyMzM5sZmY1ZMPJH/Cqf+DJePVP/AG/wwH2IGAlnVSqutP dFSacaeO6305hZXVtfaO4Wdra3tndK+8fNLRMFaE+kVyqVog15UxQ3zDDaSt RFMchp81weDPxm49UaSbFvRklNIhxX7CIEWys1LgW+omqbrniVt0p0DLxclK BHPVu+afTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE2vHaM Tq/RQJJUtYdBU/TuR4VjrURzazhibgV70JuJ/Xjs10WWQMZGkhgoyWxSlHBm JJq+jHlOUGD6yBBPF7K2IDLDCxNiA5rbE1pd6XLLBeIsxLBP/rHpV9e7cSu0 8T6gIR3AMp+DBBdTgFurgA4EHeIFXeHOenXfnw/mctRacfOYQ5uB8/QJEF5d c</latexit>
. 
. 
.
(a) CEGIS
<latexit sha1_base64="q6DlMhIIe GxYrf2IedLBry862wQ=">AAACDnicbVBLSgNBFHzj3/iLn52bxiDETZgRQd0 JQdSdomOEZIg9nR5t7M/Q3SMJQw7hBdzqDVyJW6/gBTyHncSFSSx4UFS9Rz0 qTjkz1ve/vInJqemZ2bn5wsLi0vJKcXXt2qhMExoSxZW+ibGhnEkaWmY5vUk 1xSLmtBY/VHt+7ZFqw5S8sp2URgLfSZYwgq2TmsW1Mt5BDdQQsWrn1eOTs8t us1jyK34faJwEv6R0tJEktwBw3ix+N1qKZIJKSzg2ph74qY1yrC0jnHYLjcz QFJMHfEfrjkosqIny/u9dtO2UFkqUdiMt6qt/L3IsjOmI2G0KbO/NqNcT//P qmU0OopzJNLNUkkFQknFkFeoVgVpMU2J5xxFMNHO/InKPNSbW1TWUIpyvTLf giglGaxgn4W7lsBJcuIL2YIA52IQtKEMA+3AEp3AOIRBowzO8wKv35L15797 HYHXC+71ZhyF4nz8OSJzY</latexit><latexit sha1_base64="MpsKylkM+ zZI1q47xMQkEG/zKv4=">AAACDnicbVBLSgNBFOzxG+MvRnduGoMQN2FGBHU XCKLuIhoTSIbQ0+lJmvRn6O6RhGEO4QXc6g1ciVuv4AU8h53PwiQWPCiq3qM eFUSMauO6387S8srq2npmI7u5tb2zm9vLP2oZK0xqWDKpGgHShFFBaoYaRhq RIogHjNSDfmXk15+I0lSKBzOMiM9RV9CQYmSs1M7li+gEtmCLB3KQVK6ub+/ Tdq7gltwx4CLxpqRQPgjHqLZzP62OxDEnwmCGtG56bmT8BClDMSNpthVrEiH cR13StFQgTrSfjH9P4bFVOjCUyo4wcKz+vUgQ13rIA7vJkenpeW8k/uc1YxN e+AkVUWyIwJOgMGbQSDgqAnaoItiwoSUIK2p/hbiHFMLG1jWTwq0vdZq1xXj zNSyS2mnpsuTd2YLOwAQZcAiOQBF44ByUwQ2oghrAYABewCt4c56dd+fD+Zy sLjnTm30wA+frF8ZbnhA=</latexit><latexit sha1_base64="MpsKylkM+ zZI1q47xMQkEG/zKv4=">AAACDnicbVBLSgNBFOzxG+MvRnduGoMQN2FGBHU XCKLuIhoTSIbQ0+lJmvRn6O6RhGEO4QXc6g1ciVuv4AU8h53PwiQWPCiq3qM eFUSMauO6387S8srq2npmI7u5tb2zm9vLP2oZK0xqWDKpGgHShFFBaoYaRhq RIogHjNSDfmXk15+I0lSKBzOMiM9RV9CQYmSs1M7li+gEtmCLB3KQVK6ub+/ Tdq7gltwx4CLxpqRQPgjHqLZzP62OxDEnwmCGtG56bmT8BClDMSNpthVrEiH cR13StFQgTrSfjH9P4bFVOjCUyo4wcKz+vUgQ13rIA7vJkenpeW8k/uc1YxN e+AkVUWyIwJOgMGbQSDgqAnaoItiwoSUIK2p/hbiHFMLG1jWTwq0vdZq1xXj zNSyS2mnpsuTd2YLOwAQZcAiOQBF44ByUwQ2oghrAYABewCt4c56dd+fD+Zy sLjnTm30wA+frF8ZbnhA=</latexit><latexit sha1_base64="6Mjk9Rulq zYaQDHAUHDXHEyQ1es=">AAACDnicbVBLSgNBFOyJvxh/Y1y6aQxC3IQZEdR dIIi6i2hMIBlCT6cnadKfobtHEoYcwgu41Ru4ErdewQt4DjufhUkseFBUvUc 9KowZ1cbzvp3Myura+kZ2M7e1vbO75+7nH7VMFCY1LJlUjRBpwqggNUMNI41 YEcRDRuphvzL2609EaSrFgxnGJOCoK2hEMTJWarv5IjqBLdjioRyklavr2/t R2y14JW8CuEz8GSmAGapt96fVkTjhRBjMkNZN34tNkCJlKGZklGslmsQI91G XNC0ViBMdpJPfR/DYKh0YSWVHGDhR/16kiGs95KHd5Mj09KI3Fv/zmomJLoK UijgxROBpUJQwaCQcFwE7VBFs2NAShBW1v0LcQwphY+uaS+HWl3qUs8X4izU sk9pp6bLk33mF8tmsoSw4BEegCHxwDsrgBlRBDWAwAC/gFbw5z8678+F8Tlc zzuzmAMzB+foF6y2bWA==</latexit>
(b) OGIS
<latexit sha1_base64="2h3HWufn77BsSOq9U3Io59FRDGo=">AAACDXicb VBLTgJBFHzjF/EH6s5NR2KCGzJjTNQdiQt1JUYREiDY0/RAh+7pSXePSibcwQu41Ru4Mm49gxfwHDafhYCVvKRS9V7qpfyIM21c99uZm19YXFpOraRX19Y3N jPZrTstY0VomUguVdXHmnIW0rJhhtNqpCgWPqcVv3s28CsPVGkmw1vTi2hD4HbIAkawsVIzk837B6iO6sKXT8nV+eVNv5nJuQV3CDRLvDHJFXeC4B4ASs3MT 70lSSxoaAjHWtc8NzKNBCvDCKf9dD3WNMKki9u0ZmmIBdWNZPh6H+1bpYUCqeyEBg3VvxcJFlr3hG83BTYdPe0NxP+8WmyCk0bCwig2NCSjoCDmyEg06AG1m KLE8J4lmChmf0WkgxUmxrY1kSKsL3U/bYvxpmuYJeXDwmnBu7YFHcEIKdiFPciDB8dQhAsoQRkIPMILvMKb8+y8Ox/O52h1zhnfbMMEnK9fiwiclg==</lat exit><latexit sha1_base64="SF4f7JjRKIFWGJmpVyu2uHsbnMM=">AAACDXicb VDLSgMxFM3UV62vVt25CRahbsqMCOqu4EJdWdGxhc5QMmmmDU0mQ5JRyzD/4A+41T9wJW79Bn/A7zB9LGzrgQuHc+7lXE4QM6q0bX9buYXFpeWV/GphbX1jc 6tY2r5XIpGYuFgwIZsBUoTRiLiaakaasSSIB4w0gv750G88EKmoiO70ICY+R92IhhQjbaR2sVQJDqEHPR6Ip/T64uo2axfLdtUeAc4TZ0LKtd1whHq7+ON1B E44iTRmSKmWY8faT5HUFDOSFbxEkRjhPuqSlqER4kT56ej1DB4YpQNDIc1EGo7Uvxcp4koNeGA2OdI9NesNxf+8VqLDUz+lUZxoEuFxUJgwqAUc9gA7VBKs2 cAQhCU1v0LcQxJhbdqaSuHGFyormGKc2RrmiXtUPas6N6agYzBGHuyBfVABDjgBNXAJ6sAFGDyCF/AK3qxn6936sD7HqzlrcrMDpmB9/QJDKp3O</latexit ><latexit sha1_base64="SF4f7JjRKIFWGJmpVyu2uHsbnMM=">AAACDXicb VDLSgMxFM3UV62vVt25CRahbsqMCOqu4EJdWdGxhc5QMmmmDU0mQ5JRyzD/4A+41T9wJW79Bn/A7zB9LGzrgQuHc+7lXE4QM6q0bX9buYXFpeWV/GphbX1jc 6tY2r5XIpGYuFgwIZsBUoTRiLiaakaasSSIB4w0gv750G88EKmoiO70ICY+R92IhhQjbaR2sVQJDqEHPR6Ip/T64uo2axfLdtUeAc4TZ0LKtd1whHq7+ON1B E44iTRmSKmWY8faT5HUFDOSFbxEkRjhPuqSlqER4kT56ej1DB4YpQNDIc1EGo7Uvxcp4koNeGA2OdI9NesNxf+8VqLDUz+lUZxoEuFxUJgwqAUc9gA7VBKs2 cAQhCU1v0LcQxJhbdqaSuHGFyormGKc2RrmiXtUPas6N6agYzBGHuyBfVABDjgBNXAJ6sAFGDyCF/AK3qxn6936sD7HqzlrcrMDpmB9/QJDKp3O</latexit ><latexit sha1_base64="ZWRRA5WeQVN8LGgzfSVxxjDVEj4=">AAACDXicb VDLSsNAFJ34rPWV6tLNYBHqpiQiqLuCC3VlRWsLTSiT6aQdOpMJMxO1hPyDP+BW/8CVuPUb/AG/w2mbhW09cOFwzr2cywliRpV2nG9rYXFpeWW1sFZc39jc2 rZLO/dKJBKTBhZMyFaAFGE0Ig1NNSOtWBLEA0aaweB85DcfiFRURHd6GBOfo15EQ4qRNlLHLlWCQ+hBjwfiKb2+uLrNOnbZqTpjwHni5qQMctQ79o/XFTjhJ NKYIaXarhNrP0VSU8xIVvQSRWKEB6hH2oZGiBPlp+PXM3hglC4MhTQTaThW/16kiCs15IHZ5Ej31aw3Ev/z2okOT/2URnGiSYQnQWHCoBZw1APsUkmwZkNDE JbU/ApxH0mEtWlrKoUbX6isaIpxZ2uYJ42j6lnVvXHKteO8oQLYA/ugAlxwAmrgEtRBA2DwCF7AK3iznq1368P6nKwuWPnNLpiC9fULZ/ybFg==</latexit >
Figure 4.4: OGIS vs. CEGIS.
control [133, 10, 120, 157, 89, 155]. However, the goal in these articles is to learn a policy similar
to that of the demonstrator through statistical optimizations over large models such as deep neural
networks. In a more related method, Khansari-Zadeh et al. use human demonstrations to generate
data and enforce CLF conditions for the data points, to learn a CLF candidate [63]. However, their
method does not include a verifier, and therefore, the CLF candidate may not, in fact, be a CLF.
In this section, we extend the CEGIS framework to use a demonstrator oracle.
We investigate the problem of learning a control certificate using a black-box demonstrator
that can be queried with a given system state, and responds by demonstrating control inputs to
address the specification starting from that state. Such a demonstrator can be realized using an
expensive nonlinear model predictive controller (MPC) that uses a local optimization scheme or
even a human operator. The framework includes three components: (i) a Learner which selects a
candidate control certificate, (ii) a Verifier that tests whether this control certificate is valid, and
(iii) a Demonstrator. When verification fails, the Verifier returns a state (counterexample)
at which the current candidate fails and the Learner queries the Demonstrator to obtain a
control input corresponding to this state.
4.3.1 Illustrative Example: TORA System
Figure 4.5(a) shows a mechanical system, called translational oscillations with a rotational
actuator (TORA). The system consists of a cart attached to a wall using a spring. Inside the cart,
there is an arm with a weight which can rotate. The cart itself can oscillate freely, and there are
77
x
<latexit sha1_base64="g6b1i++ 33hHciKHtj8xsJ1mSDho=">AAAB53icdVDLTgJBEOzFF+IL9ehlIjHxtJk VATlJ4sUjJK6Q4IbMDgOMzD4yM2tEwhd48aDGq//gl3jz6J84C5qo0Uo6q VR1p6vbjwVXGuM3KzM3v7C4lF3OrayurW/kN7fOVZRIylwaiUi2fKKY4CF zNdeCtWLJSOAL1vSHJ6nfvGJS8Sg806OYeQHph7zHKdFGalx38gVs40OnV CwjbBdxueikpIJxqVxFjo2nKBy/3LzXAKDeyb9edCOaBCzUVBCl2g6OtTc mUnMq2CR3kSgWEzokfdY2NCQBU954GnSC9ozSRb1Imgo1mqrfJ8YkUGoU +KYzIHqgfnup+JfXTnTvyBvzME40C+lsUS8RSEcovRp1uWRUi5EhhEpusi I6IJJQbX6TM0/4uhT9T9wDu2o7DVyoYZghCzuwC/vgQAVqcAp1cIECg1u4 hwfr0rqzHq2nWWvG+pzZhh+wnj8AHMKPiQ==</latexit><latexit sha1_base64="SZMB+qP +3iOqL3VfEk2WIUGqjSs=">AAAB53icdVC7TgJBFJ3FF+ILH53NRGJitZk VAakksdASEldIYENmh1kYmX1kZtaIG77AxkKNrT9g5ZfYWfonzoImavQkN zk5597cc68bcSYVQm9GZmZ2bn4hu5hbWl5ZXcuvb5zLMBaE2iTkoWi5WFL OAmorpjhtRYJi3+W06Q6PU795SYVkYXCmRhF1fNwPmMcIVlpqXHXzBWSiA 6tULENkFlG5aKWkglCpXIWWiSYoHL1cv588byX1bv610wtJ7NNAEY6lbFs oUk6ChWKE03GuE0saYTLEfdrWNMA+lU4yCTqGu1rpQS8UugIFJ+r3iQT7 Uo58V3f6WA3kby8V//LasfIOnYQFUaxoQKaLvJhDFcL0athjghLFR5pgIp jOCskAC0yU/k1OP+HrUvg/sffNqmk1UKGGwBRZsA12wB6wQAXUwCmoAxsQ QMENuAP3xoVxazwYj9PWjPE5swl+wHj6AMymkM0=</latexit><latexit sha1_base64="SZMB+qP +3iOqL3VfEk2WIUGqjSs=">AAAB53icdVC7TgJBFJ3FF+ILH53NRGJitZk VAakksdASEldIYENmh1kYmX1kZtaIG77AxkKNrT9g5ZfYWfonzoImavQkN zk5597cc68bcSYVQm9GZmZ2bn4hu5hbWl5ZXcuvb5zLMBaE2iTkoWi5WFL OAmorpjhtRYJi3+W06Q6PU795SYVkYXCmRhF1fNwPmMcIVlpqXHXzBWSiA 6tULENkFlG5aKWkglCpXIWWiSYoHL1cv588byX1bv610wtJ7NNAEY6lbFs oUk6ChWKE03GuE0saYTLEfdrWNMA+lU4yCTqGu1rpQS8UugIFJ+r3iQT7 Uo58V3f6WA3kby8V//LasfIOnYQFUaxoQKaLvJhDFcL0athjghLFR5pgIp jOCskAC0yU/k1OP+HrUvg/sffNqmk1UKGGwBRZsA12wB6wQAXUwCmoAxsQ QMENuAP3xoVxazwYj9PWjPE5swl+wHj6AMymkM0=</latexit><latexit sha1_base64="EgG5CI2 TQlc2g03WRPpdi0YC66c=">AAAB53icdVDLTgJBEJzFF+IL9ehlIjHxtJk VAbmRePEIiSsksCGzQy+MzD4yM2skhC/w4kGNV3/Jm3/jLGCiRivppFLVn e4uPxFcaUI+rNzK6tr6Rn6zsLW9s7tX3D+4UXEqGbgsFrHs+FSB4BG4mms BnUQCDX0BbX98mfntO5CKx9G1niTghXQY8YAzqo3Uuu8XS8Qm506lXMXEL pNq2clIjZBKtY4dm8xRQks0+8X33iBmaQiRZoIq1XVIor0plZozAbNCL1W QUDamQ+gaGtEQlDedHzrDJ0YZ4CCWpiKN5+r3iSkNlZqEvukMqR6p314m /uV1Ux1ceFMeJamGiC0WBanAOsbZ13jAJTAtJoZQJrm5FbMRlZRpk03BhP D1Kf6fuGd23XZapNQgyzTy6Agdo1PkoBpqoCvURC5iCNADekLP1q31aL1Y r4vWnLWcOUQ/YL19AqtXjPs=</latexit>
✓
<latexit sha1_base64="SsH+ozd knF51yInAqx8VSbzORtY=">AAAB7HicdVDLSgNBEJyNrxhfUY9eBoPgaZk 1L3MLePEYwU0CyRJmJ5NkzOyDmV4hLPkHLx5UvPpB3vwbZ5MIKlrQUFR10 93lx1JoIOTDyq2tb2xu5bcLO7t7+wfFw6O2jhLFuMsiGamuTzWXIuQuCJC 8GytOA1/yjj+9yvzOPVdaROEtzGLuBXQcipFgFIzU7sOEAx0US8QmFadar mFil0mt7GSkTki11sCOTRYooRVag+J7fxixJOAhMEm17jkkBi+lCgSTfF7 oJ5rHlE3pmPcMDWnAtZcurp3jM6MM8ShSpkLAC/X7REoDrWeBbzoDChP9 28vEv7xeAqNLLxVhnAAP2XLRKJEYIpy9jodCcQZyZghlSphbMZtQRRmYgA omhK9P8f/EvbAbtnNTKTXJKo08OkGn6Bw5qI6a6Bq1kIsYukMP6Ak9W5H1 aL1Yr8vWnLWaOUY/YL19AmhWjys=</latexit><latexit sha1_base64="SsH+ozd knF51yInAqx8VSbzORtY=">AAAB7HicdVDLSgNBEJyNrxhfUY9eBoPgaZk 1L3MLePEYwU0CyRJmJ5NkzOyDmV4hLPkHLx5UvPpB3vwbZ5MIKlrQUFR10 93lx1JoIOTDyq2tb2xu5bcLO7t7+wfFw6O2jhLFuMsiGamuTzWXIuQuCJC 8GytOA1/yjj+9yvzOPVdaROEtzGLuBXQcipFgFIzU7sOEAx0US8QmFadar mFil0mt7GSkTki11sCOTRYooRVag+J7fxixJOAhMEm17jkkBi+lCgSTfF7 oJ5rHlE3pmPcMDWnAtZcurp3jM6MM8ShSpkLAC/X7REoDrWeBbzoDChP9 28vEv7xeAqNLLxVhnAAP2XLRKJEYIpy9jodCcQZyZghlSphbMZtQRRmYgA omhK9P8f/EvbAbtnNTKTXJKo08OkGn6Bw5qI6a6Bq1kIsYukMP6Ak9W5H1 aL1Yr8vWnLWaOUY/YL19AmhWjys=</latexit><latexit sha1_base64="SsH+ozd knF51yInAqx8VSbzORtY=">AAAB7HicdVDLSgNBEJyNrxhfUY9eBoPgaZk 1L3MLePEYwU0CyRJmJ5NkzOyDmV4hLPkHLx5UvPpB3vwbZ5MIKlrQUFR10 93lx1JoIOTDyq2tb2xu5bcLO7t7+wfFw6O2jhLFuMsiGamuTzWXIuQuCJC 8GytOA1/yjj+9yvzOPVdaROEtzGLuBXQcipFgFIzU7sOEAx0US8QmFadar mFil0mt7GSkTki11sCOTRYooRVag+J7fxixJOAhMEm17jkkBi+lCgSTfF7 oJ5rHlE3pmPcMDWnAtZcurp3jM6MM8ShSpkLAC/X7REoDrWeBbzoDChP9 28vEv7xeAqNLLxVhnAAP2XLRKJEYIpy9jodCcQZyZghlSphbMZtQRRmYgA omhK9P8f/EvbAbtnNTKTXJKo08OkGn6Bw5qI6a6Bq1kIsYukMP6Ak9W5H1 aL1Yr8vWnLWaOUY/YL19AmhWjys=</latexit><latexit sha1_base64="SsH+ozd knF51yInAqx8VSbzORtY=">AAAB7HicdVDLSgNBEJyNrxhfUY9eBoPgaZk 1L3MLePEYwU0CyRJmJ5NkzOyDmV4hLPkHLx5UvPpB3vwbZ5MIKlrQUFR10 93lx1JoIOTDyq2tb2xu5bcLO7t7+wfFw6O2jhLFuMsiGamuTzWXIuQuCJC 8GytOA1/yjj+9yvzOPVdaROEtzGLuBXQcipFgFIzU7sOEAx0US8QmFadar mFil0mt7GSkTki11sCOTRYooRVag+J7fxixJOAhMEm17jkkBi+lCgSTfF7 oJ5rHlE3pmPcMDWnAtZcurp3jM6MM8ShSpkLAC/X7REoDrWeBbzoDChP9 28vEv7xeAqNLLxVhnAAP2XLRKJEYIpy9jodCcQZyZghlSphbMZtQRRmYgA omhK9P8f/EvbAbtnNTKTXJKo08OkGn6Bw5qI6a6Bq1kIsYukMP6Ak9W5H1 aL1Yr8vWnLWaOUY/YL19AmhWjys=</latexit>
0
u
<latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="X/BbPPQ RM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCo zbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3 pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa8 0yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h8 3OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCw rjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb 7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm 7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="DI0ri/L 0nNPeTMpgDYnVXDPlZOc=">AAAB3HicbZDNSgMxFIXv+Ftr1erWTbAIrsq MG3UnuHHZgrWFdiiZ9E4bm8kMyR2hDH0CNy5UfC53vo3pz0JbDwQ+zknIv SfKlLTk+9/exubW9s5uaa+8Xzk4PKoeVx5tmhuBLZGq1HQiblFJjS2SpLC TGeRJpLAdje9mefsZjZWpfqBJhmHCh1rGUnByVjPvV2t+3Z+LrUOwhBos1 ehXv3qDVOQJahKKW9sN/IzCghuSQuG03MstZlyM+RC7DjVP0IbFfNApO3f OgMWpcUcTm7u/XxQ8sXaSRO5mwmlkV7OZ+V/WzSm+Dgups5xQi8VHca4Y pWy2NRtIg4LUxAEXRrpZmRhxwwW5bsquhGB15XVoXdZv6kHThxKcwhlcQA BXcAv30IAWCEB4gTd49568V+9j0daGt6ztBP7I+/wBPX2Lew==</latexi t><latexit sha1_base64="mQvg47n fr2zKqdhKpM2K9my6lpc=">AAAB3HicdVBNSwMxEJ2tX7VWrV69BIvgacl W6bY3wYvHFlxbaJeSTbNtbDa7JFmhlP4CLx5U/F3e/DemH4KKPhh4vDfDz LwoE1wbjD+cwsbm1vZOcbe0V94/OKwcle90mivKApqKVHUjopngkgWGG8G 6mWIkiQTrRJPrhd95YErzVN6aacbChIwkjzklxkrtfFCpYhfXPd9vIOxe+ t5Fw7fEq9WbuIk8Fy9RhTVag8p7f5jSPGHSUEG07nk4M+GMKMOpYPNSP9c sI3RCRqxnqSQJ0+FseegcnVlliOJU2ZIGLdXvEzOSaD1NItuZEDPWv72F +JfXy03cCGdcZrlhkq4WxblAJkWLr9GQK0aNmFpCqOL2VkTHRBFqbDYlG8 LXp+h/EtTcpuu1MRThBE7hHDzw4QpuoAUBUGDwCM/w4tw7T87rKq2Cs47t GH7AefsEtcmL0Q==</latexit><latexit sha1_base64="z7Rlkf7 OMXgVxi8mPqF4T7j2H/s=">AAAB53icdVDLSgNBEJyNrxhfUY9eBoPgaZm Nkk1uAS8eE3BNIFnC7KQ3GTP7YGZWCEu+wIsHFa/+kjf/xslDUNGChqKqm +6uIBVcaUI+rMLa+sbmVnG7tLO7t39QPjy6VUkmGXgsEYnsBlSB4DF4mms B3VQCjQIBnWByNfc79yAVT+IbPU3Bj+go5iFnVBupnQ3KFWKTmuO6dUzsS 9e5qLuGONVagzSwY5MFKmiF1qD83h8mLIsg1kxQpXoOSbWfU6k5EzAr9TM FKWUTOoKeoTGNQPn54tAZPjPKEIeJNBVrvFC/T+Q0UmoaBaYzonqsfntz 8S+vl+mw7uc8TjMNMVsuCjOBdYLnX+Mhl8C0mBpCmeTmVszGVFKmTTYlE8 LXp/h/4lXthu20SaVJVmkU0Qk6RefIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWgrWaOUY/YL19AsVqjQ0=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="X/BbPPQ RM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCo zbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3 pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa8 0yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h8 3OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCw rjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb 7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm 7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="DI0ri/L 0nNPeTMpgDYnVXDPlZOc=">AAAB3HicbZDNSgMxFIXv+Ftr1erWTbAIrsq MG3UnuHHZgrWFdiiZ9E4bm8kMyR2hDH0CNy5UfC53vo3pz0JbDwQ+zknIv SfKlLTk+9/exubW9s5uaa+8Xzk4PKoeVx5tmhuBLZGq1HQiblFJjS2SpLC TGeRJpLAdje9mefsZjZWpfqBJhmHCh1rGUnByVjPvV2t+3Z+LrUOwhBos1 ehXv3qDVOQJahKKW9sN/IzCghuSQuG03MstZlyM+RC7DjVP0IbFfNApO3f OgMWpcUcTm7u/XxQ8sXaSRO5mwmlkV7OZ+V/WzSm+Dgups5xQi8VHca4Y pWy2NRtIg4LUxAEXRrpZmRhxwwW5bsquhGB15XVoXdZv6kHThxKcwhlcQA BXcAv30IAWCEB4gTd49568V+9j0daGt6ztBP7I+/wBPX2Lew==</latexi t><latexit sha1_base64="mQvg47n fr2zKqdhKpM2K9my6lpc=">AAAB3HicdVBNSwMxEJ2tX7VWrV69BIvgacl W6bY3wYvHFlxbaJeSTbNtbDa7JFmhlP4CLx5U/F3e/DemH4KKPhh4vDfDz LwoE1wbjD+cwsbm1vZOcbe0V94/OKwcle90mivKApqKVHUjopngkgWGG8G 6mWIkiQTrRJPrhd95YErzVN6aacbChIwkjzklxkrtfFCpYhfXPd9vIOxe+ t5Fw7fEq9WbuIk8Fy9RhTVag8p7f5jSPGHSUEG07nk4M+GMKMOpYPNSP9c sI3RCRqxnqSQJ0+FseegcnVlliOJU2ZIGLdXvEzOSaD1NItuZEDPWv72F +JfXy03cCGdcZrlhkq4WxblAJkWLr9GQK0aNmFpCqOL2VkTHRBFqbDYlG8 LXp+h/EtTcpuu1MRThBE7hHDzw4QpuoAUBUGDwCM/w4tw7T87rKq2Cs47t GH7AefsEtcmL0Q==</latexit><latexit sha1_base64="z7Rlkf7 OMXgVxi8mPqF4T7j2H/s=">AAAB53icdVDLSgNBEJyNrxhfUY9eBoPgaZm Nkk1uAS8eE3BNIFnC7KQ3GTP7YGZWCEu+wIsHFa/+kjf/xslDUNGChqKqm +6uIBVcaUI+rMLa+sbmVnG7tLO7t39QPjy6VUkmGXgsEYnsBlSB4DF4mms B3VQCjQIBnWByNfc79yAVT+IbPU3Bj+go5iFnVBupnQ3KFWKTmuO6dUzsS 9e5qLuGONVagzSwY5MFKmiF1qD83h8mLIsg1kxQpXoOSbWfU6k5EzAr9TM FKWUTOoKeoTGNQPn54tAZPjPKEIeJNBVrvFC/T+Q0UmoaBaYzonqsfntz 8S+vl+mw7uc8TjMNMVsuCjOBdYLnX+Mhl8C0mBpCmeTmVszGVFKmTTYlE8 LXp/h/4lXthu20SaVJVmkU0Qk6RefIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWgrWaOUY/YL19AsVqjQ0=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit><latexit sha1_base64="VrOKnsP N7bs+XwF8glCdAe3dTjE=">AAAB53icdVDLSgNBEJz1GeMr6tHLYBA8LbM xZJNbwIvHBFwTSJYwO+lNxsw+mJkVwpIv8OJBxau/5M2/cfIQVLSgoajqp rsrSAVXmpAPa219Y3Nru7BT3N3bPzgsHR3fqiSTDDyWiER2A6pA8Bg8zbW AbiqBRoGATjC5mvude5CKJ/GNnqbgR3QU85Azqo3UzgalMrFJzXHdOiZ21 XUu664hTqXWIA3s2GSBMlqhNSi994cJyyKINRNUqZ5DUu3nVGrOBMyK/Ux BStmEjqBnaEwjUH6+OHSGz40yxGEiTcUaL9TvEzmNlJpGgemMqB6r395c /MvrZTqs+zmP00xDzJaLwkxgneD513jIJTAtpoZQJrm5FbMxlZRpk03RhP D1Kf6feBW7YTvtarlJVmkU0Ck6QxfIQS5qomvUQh5iCNADekLP1p31aL1Y r8vWNWs1c4J+wHr7BMaqjRE=</latexit>
x3
x1 x2
x4
t
t t
t
(b)(a)
 1
1
0
20 400 60 80 100
20 400 60 80 100
20 400 60 80 100
20 400 60 80 100
 1
1
0
 1
1
0
2
 1
1
0
(a) A schematic diagram of the TORA system. (b) Execution traces of the system using MPC
control (blue traces) and Lyapunov based control (red traces) starting from same initial state
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Figure 4.5: TORA System.
no friction forces. The system has two degrees of freedom, including the position of the cart x, and
the rotational position of the arm θ. The controller can rotate the arm through input u. The goal
is to stabilize the cart to x = 0, with its velocity, angle, and angular velocity x˙ = θ = θ˙ = 0. We
refer the reader to Jankovic et al. [57] for a derivation of the dynamics, shown below in terms of
state variables (x1, . . . , x4) and control input u1, after a suitable basis transformation:
x˙1 = x2, x˙2 = −x1 +  sin(x3), x˙3 = x4, x˙4 = u1 . (4.18)
sin(x3) is approximated using a degree three polynomial approximation which is quite accurate over
the range x3 ∈ [−2, 2] (region of interest). The equilibrium x = x˙ = θ = θ˙ = 0 now corresponds to
x1 = x2 = x3 = x4 = 0. The system has a single control input u1 that is bounded u1 ∈ [−1.5, 1.5].
MPC Scheme: A first approach for solving the problem uses a nonlinear model-predictive
control (MPC) scheme using a discretization of the system dynamics with a time step τ = 1. The
time t belongs to set {0, τ, 2τ, . . . , Nτ = T } and:
x(t+ τ) = x(t) + τf(x(t),u(t)) , (4.19)
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Fixing the time horizon T = 30, we use a simple cost function J(x(0),u(0),u(τ), . . . ,u(T − τ)): ∑
t∈{0,τ,...,T −τ}
(||x(t)||22 + ||u(t)||22)
+N ||x(T )||22 .
Here, we constrain u(t) ∈ [−1.5, 1.5] for all t and define x(t + τ) in terms of x(t) using the
discretization in Eq. (4.19). Such a controller is implemented using a first/second order numerical
gradient descent method to minimize the cost function [97]. The stabilization of the system was
informally confirmed through hundreds of simulations from different initial states. However, the
MPC scheme is expensive, requiring repeated solutions to (constrained) nonlinear optimization
problems in real-time. Furthermore, in general, the closed loop lacks formal guarantees despite the
“high confidence” gained from numerous simulations.
Learning a Control Lyapunov Function: Now, we introduce an approach which uses
the MPC scheme as a Demonstrator and attempts to learn a control Lyapunov function. Then,
a simpler control law is obtained from the CLF. The overall idea, depicted in Figure 4.6, is to
pose queries to the offline MPC at finitely many witness states Xj : {x1, . . . ,xj}. Then, for each
witness state xi, the MPC yields the corresponding instantaneous control inputs ui. The learner
attempts to find a candidate function V (x) that is positive for all xi ∈ Xj , which also decreases at
each witness state xi through the control input ui. This function V is potentially a CLF function
for the system. This function is fed to the verifier, which checks whether V (x) is indeed a CLF,
or discovers a state xj+1 which refutes V . This new state is added to the witness set and the process
is iterated. The procedure described in this section synthesizes the control Lyapunov function V (x)
below:
V =1.22x22 + 0.31x2x3 + 0.44x
2
3 − 0.28x4x2 + 0.80x4x3+
1.69x24 + 0.07x1x2 − 0.66x1x3 − 1.85x4x1 + 1.6x21 .
Next, this function is used to design a simple associated control law that guarantees the
stabilization of the model (Eq. (4.18)). Figure 4.5(b) shows a closed loop trajectory for this control
law vs. control law extracted by the MPC. The advantage of this law is that its calculation is
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Figure 4.6: Overview of the learning framework for learning a control Lyapunov function.
much simpler, appealing for control implementation.
4.3.2 Formal Learning Framework
As mentioned earlier, the learning framework has three components: a demonstrator, a
learner, and a verifier (see Figure 4.6). The demonstrator inputs a state x and returns a control
input u ∈ U , that is an appropriate “instantaneous” feedback for x. Formally, demonstrator is a
function D : X 7→ U .
Remark 2 (Demonstrator) The demonstrator is treated as a black box. This allows using a va-
riety of approaches ranging from trajectory optimizations [155], human expert demonstrations [63],
and sample-based methods [76, 66], which can be probabilistically complete. While the demonstra-
tor is presumed to address the specification, our method can work even if the demonstrator is
faulty. Specifically, a faulty demonstrator in the worst case scenario may cause our method to ter-
minate without finding a control certificate. However, if our approach finds a control certificate, it
is guaranteed to be correct.
Formally, in addition to a (switched or smooth) plant P, the specification ϕ, the hypothesis
space defined by T over C, we also assume that a black-box demonstrator function D : X 7→ U
is provided as input.
For simplicity, we focus on finding CLFs for smooth feedback systems and we define the
following terminologies regarding CLFs.
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Instead of set of witness points X , we define a set of observations O as
O : {(x1,u1), . . . , (xj ,uj)} ⊂ X × U ,
where ui is the demonstrated feedback for state xi 6= 0, i.e, ui : D(xi).
Definition 26 (Observation Compatibility) A function V is said to be compatible with a set
of observations O iff V respects the CLF conditions (Eq. (3.1)) for every observation in O:
V (0) = 0 ∧
∧
(xi,ui)∈Oj
(
V (xi) > 0 ∧ ∇V · f(xi,ui) < 0
)
.
We note that not every CLF (satisfying the conditions in Eq. (3.1)) will necessarily be com-
patible with a given observation set O.
Definition 27 ( Demonstrator Compatibility ) A function V is said to be compatible with a
demonstrator D iff V respects the CLF conditions (Eq. (3.1)) for every observation that can be
generated by the demonstrator:
V (0) = 0 ∧ ∀x 6= 0
(
V (x) > 0 ∧ ∇V · f(x,D(x)) < 0
)
.
In other words, V is a Lyapunov function for the closed-loop system Ψ(P,D).
The framework works iteratively and at each iteration j, the learner maintains a set of
observations
Oj : {(x1,u1), . . . , (xj ,uj)} ⊂ X × U .
Given a template Vc(x) : c
t · g(x), corresponding to Oj , Cj ⊆ C is defined as a set of candidate
unknowns for function Vc(x). Formally, Cj is a set of all c s.t. Vc is compatible with Oj :
Cj :
{
c ∈ C
∣∣∣∣∣ Vc(0) = 0 ∧ ∧(xi,ui)∈Oj
(
Vc(xi) > 0 ∧ ∇Vc · f(xi,ui) < 0
) }
. (4.20)
The overall procedure is shown in Figure 4.7. The procedure starts with an empty set
O0 = ∅ and the corresponding set of compatible parameters C0 : {c ∈ C | Vc(0) = 0}. Each
iteration involves the following steps:
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verify(Vcj )
<latexit sha1_base64="dUQP5gfy5y0aCNX7Mndh5PupUSM=">AAACCXicbVC7SgNB FL3rM8bXqpWkWQ1CbMJuGrUL2FhGMA9IwjI7mU3GzD6YuSuGZWsbf8XGQsXWP7Cz81OcPApNPDBwOOdc7tzjxYIrtO0vY2l5ZXVtPbeR39za3tk19/YbKkokZXUaiUi2PKKY4CGr I0fBWrFkJPAEa3rDy7HfvGNS8Si8wVHMugHph9znlKCWXPOog+weFU11iPujrNRw04nk+SnN3Nvs1DWLdtmewFokzowUq4edwjcA1Fzzs9OLaBKwEKkgSrUdO8ZuSiRyKliW7ySK xYQOSZ+1NQ1JwFQ3nZySWSda6Vl+JPUL0ZqovydSEig1CjydDAgO1Lw3Fv/z2gn6592Uh3GCLKTTRX4iLIyscS9Wj0tGUYw0IVRy/VeLDogkFHV7eV2CM3/yIqlXyhdl51qXUYE pclCAYyiBA2dQhSuoQR0oPMATvMCr8Wg8G2/G+zS6ZMxmDuAPjI8fVaac9A==</latexit><latexit sha1_base64="HZA+uy3t4dfNhrw+Trja13PuTMs=">AAACCXicbVC7TsMw FHXKq5RXgKnqEqiQylIlXYCtEgtjK5G2UlNFjuu0ps5D9g2iijKz8CssDIBY2RnY4GtwHwO0HMnS0Tnn6voeL+ZMgml+abmV1bX1jfxmYWt7Z3dP3z9oySgRhNok4pHoeFhSzkJq AwNOO7GgOPA4bXujy4nfvqVCsii8hnFMewEehMxnBIOSXP3IAXoHkqQqxPxxVmm56VTy/JRk7k126upls2pOYSwTa07K9aJT+m4WPxqu/un0I5IENATCsZRdy4yhl2IBjHCaFZxE 0hiTER7QrqIhDqjspdNTMuNEKX3Dj4R6IRhT9fdEigMpx4GnkgGGoVz0JuJ/XjcB/7yXsjBOgIZktshPuAGRMenF6DNBCfCxIpgIpv5qkCEWmIBqr6BKsBZPXiZ2rXpRtZqqjBq aIY9K6BhVkIXOUB1doQayEUH36BE9oxftQXvSXrW3WTSnzWcO0R9o7z/sxp4m</latexit><latexit sha1_base64="HZA+uy3t4dfNhrw+Trja13PuTMs=">AAACCXicbVC7TsMw FHXKq5RXgKnqEqiQylIlXYCtEgtjK5G2UlNFjuu0ps5D9g2iijKz8CssDIBY2RnY4GtwHwO0HMnS0Tnn6voeL+ZMgml+abmV1bX1jfxmYWt7Z3dP3z9oySgRhNok4pHoeFhSzkJq AwNOO7GgOPA4bXujy4nfvqVCsii8hnFMewEehMxnBIOSXP3IAXoHkqQqxPxxVmm56VTy/JRk7k126upls2pOYSwTa07K9aJT+m4WPxqu/un0I5IENATCsZRdy4yhl2IBjHCaFZxE 0hiTER7QrqIhDqjspdNTMuNEKX3Dj4R6IRhT9fdEigMpx4GnkgGGoVz0JuJ/XjcB/7yXsjBOgIZktshPuAGRMenF6DNBCfCxIpgIpv5qkCEWmIBqr6BKsBZPXiZ2rXpRtZqqjBq aIY9K6BhVkIXOUB1doQayEUH36BE9oxftQXvSXrW3WTSnzWcO0R9o7z/sxp4m</latexit><latexit sha1_base64="I4cOa+gTt8CjZZ1MwWLkVwEyZuo=">AAACCXicbVC7TsMw FHXKq5RXgJElUCGVpUq6AFslFsYikbZSG0WO67SmzkP2DSKKMrPwKywMgFj5Azb+BjfNAC1HsnR0zrm6vseLOZNgmt9aZWV1bX2julnb2t7Z3dP3D7oySgShNol4JPoelpSzkNrA gNN+LCgOPE573vRq5vfuqZAsCm8hjakT4HHIfEYwKMnVj4dAH0CSTIWYn+aNrpsVkudnJHfv8jNXr5tNs4CxTKyS1FGJjqt/DUcRSQIaAuFYyoFlxuBkWAAjnOa1YSJpjMkUj+lA 0RAHVDpZcUpunCplZPiRUC8Eo1B/T2Q4kDINPJUMMEzkojcT//MGCfgXTsbCOAEakvkiP+EGRMasF2PEBCXAU0UwEUz91SATLDAB1V5NlWAtnrxM7FbzsmndmPV2q2yjio7QCWo gC52jNrpGHWQjgh7RM3pFb9qT9qK9ax/zaEUrZw7RH2ifPxCam0Q=</latexit>
findCandidate(Oj 1)
<latexit sha1_base64="0fvDiGhiQx35DOzUL4ir4fhYpDY=">AAACB3icbVA9SwNB EJ3zM8av+NFZeCiCFoa7NGoXsLFTwWggCWFvb05X9/aO3TkxHAEbG/+KjYWKrX/Bzh9i7yax0OiDgcd7M8zMC1IpDHnehzMyOjY+MVmYKk7PzM7NlxYWT02SaY41nshE1wNmUAqF NRIksZ5qZHEg8Sy42u/5Z9eojUjUCXVSbMXsXIlIcEZWapdWm4Q3ZHgeCRXuMxWKkBF2Nw/b+eW2391ql9a9steH+5f432S9uvz5fAsAR+3SezNMeBajIi6ZMQ3fS6mVM02CS+wW m5nBlPErdo4NSxWL0bTy/iNdd8MqoRsl2pYit6/+nMhZbEwnDmxnzOjCDHs98T+vkVG028qFSjNCxQeLoky6lLi9VNxQaOQkO5YwroW91eUXTDNONruiDcEffvkvqVXKe2X/2IZ RgQEKsAJrsAk+7EAVDuAIasDhDh7gCZ6de+fReXFeB60jzvfMEvyC8/YFVk2b6w==</latexit><latexit sha1_base64="i072hpwR5MD4R7UJnSL3X9CwKP8=">AAACB3icbVA9SwNB EN3z2/gVPzoLD4OgheEujdoJaexU8FRIwrG3N5es2ds7dufEcKS08a/YCBqx9S/Y+Rfs7d0kFmp8MPB4b4aZeUEquEbHebfGxicmp6ZnZgtz8wuLS8XllXOdZIqBxxKRqMuAahBc goccBVymCmgcCLgI2tW+f3ENSvNEnmEnhUZMm5JHnFE0kl/cqCPcoGZ5xGVYpTLkIUXobh/7+dWu293xiyWn7AxgjxL3m5QO1z57+uOxdeIX3+phwrIYJDJBta65ToqNnCrkTEC3 UM80pJS1aRNqhkoag27kg0e69pZRQjtKlCmJ9kD9OZHTWOtOHJjOmGJL//X64n9eLcNov5FzmWYIkg0XRZmwMbH7qdghV8BQdAyhTHFzq81aVFGGJruCCcH9+/Io8Srlg7J7asK okCFmyDrZJNvEJXvkkByRE+IRRm7JPXkiPevOerCerZdh65j1PbNKfsF6/QL2K53j</latexit><latexit sha1_base64="i072hpwR5MD4R7UJnSL3X9CwKP8=">AAACB3icbVA9SwNB EN3z2/gVPzoLD4OgheEujdoJaexU8FRIwrG3N5es2ds7dufEcKS08a/YCBqx9S/Y+Rfs7d0kFmp8MPB4b4aZeUEquEbHebfGxicmp6ZnZgtz8wuLS8XllXOdZIqBxxKRqMuAahBc goccBVymCmgcCLgI2tW+f3ENSvNEnmEnhUZMm5JHnFE0kl/cqCPcoGZ5xGVYpTLkIUXobh/7+dWu293xiyWn7AxgjxL3m5QO1z57+uOxdeIX3+phwrIYJDJBta65ToqNnCrkTEC3 UM80pJS1aRNqhkoag27kg0e69pZRQjtKlCmJ9kD9OZHTWOtOHJjOmGJL//X64n9eLcNov5FzmWYIkg0XRZmwMbH7qdghV8BQdAyhTHFzq81aVFGGJruCCcH9+/Io8Srlg7J7asK okCFmyDrZJNvEJXvkkByRE+IRRm7JPXkiPevOerCerZdh65j1PbNKfsF6/QL2K53j</latexit><latexit sha1_base64="pajsJ0Gouf3A1o2UdDHy/ZRbdxM=">AAACB3icbVA9TwJB EN3DL8Qv1NLCi8QEC8kdjdqR0NiJiQgJELK3Nwcre3uX3TkjuVDa+FdsLNTY+hfs/DcuH4WCL5nk5b2ZzMzzYsE1Os63lVlaXlldy67nNja3tnfyu3u3OkoUgzqLRKSaHtUguIQ6 chTQjBXQ0BPQ8AbVsd+4B6V5JG9wGEMnpD3JA84oGqmbP2wjPKBmacClX6XS5z5FGBWvuundqTs66eYLTsmZwF4k7owUyAy1bv6r7UcsCUEiE1TrluvE2EmpQs4EjHLtRENM2YD2 oGWopCHoTjp5ZGQfG8W3g0iZkmhP1N8TKQ21Hoae6Qwp9vW8Nxb/81oJBuedlMs4QZBsuihIhI2RPU7F9rkChmJoCGWKm1tt1qeKMjTZ5UwI7vzLi6ReLl2U3GunUCnP0siSA3J EisQlZ6RCLkmN1Akjj+SZvJI368l6sd6tj2lrxprN7JM/sD5/APtkmW0=</latexit>
Oj  Oj 1 [ {(xj ,uj)}
<latexit sha1_base64="2hUK32B5nSaekus9eIgxRamOHqs=">AAACLHicbVBNSyNB EK3R1c3Gr6h720tjECJomPGy601wD3szwmYVMiH0dGpia88H3TWrYRjw93jZ0/4PEfbgilf/gXd7EgU1Pmh49V4V1fWCVElDrnvjTE1/mJn9WPlUnZtfWFyqLa/8MkmmBbZFohJ9 FHCDSsbYJkkKj1KNPAoUHgane6V/+Bu1kUn8k4YpdiM+iGUoBScr9Wrf93v5ScF8hSFxrZMzVgpbnpVEljI/Zw2f8JyCMD8vytZN9lxno3qD+UWvVneb7ghsknhPpL77+eHvBQC0 erVrv5+ILMKYhOLGdDw3pW7ONUmhsKj6mcGUi1M+wI6lMY/QdPPRtQVbt0qfhYm2LyY2Ul9O5DwyZhgFtjPidGzeeqX4ntfJKPzWzWWcZoSxGC8KM8UoYWV0rC81ClJDS7jQ0v6 ViWOuuSAbcNWG4L09eZK0t5s7Te/AhrENY1TgC6xBAzz4CrvwA1rQBgGXcAU38N/54/xzbp27ceuU8zSzCq/g3D8CIwWrIw==</latexit><latexit sha1_base64="Sf5K4OytCAh8qTe7ncxtG+7O2c0=">AAACLHicbVA9SwNB EN2L3/ErfnQ2iyIoaLizUbuAFnYqGBVyIext5szq3ge7c5pw3B+ysRD/hwgWKrYW9vbuJQoafbDw5r0ZZud5sRQabfvJKgwMDg2PjI4Vxycmp6ZLM7PHOkoUhyqPZKROPaZBihCq KFDCaayABZ6EE+9iJ/dPLkFpEYVH2ImhHrCzUPiCMzRSo7S730jPM+pK8JEpFV3RXFh3jMSTmLopXXER2uj5aTvLW9fod51061XqZo3Skl22u6B/ifNFlirzH3f6/bZ10Cg9uM2I JwGEyCXTuubYMdZTplBwCVnRTTTEjF+wM6gZGrIAdD3tXpvRZaM0qR8p80KkXfXnRMoCrTuBZzoDhi3d7+Xif14tQX+rnoowThBC3lvkJ5JiRPPoaFMo4Cg7hjCuhPkr5S2mGEc TcNGE4PSf/JdUN8rbZefQhLFBehglC2SRrBCHbJIK2SMHpEo4uSb35Ik8WzfWo/VivfZaC9bXzBz5BevtE8LjrRs=</latexit><latexit sha1_base64="Sf5K4OytCAh8qTe7ncxtG+7O2c0=">AAACLHicbVA9SwNB EN2L3/ErfnQ2iyIoaLizUbuAFnYqGBVyIext5szq3ge7c5pw3B+ysRD/hwgWKrYW9vbuJQoafbDw5r0ZZud5sRQabfvJKgwMDg2PjI4Vxycmp6ZLM7PHOkoUhyqPZKROPaZBihCq KFDCaayABZ6EE+9iJ/dPLkFpEYVH2ImhHrCzUPiCMzRSo7S730jPM+pK8JEpFV3RXFh3jMSTmLopXXER2uj5aTvLW9fod51061XqZo3Skl22u6B/ifNFlirzH3f6/bZ10Cg9uM2I JwGEyCXTuubYMdZTplBwCVnRTTTEjF+wM6gZGrIAdD3tXpvRZaM0qR8p80KkXfXnRMoCrTuBZzoDhi3d7+Xif14tQX+rnoowThBC3lvkJ5JiRPPoaFMo4Cg7hjCuhPkr5S2mGEc TcNGE4PSf/JdUN8rbZefQhLFBehglC2SRrBCHbJIK2SMHpEo4uSb35Ik8WzfWo/VivfZaC9bXzBz5BevtE8LjrRs=</latexit><latexit sha1_base64="gpu+SKxu2l12eZ9k33Xdf5dR+Z8=">AAACLHicbVDLSgNB EJz1GeNr1aOXwSBE0LCbi3oT9ODNCEYD2RBmJ706OvtgplcNy/6QF39FBA9RvPodziYRfBUMVFd109PlJ1JodJyBNTE5NT0zW5orzy8sLi3bK6vnOk4VhyaPZaxaPtMgRQRNFCih lShgoS/hwr85LPyLW1BaxNEZ9hPohOwyEoHgDI3UtY9Outl1Tj0JATKl4jtaCDuukXiaUC+jVQ/hHv0gu8+L1m36VafDeot6edeuODVnCPqXuGNSIWM0uvaz14t5GkKEXDKt266T YCdjCgWXkJe9VEPC+A27hLahEQtBd7LhtTndNEqPBrEyL0I6VL9PZCzUuh/6pjNkeKV/e4X4n9dOMdjrZCJKUoSIjxYFqaQY0yI62hMKOMq+IYwrYf5K+RVTjKMJuGxCcH+f/Jc 067X9mnvqVA7q4zRKZJ1skCpxyS45IMekQZqEkwfyRAbk1Xq0Xqw3633UOmGNZ9bID1gfn8gcqKU=</latexit>
O0 = finite set
<latexit sha1_base64="58YimtS/I3Mh 3E+qfikBTSBLmNY=">AAACE3icbVBLahtBEK3xJ1YUJ1HsRRbZNBGBrMRMCCRZBAzZeG cZPLFBEqKnVWM37s/QXRMshrmGL+BtfAN7Y7xMDuAL+BxpfRaR5AcFj/eqqKqXFUp6iu OHaG19Y/PZVuN588X2y1evW292fnpbOoGpsMq6k4x7VNJgSpIUnhQOuc4UHmfnPyb+8S 90XlpzROMCB5qfGplLwSlIw9bbg2HMvrO+zuxFlUsjCZlHqoetdtyJp2CrJJmT9l7jzy 0EdIetx/7IilKjIaG4970kLmhQcUdSKKyb/dJjwcU5P8VeoIZr9INq+kDNPgRlxHLrQh liU/X/iYpr78c6C52a05lf9ibiU16vpPzroJKmKAmNmC3KS8XIskkabCQdClLjQLhwM tzKxBl3XFDIbGGLDr71dTMEkyzHsErST51vneQwBPQZZmjAO3gPHyGBL7AH+9CFFATUc AW/4Tq6jG6iu+h+1roWzWd2YQHR339xQJ/o</latexit><latexit sha1_base64="UI4cw27qgJKb GHKir0dXF09M2L8=">AAACE3icbVBLSgNBEO3xG+Mv6sKFm0YRXIUZEdSFENCFOxWMCk kIPZ0abezP0F0jhmGu4QUEV3oD3YhLPYAX8Bx2Ehf+HhQ83quiql6cSuEwDN+DoeGR0b Hx0kR5cmp6ZrYyN3/iTGY51LmRxp7FzIEUGuooUMJZaoGpWMJpfLnb80+vwDph9DF2U2 gpdq5FIjhDL7UriwftkO7QporNdZ4ILRCoAyzalZWwGvZB/5Loi6zUSq9P83t3y4ftyk ezY3imQCOXzLlGFKbYyplFwSUU5WbmIGX8kp1Dw1PNFLhW3n+goKte6dDEWF8aaV/9Pp Ez5VxXxb5TMbxwv72e+J/XyDDZauVCpxmC5oNFSSYpGtpLg3aEBY6y6wnjVvhbKb9gl nH0mf3YorxvXFH2wUS/Y/hL6uvV7Wp05APaIAOUyBJZJmskIpukRvbJIakTTgpyS+7JQ 3ATPAbPwcugdSj4mlkgPxC8fQIE8qEG</latexit><latexit sha1_base64="UI4cw27qgJKb GHKir0dXF09M2L8=">AAACE3icbVBLSgNBEO3xG+Mv6sKFm0YRXIUZEdSFENCFOxWMCk kIPZ0abezP0F0jhmGu4QUEV3oD3YhLPYAX8Bx2Ehf+HhQ83quiql6cSuEwDN+DoeGR0b Hx0kR5cmp6ZrYyN3/iTGY51LmRxp7FzIEUGuooUMJZaoGpWMJpfLnb80+vwDph9DF2U2 gpdq5FIjhDL7UriwftkO7QporNdZ4ILRCoAyzalZWwGvZB/5Loi6zUSq9P83t3y4ftyk ezY3imQCOXzLlGFKbYyplFwSUU5WbmIGX8kp1Dw1PNFLhW3n+goKte6dDEWF8aaV/9Pp Ez5VxXxb5TMbxwv72e+J/XyDDZauVCpxmC5oNFSSYpGtpLg3aEBY6y6wnjVvhbKb9gl nH0mf3YorxvXFH2wUS/Y/hL6uvV7Wp05APaIAOUyBJZJmskIpukRvbJIakTTgpyS+7JQ 3ATPAbPwcugdSj4mlkgPxC8fQIE8qEG</latexit><latexit sha1_base64="pzRrIzmFypCe THDbcrcvAGmBc64=">AAACE3icbVBLSgNBEO2J//iLunDhpjEIrsKMCOpCCLhxp4JRIQ mhp1OTNOnP0F0jhmGu4QXc6g1ciVsP4AU8h52Yhb8HBY/3qqiqF6dSOAzD96A0NT0zOz e/UF5cWl5ZraytXzmTWQ4NbqSxNzFzIIWGBgqUcJNaYCqWcB0PTkb+9S1YJ4y+xGEKbc V6WiSCM/RSp7J51gnpMW2p2NzlidACgTrAolOphrVwDPqXRBNSJROcdyofra7hmQKNXD LnmlGYYjtnFgWXUJRbmYOU8QHrQdNTzRS4dj5+oKA7XunSxFhfGulY/T6RM+XcUMW+Uz Hsu9/eSPzPa2aYHLZzodMMQfOvRUkmKRo6SoN2hQWOcugJ41b4WynvM8s4+sx+bFHeN 64o+2Ci3zH8JY292lEtugir9f1JQvNki2yTXRKRA1Inp+ScNAgnBXkgj+QpuA+eg5fg9 au1FExmNsgPBG+f2kueFw==</latexit>
Figure 4.7: Visualization of the learning framework.
(1) findCandidate: The learner checks if there exists a Vc compatible with Oj−1
(a) If no such c exists, the learner declares failure (Cj−1 = ∅),
(b) Otherwise, a candidate cj ∈ Cj−1 is chosen and the corresponding function Vcj (x) :
ctj · g(x) is considered for verification.
(2) verify: The verifier oracle tests whether Vcj is a CLF (Eq. (3.1))
(a) If yes, the process terminates successfully (Vcj is a CLF),
(b) Otherwise, the oracle provides a witness xj 6= 0 for the negation of Eq. (3.1).
(3) update: Using the demonstrator uj : D(xj), a new observation (xj ,uj) is added to the
training set:
Oj : Oj−1 ∪ {(xj ,uj)} (4.21)
Cj : Cj−1 ∩
{
c ∈ C | Vc(xj) > 0 ∧ ∇Vc · f(xj ,uj) < 0
}
. (4.22)
Theorem 14 The learning framework as described above has the following property:
(1) cj 6∈ Cj. I.e., the candidate found at the jth step is eliminated from further consideration
(2) If the algorithm succeeds at iteration j, then the output function Vcj is a valid CLF for
stabilization
(3) The algorithm declares failure at iteration j if and only if no linear combination of the basis
functions is a CLF compatible with the demonstrator.
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Proof 1) Suppose that cj ∈ Cj. Then, cj satisfies the following conditions (Eq. (4.22)):
Vcj (xj) > 0 ∧ ∇Vcj · f(xj ,uj) < 0 .
However, the verifier guarantees that cj is a counterexample for Eq. (3.1)). I.e.,
Vcj (xj) ≤ 0 ∨ ∇Vcj · f(xj ,uj) ≥ 0 ,
which is a contradiction. Therefore, cj 6∈ Cj.
2) The algorithm declares success if the verifier could not find a counterexample. In other
words, Vcj satisfies conditions of Eq. (3.1) and therefore a CLF.
3) The algorithm declares failure if Cj = ∅. On the other hand, by definition, Cj yields the set
of all c s.t. Vc (which is a linear combination of basis functions) is compatible with the observations
Oj. Therefore, Cj = ∅ implies that no linear combination of the basis functions is compatible with
the Oj and therefore compatible with the demonstrator. 
When compared to CEGIS, the verifier remains unchanged. However, the learning process
differs. Recall that Vc : c
t · g(x) and the learner needs to check if there exists a c s.t. Vc is
compatible with the observation set O(Definition 26). In other words, we wish to check
(∃c ∈ C) Vc(0) = 0 ∧
∧
(xi,ui)∈O
(
Vc(xi) > 0 ∧ ∇Vc · f(xi,ui) < 0
)
.
The (initial) space of all candidates C is assumed to be a hyper-rectangular box, and therefore a
polytope. Let Cj represent the topological closure of the set Cj obtained at the jth iteration (see
Eq. (4.20)).
Lemma 3 For each j ≥ 0, Cj is a polytope.
Proof We prove by induction. Initially, C is an hyper-rectangular box. Also, C0 : C ∩H0, where
H0 = {c | Vc(0) =
r∑
i=1
cigi(0) = 0} .
As Vc is linear in c, H0 : {c | at0.c = b0} is a hyperplane, where a0 and b0 depend on the values
of, gk(0) (k = 1, . . . , r). C0 would be the intersection of a polytope and a hyperplane, which is a
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polytope. Now, assume Cj−1 is a polytope. Recall that Cj is defined as Cj : Cj−1 ∩ Pj (Eq. (4.22)),
where
Pj :
c
∣∣∣∣∣∣∣
∑r
i=1(ci gi(xj)) > 0 ∧∑r
i=1(ci ∇gi(xj) · f(xj ,uj)) < 0
 .
Notice that f(xj ,uj) and gi(xi) are constants and
Pj : Hj1 ∩Hj2

Hj1 : {c | atj1.c > bj1} = {c|
∑r
i=1(ci gi(xj)) > 0}
Hj2 : {c | atj2.c > bj2} = {c|
∑r
i=1(ci ∇gi(xj) · f(xj ,uj)) < 0} .
Therefore, Cj is the intersection of a polytope (Cj−1) and two half-spaces (Pj) which yields another
polytope. 
The learner should sample a point cj ∈ Cj−1 at jth iteration, which is equivalent to checking
the emptiness of a polytope with some strict inequalities. This is solved using a slight modification of
the simplex method, using infinitesimals for strict inequalities or using interior point methods [148].
We will now demonstrate that by choosing cj carefully, we can guarantee the polynomial time
termination of our learning framework.
4.3.3 Termination
Jha et al. [59] prove bounds on the number of queries (iterations) for discrete hypothesis
space using results on exact concept learning in discrete spaces [45]. Here, we prove bounds on the
number of queries needed to learn in a continuous linear hypothesis space using results from convex
optimization.
Recall that in the framework, the learner provides a candidate, and the verifier refutes the
candidate by a counterexample, and the demonstrator generates a new observation. The following
lemma relates the sample cj ∈ Cj−1 at the jth iteration and the set Cj in the subsequent iteration.
Lemma 4 There exists a half-space Hj : a
tc ≥ b such that (a) cj lies on the boundary of hyperplane
Hj, and (b) Cj ⊆ Cj−1 ∩Hj.
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Original candidate region Cj−1 (green) at the start of the jth iteration, the candidate cj , and the
new region Cj (blue region).
Figure 4.8: Effect of candidate selection on feasible parameter sets.
Proof Recall that we have cj ∈ Cj−1 but cj 6∈ Cj by Theorem 14. Let Hˆj : atc = bˆ be a separating
hyperplane between the (convex) set Cj and the point cj, such that Cj ⊆ {c | atc ≥ bˆ}. By setting
the offset b : atcj, we note that b ≤ bˆ. Therefore, by defining Hj as atc ≥ b, we obtain the required
half-space that satisfies conditions (a) and (b). 
While sampling a point from Cj is solved efficiently by solving a linear programming problem,
Lemma. 4 suggests that the choice of cj governs the convergence of the algorithm. Figure 4.8
demonstrates the importance of this choice by showing candidate cj , Cj , and Cj+1.
For a faster termination, we wish to remove a “large portion” of Cj−1 to obtain a “smaller” Cj .
There are two important factors affecting this: (i) counterexample xj selection and (ii) candidate
cj selection. Counterexample xj would affect uj : D(xj), g(xj), and f(xj ,uj) and therefore affects
the separating hyperplane Hj . On the other hand, candidate cj 6∈ Cj . We have already discussed
the counterexample selection in Section 4.2. In the following, we focus on different techniques to
generate a candidate cj ∈ Cj−1.
The goal is to find a cj s.t.
Vol(Cj) ≤ αVol(Cj−1) , (4.23)
for each iteration j and a fixed constant 0 ≤ α < 1, independent of the hyperplane Hj . Here,
Vol(Cj) represents the volume of the (closure) of the set Cj . Since the closure of Cj is contained in
C which is compact, this volume will always be finite. Note that if we can guarantee Eq. (4.23),
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it immediately follows that Vol(Cj) ≤ αjVol(C0). This implies that the volume of the remaining
candidates “vanishes” rapidly.
Remark 3 By referring to Vol(Cj), we are implicitly assuming that Cj is not embedded inside a
subspace of Rr, i.e, it is full-dimensional. However, this assumption is not strictly true. Specifically,
C0 : C ∩H0, where H0 is a hyperplane. Thus, strictly speaking, the volume of C0 in Rr is 0. This
issue is easily addressed by first factoring out the linearity space of Cj, i.e., the affine hull of Cj.
This is performed by using the equality constraints that describe the affine hull to eliminate variables
from Cj. Subsequently, Cj can be treated as a full dimensional polytope in Rr−dj , wherein dj is the
dimension of its linearity space. Furthermore, since Cj ⊆ Cj−1, we can continue to express Cj inside
Rr−dj using the same basis vectors as Cj−1. A further complication arises if Cj is embedded inside
a smaller subspace. We do not treat this case in our analysis. However, note that this can happen
for at most r iterations and thus, does not pose a problem for the termination analysis.
Intuitively, it is clear from Figure 4.8 that a candidate at the center of Cj would be a good
one. We now relate the choice of cj to an appropriate definition of center, so that Eq. (4.23) is
satisfied.
Center of Maximum Volume Ellipsoid: Maximum volume ellipsoid (MVE) inscribed
inside a polytope is unique with many useful characteristics. Let Ej be the MVE inscribed inside
Cj (Figure 4.9).
Theorem 15 ([141, 62]) Let cj be chosen as the center of Ej−1. Then, Vol(Ej) ≤
(
8
9
)
Vol (Ej−1).
Recall, here that r is the number of basis functions such that Cj ⊆ Rr. This leads us to a
scheme that guarantees termination of the overall procedure within finitely many steps under some
assumptions. The idea is simple. Select the center of the MVE inscribed in Cj−1 at jth iteration
(Figure 4.9). We consider some robustness for the candidate.
Definition 28 (Robust Compatibility) A candidate c is δ-robust for δ > 0 w.r.t. observations
(the demonstrator), iff for each cˆ ∈ Bδ(c), Vcˆ(x) : cˆt · g(x) is compatible with observations (the
demonstrator) as well.
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Let C ⊆ (−∆,∆)r for ∆ > 0. Following the robustness assumption, it is sufficient to terminate
the procedure whenever
Vol(Ej) < γδr , (4.24)
where γ is the volume of r-ball with radius 1. This additional termination condition is easily justified
when one considers the precision limits of floating point numbers and sets of small volumes. Clearly,
as the Vol(Cj) decrease exponentially (as j increases), each point inside the set will be quite close
to one that is outside, requiring high precision arithmetic to represent and sample from the sets Cj .
Theorem 16 If at each step cj is chosen as the center of Ej−1, the learning loop condition defined
by Eq. (4.24) is violated in at most r(log(∆)−log(δ))− log( 89)
= O(r) iterations.
Proof Initially, B∆(0) is the MVE strictly inside box [−∆,∆]r and therefore, Vol(E0) < γ∆r.
Then by Theorem 15
Vol(Ej) ≤ (8
9
)j Vol(E0) < (8
9
)jγ∆r
=⇒ log(Vol(Ej))− log(γ∆r) < j log(8
9
) .
After k = r(log(∆)−log(δ))− log( 8
9
)
iterations:
log(Vol(Ek))− log(γ∆r) < r(log(∆)− log(δ))− log(89)
log(
8
9
) ,
and
=⇒ log(Vol(Ek))− log(γ∆r) < r(log(δ)− log(∆))
=⇒ log(Vol(Ek))− log(γ∆r) < log(γδr)− log(γ∆r)
=⇒ log(Vol(Ek)) < log(γδr) .
It is concluded that Vol(Ek) < γδr, which is the termination condition. And asymptotically, the
maximum number of iterations would be O(r). 
The volume of an ellipsoid is effectively computable, and thus, such termination condition can
be checked quickly. The MVE itself can be computed by solving a convex optimization problem[141,
147].
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Cj
<latexit sha1_base64="biQxd489vLZQu8hRhgtTqXVMRBQ=">AA AB83icdVC7SgNBFL0bXzG+4qOzGQyC1bIbJZt0gTSWEVwTSJYwO5kko7MPZ2YDYQn4FzYWKraW/oidH2LvbKKgogcGDufcyz1z/JgzqSzrzc gtLC4tr+RXC2vrG5tbxe2dCxklglCXRDwSbR9LyllIXcUUp+1YUBz4nLb8q0bmt8ZUSBaF52oSUy/Aw5ANGMFKS143wGpEME8b095lr1iyTK tiO04VWeaJYx9XHU3scqVm1ZBtWjOU6nvvLzcA0OwVX7v9iCQBDRXhWMqObcXKS7FQjHA6LXQTSWNMrvCQdjQNcUCll85CT9GhVvpoEAn9Qo Vm6veNFAdSTgJfT2Yh5W8vE//yOokaVL2UhXGiaEjmhwYJRypCWQOozwQlik80wUQwnRWRERaYKN1TQZfw9VP0P3HLZs20z3QZZZgjD/twA EdggwN1OIUmuEDgGm7hHh6MsXFnPBpP89Gc8bmzCz9gPH8AMa2Uyg==</latexit><latexit sha1_base64="eGrenDlRaAxh+ueyCALAtUoyHWo=">AA AB83icdVDLSsNAFJ3UV62v+ti5GSyCq5BUadpdoRuXFYwttKFMppN27GQSZyaFEvodblyouHUl/og7f8G9eyetgooeGDiccy/3zPFjRqWyrF cjt7C4tLySXy2srW9sbhW3dy5klAhMXByxSLR9JAmjnLiKKkbasSAo9Blp+aNG5rfGREga8XM1iYkXogGnAcVIacnrhkgNMWJpY9q77BVLlm lVbMepQss8cezjqqOJXa7UrBq0TWuGUn3v/Vm+PQ2bveJLtx/hJCRcYYak7NhWrLwUCUUxI9NCN5EkRniEBqSjKUchkV46Cz2Fh1rpwyAS+n EFZ+r3jRSFUk5CX09mIeVvLxP/8jqJCqpeSnmcKMLx/FCQMKgimDUA+1QQrNhEE4QF1VkhHiKBsNI9FXQJXz+F/xO3bNZM+0yXUQZz5ME+O ABHwAYOqINT0AQuwOAKXINbcGeMjRvj3niYj+aMz51d8APG4wfRi5bC</latexit><latexit sha1_base64="eGrenDlRaAxh+ueyCALAtUoyHWo=">AA AB83icdVDLSsNAFJ3UV62v+ti5GSyCq5BUadpdoRuXFYwttKFMppN27GQSZyaFEvodblyouHUl/og7f8G9eyetgooeGDiccy/3zPFjRqWyrF cjt7C4tLySXy2srW9sbhW3dy5klAhMXByxSLR9JAmjnLiKKkbasSAo9Blp+aNG5rfGREga8XM1iYkXogGnAcVIacnrhkgNMWJpY9q77BVLlm lVbMepQss8cezjqqOJXa7UrBq0TWuGUn3v/Vm+PQ2bveJLtx/hJCRcYYak7NhWrLwUCUUxI9NCN5EkRniEBqSjKUchkV46Cz2Fh1rpwyAS+n EFZ+r3jRSFUk5CX09mIeVvLxP/8jqJCqpeSnmcKMLx/FCQMKgimDUA+1QQrNhEE4QF1VkhHiKBsNI9FXQJXz+F/xO3bNZM+0yXUQZz5ME+O ABHwAYOqINT0AQuwOAKXINbcGeMjRvj3niYj+aMz51d8APG4wfRi5bC</latexit><latexit sha1_base64="Qe89+foAnOuD1oOJnagjtDFbIr4=">AA AB83icdVDNSgMxGMzWv1r/qh69BIvgaclW6ba3Qi8eK7i20C4lm2bb2Gx2TbKFsvQ5vHhQ8erLePNtzLYVVHQgMMx8H99kgoQzpRH6sApr6x ubW8Xt0s7u3v5B+fDoVsWpJNQjMY9lN8CKciaop5nmtJtIiqOA004waeV+Z0qlYrG40bOE+hEeCRYygrWR/H6E9ZhgnrXmg7tBuYJsVHNctw 6Rfek6F3XXEKdaa6AGdGy0QAWs0B6U3/vDmKQRFZpwrFTPQYn2Myw1I5zOS/1U0QSTCR7RnqECR1T52SL0HJ4ZZQjDWJonNFyo3zcyHCk1iw IzmYdUv71c/MvrpTqs+xkTSaqpIMtDYcqhjmHeABwySYnmM0MwkcxkhWSMJSba9FQyJXz9FP5PvKrdsJ1rVGlWV20UwQk4BefAAS5ogivQB h4g4B48gCfwbE2tR+vFel2OFqzVzjH4AevtE9bEkkw=</latexit>
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<latexit sha1_base64="FQAZWVJKeXzDViyES08AlywnGKU=">AA AB83icdVDLSgMxFL3js9ZXfezcBIvgapip0ml3BRFcVrC20A4lk2ba2MzDJFMoQ8G/cONCxa1Lf8SdH+LeTKugogcCh3Pu5Z4cL+ZMKst6M+ bmFxaXlnMr+dW19Y3Nwtb2pYwSQWiDRDwSLQ9LyllIG4opTluxoDjwOG16w5PMb46okCwKL9Q4pm6A+yHzGcFKS24nwGpAME9PJ92rbqFomV bZdpwKssxjxz6qOJrYpXLVqiLbtKYo1nbfX24AoN4tvHZ6EUkCGirCsZRt24qVm2KhGOF0ku8kksaYDHGftjUNcUClm05DT9CBVnrIj4R+oU JT9ftGigMpx4GnJ7OQ8reXiX957UT5FTdlYZwoGpLZIT/hSEUoawD1mKBE8bEmmAimsyIywAITpXvK6xK+for+J42SWTXtc11GCWbIwR7sw yHY4EANzqAODSBwDbdwDw/GyLgzHo2n2eic8bmzAz9gPH8ANLmUzA==</latexit><latexit sha1_base64="9QB0t6uietXtSUqy7fC65HKWapU=">AA AB83icdVDLSsNAFJ3UV62v+ti5GSyCq5BUadpdQQSXFYwttKFMppN27GQSZyaFEvodblyouHUl/og7f8G9eyetgooeGDiccy/3zPFjRqWyrF cjNze/sLiUXy6srK6tbxQ3ty5klAhMXByxSLR8JAmjnLiKKkZasSAo9Blp+sPjzG+OiJA04udqHBMvRH1OA4qR0pLXCZEaYMTSk0n3slssWa ZVsR2nCi3zyLEPq44mdrlSs2rQNq0pSvWd92f59jRodIsvnV6Ek5BwhRmSsm1bsfJSJBTFjEwKnUSSGOEh6pO2phyFRHrpNPQE7mulB4NI6M cVnKrfN1IUSjkOfT2ZhZS/vUz8y2snKqh6KeVxogjHs0NBwqCKYNYA7FFBsGJjTRAWVGeFeIAEwkr3VNAlfP0U/k/cslkz7TNdRhnMkAe7Y A8cABs4oA5OQQO4AIMrcA1uwZ0xMm6Me+NhNpozPne2wQ8Yjx/Ul5bE</latexit><latexit sha1_base64="9QB0t6uietXtSUqy7fC65HKWapU=">AA AB83icdVDLSsNAFJ3UV62v+ti5GSyCq5BUadpdQQSXFYwttKFMppN27GQSZyaFEvodblyouHUl/og7f8G9eyetgooeGDiccy/3zPFjRqWyrF cjNze/sLiUXy6srK6tbxQ3ty5klAhMXByxSLR8JAmjnLiKKkZasSAo9Blp+sPjzG+OiJA04udqHBMvRH1OA4qR0pLXCZEaYMTSk0n3slssWa ZVsR2nCi3zyLEPq44mdrlSs2rQNq0pSvWd92f59jRodIsvnV6Ek5BwhRmSsm1bsfJSJBTFjEwKnUSSGOEh6pO2phyFRHrpNPQE7mulB4NI6M cVnKrfN1IUSjkOfT2ZhZS/vUz8y2snKqh6KeVxogjHs0NBwqCKYNYA7FFBsGJjTRAWVGeFeIAEwkr3VNAlfP0U/k/cslkz7TNdRhnMkAe7Y A8cABs4oA5OQQO4AIMrcA1uwZ0xMm6Me+NhNpozPne2wQ8Yjx/Ul5bE</latexit><latexit sha1_base64="6TUh5ODC9n+SKBkD+I+zmrgMdRI=">AA AB83icdVDNSgMxGMzWv1r/qh69BIvgaclW6ba3gggeK7i20C4lm2bb2Gx2TbKFsvQ5vHhQ8erLePNtzLYVVHQgMMx8H99kgoQzpRH6sAorq2 vrG8XN0tb2zu5eef/gVsWpJNQjMY9lJ8CKciaop5nmtJNIiqOA03Ywvsj99oRKxWJxo6cJ9SM8FCxkBGsj+b0I6xHBPLuc9e/65QqyUc1x3T pE9rnrnNVdQ5xqrYEa0LHRHBWwRKtffu8NYpJGVGjCsVJdByXaz7DUjHA6K/VSRRNMxnhIu4YKHFHlZ/PQM3hilAEMY2me0HCuft/IcKTUNA rMZB5S/fZy8S+vm+qw7mdMJKmmgiwOhSmHOoZ5A3DAJCWaTw3BRDKTFZIRlpho01PJlPD1U/g/8ap2w3auUaVZXbZRBEfgGJwCB7igCa5AC 3iAgHvwAJ7AszWxHq0X63UxWrCWO4fgB6y3T9nQkk4=</latexit>
Candidate region Cj−1 (Cj) is shown in blue (green) polygon. The maximum volume ellipsoid
Ej−1 (Ej) is inscribed in Cj−1 (Cj) and its center is the candidate cj (cj+1).
Figure 4.9: Effect of selecting center of MVE.
Theorem 17 The learning framework either finds a control Lyapunov function or proves that no
linear combination of the basis functions would yield a function with robust compatibility with the
demonstrator.
Proof By Theorem 14, if verifier certifies correctness of a solution V , then V is a CLF. Assume
that the framework terminates after k iterations and no solution is found. Then, by Theorem 16,
Vol(Ek) < γδr. This means that a ball with radius δ would not fit in Ck as Ek is the MVE inscribed
inside Ck. In other words
(∀c ∈ Ck) (∃cˆ ∈ Bδ(c)) cˆ 6∈ Ck .
On the other hand, for all c 6∈ Ck, Vc is not compatible with the observations Oj. Therefore, even if
there is a CLF Vc s.t. c ∈ Ck, the CLF is not robust in its compatibility with the demonstrator. 
Other Definitions for Center of Polytope: Besides the center of MVE inscribed inside
a polytope, there are other notions for defining the center of a polytope. These include the center
of gravity and Chebyshev center. Center of gravity provides the following inequality [20]
Vol (Cj) ≤
(
1− 1
e
)
Vol (Cj−1) < 0.64 Vol(Cj−1) ,
meaning that the volume of candidate set is reduced by at least 36% at each iteration. Unfortu-
nately, computing center of gravity is costly. Chebyshev center [36] of a polytope is the center of
the largest Euclidean ball that lies inside the polytope. Finding a Chebyshev center for a polytope
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is equivalent to solving a linear program, and while it yields a good heuristic, it would not provide
an inequality in the form of Eq. (4.23).
There are also notions for defining the center for a set of constraints, including analytic center,
and volumetric center. Assuming I : {c |∧i ati.c < bi}, then analytic center for ∧i ati.c < bi is
defined as
ac(
∧
i
ati.c < bi) = argminc −
∑
i
log(bi − ati.c) .
Notice that infinitely many inequalities can represent I and any point inside I can be an analytic
center depending on the inequalities. Atkinson et al. [11] and Vaidya [146] provide candidate
generation techniques based on these centers, along with appropriate termination conditions and
convergence analysis.
4.3.4 Other Control Problems
While we discussed the problem for smooth feedback systems, its extension for switched
feedback systems is straightforward. Moreover, the framework is directly applicable for finding
control exponential-barrier function [67], control Lyapunov-barrier functions, and control Lyapunov
fixed-barriers functions (for uninitialized RWS) as well.
To extend the method for finding control barrier functions (or control funnel functions),
we need a slightly different demonstrator. Recall that for a control barrier certificate Bc(x) the
following conditions must hold:
(∀x ∈ I) Bc(x) < 0
(∀x ∈ ∂S) Bc(x) > 0
(∀x ∈ S \
◦
I)

(∃u ∈ U) ∇Bc · f(x,u) + λ∗Bc(x) < 0
∨
(∃u ∈ U) ∇Bc · f(x,u)− λ∗Bc(x) < 0 .
 .
If λ∗ = 0, the previously discussed method can address the problem. Otherwise, because of the
disjunction on the third condition, Cj would not be a polytope if we use the demonstrator discussed
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previously.
Considering the third condition, if Bc(x) < 0, then it is easier to satisfy
(∃u ∈ U) ∇Bc · f(x,u) + λBc(x) < 0 ,
and in case Bc(x) > 0, the other condition is weaker. Also recall that B
<0
c contains states for which
safety is guaranteed. We wish the demonstrator to inform the learner which condition is weaker
(better to use) for a specific xj . A simple solution is to assume a demonstrator that for a given
state xj outputs: (i) a proper instantaneous control input uj , and (ii) bj ∈ B indicating whether
safety can be guaranteed by the demonstrator policy, starting from xj . If safety is guaranteed using
the demonstrator, we prefer to search a CBF Bc s.t. xj ∈ B<0c (safety would be guaranteed using
the CBF-based controller) which hints the learner to use the first condition. Such a demonstrator
would yield an observation set of the form:
Oj : {(x1,u1, b1), . . . (xj ,uj , bj)} .
Then, Cj is defined as
Cj :
c ∈ C |
∧
(xi,ui,bi)∈Oj
 bi =⇒ ∇Bc · f(xi,ui) +Bc(xi) < 0∧
¬bi =⇒ ∇Bc · f(xi,ui)−Bc(xi) < 0

 .
Now, one could show Cj is a polytope and other parts of the framework remain unchanged.
4.4 SDP Relaxation
Recall that if the regions of interest are semi-algebraic sets, the dynamics and chosen bases
are polynomials in x, then the verification problem for switched systems reduces to checking if a
given semi-algebraic set defined by polynomial inequalities is empty. Therefore, the verification
problem decidable with high complexity (NP-hard) [15]. However, for scalability, we consent to a
relaxation using SDP solvers. We now present a relaxation using semidefinite programming (SDP)
solvers.
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Abandoning numerical SMT solvers, we no longer require the regions of interest to be com-
pact. Moreover, we do not assume U is finite anymore. However, we require nonlinear functions to
be polynomials. For simplicity, we only consider CLF verification for smooth feedback systems.
The verifier checks the CLF conditions in Eq. (3.1) for a candidate Vcj (x) : c
t
j · g(x). Since
the CLF is generated by the learner, it is guaranteed that Vcj (0) = 0 (Eq. (4.20)). Accordingly,
verification is split into two separate checks:
(A) Check if Vcj (x) is a positive polynomial for x 6= 0, or equivalently
(∃ x 6= 0) Vcj (x) ≤ 0 . (4.25)
(B) Check if the Lie derivative of Vcj can be made negative for each x 6= 0 by a choice u ∈ U :
(∃x 6= 0) (∀u ∈ U) (∇Vcj ) · f(x,u) ≥ 0 . (4.26)
This problem seems harder due to the presence of a quantifier alternation.
Lemma 5 (Farkas Lemma for LP) Exactly one of the following holds:
• (∃x) Ax ≤ b
• (∃λ) λ ≥ 0 ,btλ < 0 , Atλ = 0.
Lemma 6 Eq. (4.26) holds for some x 6= 0 iff
(∃ x 6= 0,λ) λ ≥ 0 , λtb ≥ −∇Vcj .f0(x) , Atiλ = ∇Vcj .fi(x)(i ∈ {1 . . .m}). (4.27)
Proof Suppose Eq. (4.26) holds. Then, for the given V , there exists a x 6= 0 s.t.
(∀u ∈ U) ∇V · f(x,u) =
(
∇V · f0(x) +
m∑
i=1
∇V · fi(x)ui
)
≥ 0, (4.28)
which is equivalent to:
( 6 ∃u)Au ≥ b ∧∇V · f0(x) +
m∑
i=1
∇V · fi(x)ui < 0 .
This yields a set of linear inequalities (w.r.t. u). Using Lemma 5, this is equivalent to
(∃λ ≥ 0) Atiλ = ∇V · fi(x)(i ∈ {1...m}) , λtb ≥ −∇V · f0(x).
Thus, for a given V , Eq. (4.26) is equivalent to Eq. (4.27). 
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Let wt : [xt,λt] ∈ Rn′ collect the state variables x and the dual variables λ involved in
the conditions stated in Eq. (4.27). The core idea behind the SDP relaxation is to consider a
vector collecting all monomials of degree up to D: z : [1 w1 w2 . . . w
D
n′ ]
t, wherein D is chosen to
be at least half of the maximum degree in x among all monomials in gj(x) and ∇gj · fi(x):D ≥
1
2 max
(⋃
j ({deg(gj)} ∪ {
⋃
i deg(∇gj · fi)})
)
. Let us define Z(w) : zzt, which is a symmetric
matrix of monomial terms of degree at most 2D. Each polynomial of degree up to 2D may now
be written as a trace inner product p(x,λ) : 〈P,Z(w)〉 = trace(PZ(w)), wherein the symmetric
matrix P has real-valued entries that define the coefficients in p corresponding to the various
monomials. Although, Z is a function of x and λ, we will write Z(x) as a function of just x to
denote the matrix Z([xt,0t]t) (i.e., set λ = 0).
The constraint in Eq. (4.25) is equivalent to solving the following optimization problem over
x
maxx 〈I, Z(x)〉 s.t.
〈Vcj , Z(x)〉 ≤ 0 , (4.29)
wherein I is the identity matrix, and Vcj (x) is written in the inner product form as
〈Vcj , Z(x)〉. Let
〈Λk, Z(w)〉 represent the variable λk. λ is represented as vector Λ(Z(w)), wherein the kth element
is 〈Λk, Z(w)〉. Then, the conditions in Eq. (4.27) are written as
maxw 〈I, Z(w)〉 s.t.〈
Fcj ,i, Z(w)
〉
= AtiΛ(Z(w)) i ∈ {1, . . . ,m} ,
〈−Fcj ,0, Z(w)〉 ≤ btΛ(Z(w)) , Λ(Z(w)) ≥ 0 ,
(4.30)
wherein the components ∇Vcj · fi(x) defining the Lie derivatives of Vcj are now written in terms
of Z(w) as
〈
Fcj ,i, Z(w)
〉
. Notice that Z(0) is a square matrix where the first element (Z(0)1,1) is
1 and the rest of the entries are zero. Let Z0 = Z(0) . Then 〈I, Z0〉 = 1, and (∀w) Z(w)  Z0.
The SDP relaxation is used to solve these problems approximately and D defines the degree
of relaxation [52]. The relaxation treats Z(w) as a fresh matrix variable Z that is no longer a
function of w. The constraint Z  Z0 is added. However, Z(w) : zzt is a rank one matrix,
and ideally, Z should be constrained to be rank one as well. However, such a constraint is non-
convex, and therefore, will be dropped. Also, constraints in Eqs. (4.29) and (4.30) are added as
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support constraints. In other words, for a constraint h(w) ≥ 0, the relaxation treats Z(w)h(w) as a
fresh matrix variable Zh  Z0 (cf. [74, 75, 52] for details). Both optimization problems (Eqs. (4.29)
and (4.30)) are feasible by setting Z to be Z0. Furthermore, if the optimal solution for each problem
is 1 in the SDP relaxation, then we will conclude that the given candidate is a CLF. Unfortunately,
the converse is not necessarily true: the relaxation may fail to recognize that a given candidate is,
in fact, a CLF.
Lemma 7 Whenever the relaxed optimization problems in Eqs. (4.29) and (4.30) yield 1 as a
solution, then the given candidate Vcj (x) is in fact a CLF.
Proof Suppose that Vcj is not a CLF but both optimization problems yield an optimal value of 1.
Then, one of Eq. (4.25) or Eq. (4.26) is satisfied. I.e., (∃x∗ 6= 0,λ∗ ≥ 0) s.t. Vcj (x∗) ≤ 0 or
Atiλ
∗ = ∇Vcj .fi(x∗) (i ∈ {1 . . .m}), λ∗tb ≥ −∇Vcj .f0(x∗). Let w∗t = [x∗t,λ∗t] and therefore,
Z(w∗)  Z0 is a solution for Eq. (4.29) or Eq. (4.30). Let Z ′ = Z(w∗) − Z0. As w∗ 6= 0, Z ′
has a non-zero diagonal element, and since Z ′  0, we may also conclude that at least one of the
eigenvalues of Z ′ must be positive. Therefore, 〈I, Z ′〉 > 0 as the trace of Z ′ is the sum of eigenvalues
of Z ′. Thus, 〈I, Z(w)〉 > 〈I, Z0〉 = 1. Therefore, the optimal solution of at least one of the two
problems has to be greater than one. This contradicts our original assumption. 
However, the converse is not true. It is possible for Z  Z0 to be optimal for one of the
relaxed conditions, but Z 6= Z(w) for any w. This happens because (as mentioned earlier) the
relaxation drops two key constraints to convexify the conditions: (i) Z has to be a rank one matrix
written as Z : zzt, and (ii) there is a w such that z is the vector of monomials corresponding to
w.
4.4.1 Lifting the Counterexamples
Thus far, we have observed that the relaxed optimization problems (Eqs. (4.29) and (4.30))
yield matrices Z as counterexamples, rather than vectors x. Furthermore, given a solution Z, there
is no way for us to extract a corresponding x for reasons mentioned above. We solve this issue by
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“lifting” our entire learning loop to work with observations of the form
Oj : {(Z1,u1), . . . , (Zj ,uj)} ,
effectively replacing states xi by matrices Zi.
Also, each basis function gk(x) in g is now written instead as 〈Gk, Z〉. The candidates are
therefore,
r∑
k=1
ck 〈Gk, Z〉. Likewise, we write the components of its Lie derivative ∇gk · fi in terms
of Z (〈Gki, Z〉). Therefore
Vc =
r∑
k=1
ckGk , Fc,i =
r∑
k=1
ckGki . (4.31)
Definition 29 (Relaxed CLF) A polynomial function Vc(x) =
r∑
k=1
ckgk(x) defined by c is a D-
relaxed CLF iff 〈Vc, Z0〉 = 0, and for all Z 6= Z0
〈Vc, Z〉 > 0 ∧ (∃u ∈ U) 〈Fc,0, Z〉+
m∑
i=1
〈Fc,i, Z〉ui < 0 . (4.32)
Theorem 18 A relaxed CLF is a CLF.
Proof Suppose that Vc is not a CLF. The proof is complete by showing that Vc is not a relaxed
CLF. If Vc(0) 6= 0, then 〈Vc, Z0〉 6= 0 and Vc is not a relaxed CLF. Otherwise, according to Eq. (3.1)
there exists a x 6= 0 s.t.
Vc(x) ≤ 0 ∨ (∀u ∈ U) ∇Vc.f(x,u) ≥ 0 .
Therefore, there exists x 6= 0 s.t.
〈Vc, Z(x)〉 ≤ 0 ∨ (∀u ∈ U) 〈Fc,0, Z(x)〉+
m∑
i=1
〈Fc,i, Z(x)〉ui ≥ 0 .
Setting Z : Z(x) shows that Vc is not a relaxed CLF, since the negation of Eq. (4.32) holds. 
We lift the overall formal learning framework to work with matrices Z as counterexamples
using the following modifications to various parts of the framework:
(1) First, for each (Zj ,uj) in the observation set, Zj is the feasible solution returned by the
SDP solver while solving Eqs. (4.30) and (4.29).
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(2) However, the demonstrator D requires its input to be a state x ∈ X. We define a projection
operator pi : ζ 7→ X mapping each Z to a state x : pi(Z), such that the demonstrator
operates over pi(Zj) (instead of xj). Note that the vector of monomials z used to define
Z from x includes the degree one terms x1, . . . , xn. The projection operator simply selects
the entries from Z corresponding to these variables. Other more sophisticated projections
are also possible, but not considered in this work.
(3) The space of all candidates C remains unaltered except that each basis polynomial is now
interpreted as gk : 〈Gk, Z〉 and similarly for the Lie derivative (∇gk) · f(x,u) : 〈Gk0, Z〉+
m∑
i=1
〈Gki, Z〉ui. Thus, the learner is effectively unaltered.
Definition 30 (Relaxed Observation Compatibility) A polynomial function Vc(x) is said to
be compatible with a set of D-relaxed-observations O iff Vc respects the D-relaxed CLF conditions
(Eq. (3.1)) for every point in O:
〈Vc, Z0〉 = 0 ∧
∧
(Z,u)∈O
(
〈Vc, Z〉 > 0 ∧ 〈Fc,0, Z〉+
m∑
i=1
〈Fc,i, Z〉ui < 0
)
.
Definition 31 (Relaxed Demonstrator Compatibility) A polynomial function Vc(x) is said
to be compatible with a relaxed-demonstrator D ◦ pi iff Vc respects the D-relaxed CLF conditions
(Eq. (3.1)) for every observation that can be generated by the relaxed-demonstrator:
〈Vc, Z0〉 = 0 ∧(∀Z  Z0, Z 6= Z0)
(
〈Vc, Z〉 > 0 ∧ 〈Fc,0, Z〉+
m∑
i=1
〈Fc,i, Z〉D(pi(Z))i < 0
)
.
In other words, Vc is a relaxed Lyapunov function for the closed-loop system Ψ(P,D ◦ pi).
Lemma 8 Suppose Eq. (4.30) has a solution Z 6= Z0. Then,
(∀u ∈ U) 〈Fcj ,0, Z〉+ m∑
i=1
〈
Fcj ,i, Z
〉
ui ≥ 0 .
Proof While in the relaxed problem, the relation between monomials are lost, each inequality in
Eq. (4.30) holds. Let λˆ = Λ(Z). Then, we have
〈
Fcj ,i, Z
〉
= Atiλˆ, i ∈ {1, . . . ,m} ,
〈−Fcj ,0, Z〉 ≤ btλˆ, λˆ ≥ 0 .
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Similar to Lemma. 6 (using Farkas Lemma) this is equivalent to
(∀u ∈ U) 〈Fcj ,0, Z〉+ m∑
i=1
〈
Fcj ,i, Z
〉
ui ≥ 0 .

Theorem 19 The adapted formal learning framework terminates within a finite number of itera-
tions. The procedure either finds a CLF V or proves that no linear combination of basis functions
would yield a CLF, with robust compatibility w.r.t. the (relaxed) demonstrator.
Proof Cj represents all c s.t. Vc is compatible with relaxed-observation Oj. Still Vc and Fc,i are
linear in c (Eq. (4.31)), and therefore Cj−1, which is the set of all c ∈ C s.t.
〈Vc, Z0〉 = 0 ∧
∧
(Z,u)∈Oj−1
 〈Vc, Z〉 > 0 ∧∑m
i=1 〈Fc,i, Z〉ui + 〈Fc,0, Z〉 < 0
 ,
is a polytope (similar to Lemma 3). Suppose that at the jth iteration, Vcj (x) : c
t
j ·g(x) is generated
by the learner. The relaxed verifier solves Eqs. (4.29) and (4.30). If the optimal solution for these
problems are 1, by Lemma 7, Vcj is a CLF. Otherwise, it returns a counterexample Zj  Z0 and
Zj 6= Z0. Furthermore, according to Eqs. (4.29) and (4.30) and Lemma 8
〈Vcj , Zj〉 ≤ 0 ∨ (∀u ∈ U) 〈Fcj ,0, Zj〉+ m∑
i=1
〈
Fcj ,i, Zj
〉
ui ≥ 0 .
In other words, Vcj is not a D-relaxed CLF. Next, the demonstrator generates a proper feedback for
pi(Zj) and observation (Zj ,D(pi(Zj))) is added to the set of observations. Notice that Vcj does not
respect the D-relaxed CLF conditions for (Zj ,D(pi(Zj))). I.e.,
〈Vcj , Zj〉 ≤ 0 ∨ 〈Fcj ,0, Zj〉+ m∑
i=1
〈
Fcj ,i, Zj
〉D(pi(Zj))i ≥ 0 .
Therefore, the new set Cj does not contain cj. Now, the learner uses the center of maximum volume
ellipsoid to generate the next candidate. This process repeats and the learning procedure terminates
in finite iterations (Theorem 16). When the algorithm returns with no solution, it means that
Vol(Cj) ≤ γδr. Similar to Theorem 17, this guarantees that no ball of radius δ fits inside Cj, which
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represents the set of all linear combinations of the basis functions, which are compatible with the
relaxed observations. Therefore, no linear combination of basis functions would yield a CLF with
robust compatibility with the relaxed observation, and thus, with the relaxed-demonstrator. 
4.4.2 Other Control Certificates
While we discussed SDP relaxation to verify CLFs for smooth feedback systems, it is appli-
cable for verification of other control certificates. Recall the formula we wish to solve for smooth
feedback systems (Eq. (4.3)):
(∃c ∈ C) (∀x ∈ X)

x ∈ R1 =⇒
∨
q∈Q
(∃u ∈ U) pc,1,q(x,u) < 0
...
x ∈ Rl =⇒
∨
q∈Q
(∃u ∈ U) pc,l,q(x,u) < 0 .
To verify a control certificate (c is fixed), one needs to solve l different formulae:
(1) x ∈ R1 ∧
∧
q∈Q
(∀u ∈ U) pc,1,q(x,u) ≥ 0
...
(l) x ∈ Rl ∧
∧
q∈Q
(∀u ∈ U) pc,l,q(x,u) ≥ 0 .
Similar to Lemma 6, one could use Farkas Lemma to eliminate ∀u and get the following formula:
(1) x ∈ R1 ∧
∧
q∈Q
p′c,1,q(x,λq) ≥ 0
...
(l) x ∈ Rl ∧
∧
q∈Q
p′c,l,q(x,λq) ≥ 0 ,
where p′c,i,q is polynomial in x and λq.
Regarding the switched systems, SDP relaxation is applicable to Eq. (4.17) as Eq. (4.17) is
essentially conjunction of polynomial inequalities.
Summary: In this chapter we first discussed related work on constraint-based techniques
for finding certificates. We also introduced an inductive learning framework, which uses counterex-
amples and demonstrations. Then, we provided a candidate selection technique, which guarantees
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quick termination. Finally, we integrated the SDP relaxation into the framework to reduce the
complexity of the verification process.
Chapter 5
Evaluation
In this chapter, we investigate the applicability of the proposed framework. First, we demon-
strate that even a simple inductive synthesis framework implemented using SMT solvers is compa-
rable with the state-of-the-art controller synthesis toolboxes. Next, we show how the performance
is affected when SDP relaxation is integrated into the inductive synthesis framework. In fact, the
SDP relaxation makes robust controller synthesis (control problems involving disturbances), fea-
sible for systems with more state variables. Afterward, by adding a demonstrator, we show the
framework becomes powerful enough to address interesting control problems which arise in robotics
and autonomous vehicles. Also, we evaluate the behavior and performance of controllers which are
extracted from control certificates. Finally, we perform a physical platform experience to show the
effectiveness of the automatically designed controllers.
5.1 Basic Inductive Synthesis Framework
In this section, we investigate the performance of CEGIS framework using SMT solvers. Our
approach is implemented as a Python script that wraps around constraint solvers. As discussed
in Chapter 4, we only consider switched systems to avoid quantifier alternation. For the learner
(solving a QFLRA for candidate generation), Z3 [32] is used. For the verifier (solving a QFNRA for
counterexample generation), dReal [43] is the chosen solver. Recall that numerical SMT solvers
like dReal [43] solve the problem using a numerical threshold δ. dReal either proves a formula
is UNSAT or returns δ-SAT. As such, we consider reach-while-stay (RWS) properties to avoid
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numerical problems when dealing with stability properties.
We collected 15 benchmark instances that are used in our evaluation. These benchmarks
are taken from many sources and adapted to produce problem instances for our evaluation. We
manually formulated a reach-while-stay (RWS) specification where one was not available. More
specifically, we define the safe set S, initial set I, and the goal set G. Finally, for now, we do not
consider disturbances— benchmarks with disturbances were modified by setting to nominal values.
A detailed description of each problem instance can be found in the appendix A.
The inputs to our procedure consists of (i) a description of the plant model, which includes
the dynamics for each mode of the system, (ii) the specification (sets S, I and G), (iii) a template
for the control Lyapunov-barrier function (CLBF), and (iv) a couple of parameters described below.
The safe set S is taken to be a box, while G and I are provided as balls of radius rG and rI ,
respectively. These balls are centered at the origin. For the template, we assume a quadratic form
for the CLBF for all benchmarks:
V (c,x) =
n∑
i=1
i∑
j=1
cijxixj − 1 .
We assume that template coefficients belong to a compact set. More specifically cij ∈ (−∆,∆) and
∆ can be specified by the user. We fixed ∆ = 100 for all the experiments. Moreover, we put ,
which is used for control design (see Eq. (3.18)), directly into the condition of CLBF (V˙ < −).
Finally, to guarantee termination, we choose an T > 0 (see Eq. (4.13)) larger than the numerical
threshold used for dReal. More precisely, for each of the three inequalities in Eq. (3.22) we choose
a different constants:
(∀x ∈ I) Vc(x) < −T1
(∀x ∈ ∂S) Vc(x) > T2
(∀x ∈ S \
◦
G) (∃u ∈ U) ∇V · fu(x) < −T3 .
For the experiments we choose T1 = T2 .
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Table 5.1: Results of running basic CEGIS framework on the benchmark suite.
Legend: n: # state variables, , δ: dReal precision, itr : # iterations, Tot. T: total computation
time, Z3 T: time taken by Z3, dReal T: time taken by dReal, 3: control certificate found, 6: failed,
TO: time out (> 3 hours). All timings are in seconds and rounded.
Problem Parameters dReal Results
System ID n  T1 T3 δ itr z3 T dReal T Tot. T Status
1 2 0.01 0.1 0.01 10−3 3 0.0 1.0 1.0 3
2 2 0.001 0.1 0.001 10−3 1 0.0 1.2 1.3 3
3 2 0.01 0.1 0.01 10−4 3 0.0 0.8 0.8 3
4 2 0.0001 0.2 0.0001 10−4 21 0.1 25.1 26.0 3
5 2 0.1 0.1 0.1 10−3 3 0.0 1.4 1.5 3
6 2 0.0001 0.1 0.0001 10−4 5 0.0 1.6 1.7 6
10−5 3 0.0 0.7 0.8 3
7 (a) 2 0.01 0.1 0.01 10−4 5 0.0 8.6 8.9 6
7 (b) 2 0.05 0.1 0.01 10−4 7 0.0 23.6 23.9 3
0.01 10−4 3 0.0 7.4 7.5 3
8 3 0.0001 0.1 0.01 10−5 26 6.1 83.2 90.8 3
10−4 24 2.8 75.6 79.6 3
9 3 0.0001 0.05 0.0001 10−5 2 0.0 8.6 8.6 3
10 3 0.05 0.1 0.05 10−3 2 0.0 5.2 5.2 3
11 3 0.01 0.1 0.1 10−4 31 1.2 69.5 71.9 3
12 3 0.0001 0.1 0.01 10−4 17 3.3 290.3 294.8 3
13 3 0.1 0.1 1.0 10−4 55 208.8 44.2 255.5 6
14 4 0.01 0.1 0.01 10−3 1 0.0 12.1 12.1 3
15 (a) 3 0.001 0.1 0.001 10−3 1 0.0 3.6 3.6 3
15 (b) 4 0.001 0.1 0.001 10−3 1 0.0 16.1 16.2 3
15 (c) 5 0.001 0.1 0.001 10−3 1 0.0 403.1 403.1 3
15 (d) 6 0.001 0.1 0.001 10−3 1 0.0 703.2 703.2 3
15 (e) 9 0.001 0.1 0.001 10−3 - - - TO 3
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All the computations are performed on a Mac Book Pro with 2.9 GHz Intel Core i7 processor
and 16GB of RAM. The results are summarized in Table 5.1. Our approach finds a control certificate
for all but two problem instances. For example, our approach fails to find a control certificate
for System 13, a nonholonomic unicycle system for which it is known that no polynomial CLF
exists [25]. Our technique was successful on some benchmarks with up to six state variables.
A Comparison: We also perform an extensive comparison with the SCOTS tool [123],
a recently developed state-of-the-art control synthesizer. SCOTS uses fixed-point computation to
find a (maximum) controllable region. Therefore, one would find out whether the initial set is in the
controllable region or not, only after the computation. On the other hand, our method forces the
initial condition to be inside the controllable region by definition. Therefore, for a fair comparison,
we declare success for a fixed-point computation method on a problem instance, if the initial region
is a subset of the controllable region. SCOTS has three main parameters: (i) state discretization
parameter η, (ii) time discretization parameter τ , and (iii) input discretization parameter µ. µ is
defined according to the problem instance. The user should set the other two parameters. To come
up with these parameters, roughly speaking, in the first step, we try to use small values for τ and η
to get a solution. Afterward, in the quest for faster termination, we try larger values for parameters
and check whether the computation remains successful or not. Tables 5.2 and 5.3 show the results
for SCOTS using different parameters.
Tables 5.2 and 5.3 also compare results for our method and SCOTS for the provided bench-
mark. We found that SCOTS can solve two problem instances where our method fails. Unlike
SCOTS, our method is restricted to systems for which control certificates exist with a simple struc-
ture (polynomials), and in that sense, SCOTS is more precise. Our method fails for System 7 (a)
mainly because the safe set is very small and quadratic CLBFs do not exist. The problem is solved
when a bigger safe set is used (System 7 (b)). Also, as mentioned before, our method fails for
System 13 simply because a smooth feedback law and thus a smooth control certificate does not
exist [25].
On the other hand, SCOTS uses abstraction for the system. For an abstraction, all the states
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Table 5.2: Results of running SCOTS on the benchmark suite – Part I.
Legend: n: # state variables, itr : # iterations, abs T: abstraction computation time, FP T:
fixed-point computation time, Tot. T: total computation time, 3: control certificate found, 6:
failed. TO: time out (> 3 hours). All timings are in seconds and rounded.
Problem Parameters SCOTS Results CEGIS Results
System ID n η τ itr abs T FP T Tot. T Status Tot. T Status
1 2 0.02 0.2 26 0.3 0.4 0.7 3 1.0 3
0.03 0.2 5 0.1 0.0 0.0 6
0.3 6 0.1 0.0 0.0 6
2 2 0.3 0.5 13 0.0 0.0 0.0 3 1.3 3
0.4 0.5 3 0.0 0.0 0.0 6
1.0 3 0.0 0.0 0.0 6
3 2 0.008 0.001 153 0.9 7.7 8.6 3 0.8 3
0.009 0.001 13 0.7 0.3 1.0 6
0.002 13 0.7 0.3 1.0 6
4 2 0.02 0.75 145 0.0 0.3 0.3 3 26.0 3
0.025 0.75 62 0.0 0.1 0.1 6
1.5 28 0.0 0.0 0.0 6
5 2 0.16 0.12 18 0.0 0.0 0.0 3 1.5 3
0.17 0.12 9 0.0 0.0 0.0 6
0.15 5 0.0 0.0 0.0 6
6 2 0.001 0.001 213 681.5 2501.3 3182.8 6 0.8 3
0.002 429 692.7 7310.4 8003.1 6
0.004 269 718.4 4842.7 5561.1 6
0.002 0.001 3 89.0 1.9 90.9 6
0.004 226 91.6 643.3 734.9 6
0.005 205 98.2 634.4 732.6 6
7 (a) 2 0.04 0.07 55 0.1 0.3 0.4 3 8.9 6
7 (b) 2 0.03 0.05 53 1.3 3.2 4.5 3 7.5 3
0.04 0.05 20 0.6 0.4 1.0 6
0.06 11 0.6 0.2 0.8 6
in one abstract state (a cell) are treated the same way which yields a less precise transition relation
compared to our method. To compensate, usually smaller values for η is considered, which in turn,
increases the computation cost, especially for higher dimensional problems. As demonstrated in
Table 5.2 and 5.3, SCOTS performs really well on 2D problems. However, our method is relatively
faster with 3D problems. Also, given a computation time limit, SCOTS fails on five problem
instances four of which are problems with four or higher variables. While SCOTS performs well on
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Table 5.3: Results of running SCOTS on the benchmark suite – Part II.
Legend: n: # state variables, itr : # iterations, abs T: abstraction computation time, FP T:
fixed-point computation time, Tot. T: total computation time, 3: control certificate found, 6:
failed, TO: time out (> 3 hours). All timings are in seconds and rounded.
Problem Parameters SCOTS Results CEGIS Results
System ID n η τ itr abs T FP T Tot. T Status Tot. T Status
8 3 0.01 0.1 53 2111.5 2566.2 4677.7 3 79.6 3
0.015 0.1 19 364.1 114.3 478.4 6
0.15 21 352.6 147.7 500.2 6
9 3 0.03 0.2 46 42.7 92.7 135.4 3 8.6 3
0.04 0.2 9 13.7 2.1 15.8 6
0.3 7 12.5 1.7 14.2 6
10 3 0.025 0.02 62 57.5 246.4 303.9 3 5.2 3
0.03 0.02 53 62.7 78.7 141.4 6
0.03 54 27.0 79.7 106.7 6
11 3 0.3 0.1 18 0.5 0.2 0.7 3 71.9 3
0.4 0.1 5 0.2 0.0 0.0 6
0.4 0.2 4 0.2 0.0 0.2 6
12 3 0.09 0.02 88 71.1 266.8 337.9 3 294.8 3
0.1 0.02 23 42.3 31.2 73.5 6
0.1 0.03 68 40.0 136.8 176.8 6
13 3 0.07 0.1 44 4.4 4.4 8.8 3 255.5 6
0.08 0.1 2 2.4 0.1 2.5 6
0.2 4 2.4 0.1 2.5 6
14 4 0.05 0.01 5 2931.7 53.3 2985 6 12.1 3
0.02 6 2800.7 90.5 2891.2 6
0.03 5 2748.6 75.4 2824.0 6
0.04 0.03 - TO - TO 6
15 (a) 3 0.3 6.0 23 1.5 0.6 2.1 3 3.6 3
0.4 6.0 3 0.6 0.0 0.6 6
8.0 4 0.5 0.0 0.5 6
15 (b) 4 0.2 4.0 64 1305.3 1016.0 2321.3 3 16.1 3
0.3 4.0 9 98.9 8.4 107.3 6
6.0 9 99.9 8.4 108.3 6
15 (c) 4 0.2 4.0 - TO - TO 6 403.1 3
15 (d) 6 0.2 4.0 - TO - TO 6 703.2 3
15 (e) 9 0.2 4.0 - TO - TO 6 TO 6
2D problems, it still fails on System 6, for which our method succeeds. We attribute this to the
use of a more precise transition relation in our method.
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5.1.1 Uninitialized RWS
In this section, we consider uninitialized RWS problems. Recall that we wish to find a
control Lyapunov fixed-barriers function (CLFBF) V with the following conditions to address the
uninitialized RWS problem:
(∀x ∈ S \
◦
G) (∃u ∈ U)
∇Vc · fu(x) < 0 ∧∧
j
(p˙S,j,u(x) + λpS,j(x) < 0 , )
 ,
where S : {x | pS,1(x) ≤ 0 ∧ . . . ∧ pS,l(x) ≤ 0}.
Example 13 This example is adopted from [48]. There are four variables and two control inputs.
The dynamics are as follows:
x˙1 = x1 + x2 + 8 + u1 , x˙2 = −x2 + x3 + 1− u2 , x˙3 = −2x3 + 2x4 + 1− 2u1 , x˙4 = −3x4 + 1 + u2
The region of interest S is hyber-box [−1, 1]4 and the input belongs to set [0, 1]× [0, 2]. The goal is
to reach facet x1 = 1, while staying in S as the safe region.
First, we discretize the control input to model the system as a switched system. For this
purpose, we assume u1 ∈ {0, 1} and u2 ∈ {0, 0.5, 1, 1.5, 2}. Then, we use a linear template for
the CLF (c1x1 + c2x2 + c3x3 + c4x4) ,  = 0.1, λ = 5. CEGIS framework finds control certificate
V (x) : −0.13333344(x1 + x2 + x3 + x4).
Example 14 Consider again the system from Example 11, with the addition of some obstacles [96].
More precisely, as shown in Fig 5.1(a), the safe set is S = S0 \ (O1 ∪ O2). First, the safe set is
decomposed into four basic semialgebraic sets, which are shown with R0 to R3 in Figure 5.1(a).
R0 is the target set. Next, we build a transition relation between four abstract states, rep-
resenting four basic semialgebraic sets. This is done by solving seven RWS problems for basic
semialgebraic sets. For the R1 → R0 transition, we use a quadratic template for V , and for other
problems, we use linear templates. The abstract system is shown in Figure 5.1(b). Next, the prob-
lem is solved for the abstract system. The solution to the abstract system is simple: if the state
is in R2, the controller uses the left facet to reach R1 or R3. Otherwise, if the state is in R3, the
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Figure 5.1: Visualizations for Example 14.
controller uses the upper facet to reach R1, and finally, if the state is in R1, the controller makes
sure the state reaches R0.
Example 15 A unicycle [154] has three variables. x and y define the position of the car and θ
is its angle. The dynamics of the system is x˙ = u1cos(θ) , y˙ = u1sin(θ) , and θ˙ = u2, where u1
and u2 are inputs. Assuming a switched system, we consider u1 ∈ {−1, 0, 1} and u2 ∈ {−1, 0, 1}.
The safe set is [−1, 1] × [−1, 1] × [−pi, pi] and the target facet is x = 1. We use a template that is
linear in (x, y) and quadratic in θ. Using  = 0.1 and λ = 0.5, the following CLF is found after 22
iterations:
V (x) : −x− y − 0.5881θ + θ2 − 0.1956θx+ θy .
Problem (a): Now we consider a path planning problem for the unicycle [123]. Projection
of the safe set on the x-y plane yields a maze. The target set is placed at the right bottom corner of
the maze (Figure 5.2). Using specification-guided technique, we modeled the system with 53 poly-
hedra. Each polyhedron is treated as a single state, and a transition relation is built by solving 113
control-to-facet problems. Then, the problem is solved over the finite graph. The total computation
took 1484 seconds. The figure also shows a single trajectory of the closed-loop system.
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Region G is shown shaded in Orange, and unsafe regions are shown in blue. An execution trace of
the car is shown for x and y variables.
Figure 5.2: A x-y view for Example 15.
Problem (b): This problem is similar to the previous one, except for the fact that there
is no direct control over the angular velocity. More precisely, only the angular acceleration is
controllable and the system would have the following dynamics x˙ = u1 cos(θ), y˙ = u1 sin(θ), θ˙ =
ω, ω˙ = u2 . Also, we assume ω ∈ [−1, 1]. By changing the coordinates one can use r =
√
x2 + y2,
z1 = x cos(θ)+y sin(θ) and z2 = y cos(θ)−x sin(θ) to define the position and angle of the car(cf. [77]
for details). Then, we use the following template V (x, y, θ, ω) = c1r
2 + c2z1 + c3z2ω + c4ω
2, where
the origin is located just outside of the target facet. Using this template, we find control certificates
for all 113 control-to-facet problems in 5296 seconds.
A Comparison: While SCOTS provides a relatively complete solution, it is computation-
ally expensive. On the other hand, our method is a Lyapunov-based method which uses polynomial
templates. As such, the existence of certificates is not guaranteed, and thus, our approach lacks
the general applicability of a fixed-point based synthesis. However, our method is relatively more
scalable thanks to recent development in SMT solvers. Here, for the sake of completeness, we
provide a brief comparison with SCOTS toolbox [123] for the examples provided in this section. To
compare Example 13, we use “fat” facet and assume that the target set has a volume (otherwise,
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Table 5.4: Results for uninitialized RWS problems.
Legend: n: # state variables, itr : # iterations, Time: total computation time, η: state dis-
cretization step, τ : time step. All timings are in seconds and rounded, TO: timeout (> 10 hours).
Problem SCOTS CEGIS
ID n η τ itr Time δ Time
Example 14 2 0.162 0.12 18 0 10−4 3
Example 15(a) 3 0.22×0.1 0.3 404 989 10−4 1484
Example 13 4 0.03×0.13 0.005 48 304 10−5 3
Example 15(b) 4 0.12×0.052 0.3 TO 10−4 5296
because of time discretization, SCOTS cannot find a solution). More precisely, we use target set
[1, 1.2]× [−1, 1]3 instead of [1, 1]× [−1, 1]3.
The results are reported in Table 5.4. We also note that if we use larger values for SCOTS
parameters, SCOTS fails to solve these problems (the initial set is not a subset of the controllable
region). Table 5.4 shows that SCOTS performs better for Example 14, for which there are only two
state variables. For Example 15(a), both methods have similar performances, while for Example 13
and Example15(b) with four state variables, our method is faster.
5.2 Integrating SDP Relaxation
In this section, we demonstrate the effectiveness of the SDP relaxation in generating coun-
terexamples. We extend the CEGIS framework to work with SDP relaxation by lifting the coun-
terexamples. We use the Gloptipoly tool [52] for counterexample generation. Gloptipoly, in turn,
uses YALMIP [82], which is configured to use Mosek [90] as the SDP solver.
We use the same set of benchmarks that we used in the previous section and the results are
shown (and compared with the SMT solver) in Table 5.5. Compared to SDP relaxation, the SMT
solver is much faster for 2D problems. For 3D problems, these two methods are comparable, and
for higher dimensional problems, SDP relaxation clearly wins.
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Table 5.5: Comparing SDP relaxation with SMT solvers on the benchmark suite.
Legend: n: # state variables, , δ: dReal precision, D: SDP relaxation degree, itr : # iterations,
T: total computation time, Z3 T: time taken by Z3, dReal T: time taken by dReal, Glp T: time
taken by Gloptipoly, St: Status, 3: control certificate found, 6: failed, TO: time out (> 3 hours).
All timings are in seconds and rounded.
Problem Numerical SMT Solver Results SDP Relaxation Results
ID n δ itr z3 T dReal T T St D itr z3 T Glp T T St
1 2 10−3 3 0.0 1.0 1.0 3 3 17 0.4 41.5 42.0 3
2 2 10−3 1 0.0 1.2 1.3 3 2 1 0.0 8.4 8.4 3
3 2 10−4 3 0.0 0.8 0.8 3 3 8 0.0 60.0 60.0 3
4 5 0.0 40.1 40.2 3
4 2 10−4 21 0.1 25.1 26.0 3 2 13 0.0 54.6 54.7 3
5 2 10−3 3 0.0 1.4 1.5 3 3 3 0.0 12.4 12.5 3
6 2 10−4 5 0.0 1.6 1.7 6 3 7 0.0 26.2 26.3 6
10−5 3 0.0 0.7 0.8 3 4 3 0.0 11.8 11.9 3
7 (a) 2 10−4 5 0.0 8.6 8.9 6 5 5 0.0 27.0 27.1 6
7 (b) 2 10−4 7 0.0 23.6 23.9 3 5 22 0.4 136.2 136.8 3
10−4 3 0.0 7.4 7.5 3 5 3 0.0 12.5 12.5 3
8 3 10−5 26 6.1 83.2 90.8 3 3 13 0.1 67.4 67.7 3
10−4 24 2.8 75.6 79.6 3
9 3 10−5 2 0.0 8.6 8.6 3 2 2 0.0 13.0 13.0 3
10 3 10−3 2 0.0 5.2 5.2 3 2 2 0.0 12.2 12.2 3
11 3 10−4 31 1.2 69.5 71.9 3 3 14 0.2 50.2 50.6 3
12 3 10−4 17 3.3 290.3 294.8 3 4 24 12.0 223.9 236.3 3
13 3 10−4 55 208.8 44.2 255.5 6 3 - - - TO 6
14 4 10−3 1 0.0 12.1 12.1 3 3 1 0.0 29.4 29.5 3
15 (a) 3 10−3 1 0.0 3.6 3.6 3 2 1 0.0 12.0 12.0 3
15 (b) 4 10−3 1 0.0 16.1 16.2 3 2 1 0.0 15.3 15.4 3
15 (c) 5 10−3 1 0.0 403.1 403.1 3 2 1 0.0 24.4 24.4 3
15 (d) 6 10−3 1 0.0 703.2 703.2 3 2 1 0.0 25.4 25.4 3
15 (e) 9 10−3 - - - TO 6 2 1 0.0 54.6 54.6 3
5.3 Handling Disturbances
We also extended the CEGIS framework implementation to handle disturbances and find
robust CLBFs (see Section 3.5). We compare the robust controller synthesis (RS) approach with
a simple Synthesize and Verify Robustness (SVR) approach that uses a nominal disturbance
value (e.g., d = 0) and checks whether the resulting controller is robust, as the last step. Specifically,
the disturbance-free case uses CLBF for synthesis. In doing so, we also check whether adding a
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Table 5.6: Results for Example 16 using RS method.
σD Itr Time Status
0.0 3 36.1 3
0.4 4 54.4 3
0.8 5 115.3 3
1.2 8 177.5 3
1.4 34 800.9 3
1.6 83 1500.0 3
1.7 184 4367.8 3
1.8 494 10565.4 6
Table 5.7: Results for Example 16 using SVR method.
 σD Itr Time Status
0.2 0.1 3 32.4 3
0.3 0.2 5 40.7 3
0.3 0.3 5 46.6 6
0.4 0.0 536 5074.3 6
“margin” by increasing the value of  during controller synthesis necessarily makes the resulting
design more robust to disturbances. For comparison, several RWS examples are considered where
x˙ = fu(x) + d and disturbances d ∈ D : [−σD, σD]n, with varying values of σD. All times are
reported in seconds.
Example 16 This example considers a DC-motor model with two variables ω and i, described in
Appendix A (System 3).
The results for the RS method are shown in Table 5.6. To evaluate the effect of disturbances on
the CEGIS procedure, we use different disturbance sizes. The results suggest that bigger disturbances
impose harder restrictions on the RCLBF and many more iterations are needed, as the size of
disturbance gets bigger.
On the other hand, using the SVR technique, first, a CLBF is found with preferably higher
values for . The most robust controller is obtained using  = 0.03 and it is verified that this
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Table 5.8: Results for Example 17 using SVR method.
 σD Itr Time Status
0.1 0.01 3 30.4 3
0.2 0.03 15 87.6 3
0.2 0.04 15 87.8 6
0.3 0.0 35 290.9 6
controller can handle disturbances for rD = 0.2 . The results are shown in Table 5.7. These results
suggest that RS method can provide provably more robust controllers where the SVR approaches
fails to synthesize a controller for larger values of  and fails to verify for larger disturbance values.
Example 17 Consider Example 11, wherein the goal is to reach a region around (−0.75, 1.75)
(G : {(x1, x2)|(x1 + 0.75)2 + (x2 − 1.75)2 ≤ 0.252}). For each method, we check for the biggest
disturbance for which the problem can be solved. Using RS method, we were able to solve the problem
when σD = 0.5 using  = 0.01. For the SVR method, the most robust controller (obtained by setting
 = 0.2) is verified to decrease V when σD = 0.03. Detailed results are shown in Table 5.8. Again,
these results suggest RS method yields more robust controllers.
Example 18 The following example is taken from [21]. The system has three continuous variables
with four different modes. The dynamics are provided in Appendix A (System 10). Again, the
goal is to find the most robust controller. The RS method can find a RCLBF with disturbance
σD = 0.1 when  = 0.01 is used. The SVR method failed to synthesize a controller for  = 0.3 and
using  = 0.2, it failed to verify the controller for σD = 0.009. The robustness is guaranteed for
σD = 0.008.
Example 19 This benchmark includes five problem instances, the details of which are available
in Appendix A (System 15). The goal is to keep different rooms of an apartment warm, using
few numbers of active heaters. While these examples do not have disturbances, we incorporate
disturbances of the form x˙ = fu(x) + d. We use these problem instances to demonstrate the
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Table 5.9: Results for Example 19.
Legend: n : # state variables, m: # modes, OM: Out of Memory.
Problem RS SVR
n m σD  Itr Time Status σD  Itr Time Status
3 4
0.04 0.0001 1 25.1 3 0.005 0.02 4 65.6 3
0.006 0.02 4 54.8 6
0.0 0.03 4 49.0 6
4 5
0.02 0.0001 1 155.6 3 0.001 0.01 4 237.0 3
0.002 0.01 4 159.5 6
0.0 0.02 6 71.9 6
5 6
0.001 0.0001 1 1500.3 3 0.0002 0.002 4 2243.5 3
0.0003 0.002 4 872.5 6
0.0 0.003 3 89.7 6
6 4
0.01 0.0001 1 9224.3 3 0.001 0.01 4 11559.4 3
0.002 0.01 4 4237.4 6
0.0 0.02 4 333.5 6
9 4 0.01 0.0001 - - OM 0.001 0.01 - - OM
scalability. The results for both methods are shown in Table 5.9. These results demonstrate that
our method is scalable to larger problems while dealing with robustness. Notice that both methods
fail for the last problem instance as the verification of such a big problem, even when we use the
SDP relaxation scheme, is expensive.
5.4 Integrating the Demonstrator Oracle
In this section, we investigate the demonstration-based inductive synthesis. For the demon-
strator, a nonlinear MPC scheme is used, which is solved using a gradient descent algorithm. For
each benchmark, the following parameters are tuned to obtain the cost function:
(1) time step τ
(2) number of horizon steps N
(3) Q, R, and H for the cost function:
(∑N−1
0=1 x(iτ)
t Q x(iτ) + u(iτ)t R u(iτ)
)
+ x(Nτ)t H x(Nτ) .
As such, an MPC cost function is designed to enforce RWS. However, since the approach provides
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no guarantees, we run hundreds of simulations of the closed-loop system starting from randomly
selected initial states to check whether the specifications are met. Failing this, the cost function is
adjusted, repeating the testing process. For the verifier, we use the SDP relaxation. As discussed
in the previous chapter, the learner at each iteration returns the center of the maximum volume
ellipsoid (MVE) that fits inside the set of candidate solutions (see Theorem 16). To implement the
learner, we use Mosek [90] as the SDP solver to find the center of the MVE.
Now, we address the problems discussed in Chapter 1. The reported control certificates are
rounded to two decimal points.
Bicycle Problem: We wish to solve the RWS for the bicycle model described in Example 6.
The sin function appeared in the dynamics is approximated with polynomial of degree one. Next,
our framework searches and finds the following CLBF:
V (x) : 0.37y2 + 0.52yθ + 3.11θ2 + 0.98yσ + 2.23σθ + 4.46σ2 − 0.36vy − 0.29vθ + 0.95vσ + 3.86v2 .
This CLBF is used to design a controller. Figure 5.3 shows the projection of traces onto the
x-y plane for such controller in red. The blue traces are generated using the MPC controller. The
behaviors of the system for both controllers are similar but not identical. Notice that the initial
state in Figure 5.3(c) is not in the region of attraction (guaranteed region). Nevertheless, the
certificate-based controller can still stabilize the system while keeping the system in the safe region.
On the other hand, the MPC violates the safety constraints even when the safety constraints are
formulated in the MPC scheme. We note that the safety is violated because in the beginning, θ
gets larger than 1 and it gets close to pi/2 (the vehicle moves almost vertically).
Inverted Pendulum Problem: To solve the safety problem of the inverted pendulum on
a cart (Example 3), first, a partial linearization is performed over the dynamics which results in
the following dynamics:
x¨ = 4u+
4(M +m)g tan(θ)− 3mg sin(θ) cos(θ)
4(M +m)− 3m cos2(θ) , θ¨ =
−3u cos(θ)
l
.
Then, the trigonometric and rational functions are approximated with polynomials of degree three.
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(a) Initial state: [0.25, 0.25, 0.25, 0.25]
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(b) Initial state: [0, -0.25, -0.5, 0]
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(c) Initial state: [-1, 1, 0.6, 1]
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<latexit sha1_base64="WEbrjhW8kMQtRKCKNI igFpSfUQQ=">AAAB+3icbVA9SwNBEJ3zM8avaEqbxRCwCnc2xi5gY5mAZwLJEfY2e8mS3b1jd084jlj Z2eo/sBJbf4ydlb/DzUdhEh8MPN6bYWZemHCmjet+ORubW9s7u4W94v7B4dFx6eT0XsepItQnMY9VJ8S aciapb5jhtJMoikXIaTsc30z99gNVmsXyzmQJDQQeShYxgo2VWlm/VHFr7gxonXgLUmmUq0/fANDsl3 56g5ikgkpDONa667mJCXKsDCOcToq9VNMEkzEe0q6lEguqg3x26ARVrTJAUaxsSYNm6t+JHAutMxHaT oHNSK96U/E/r5uaqB7kTCapoZLMF0UpRyZG06/RgClKDM8swUQxeysiI6wwMTabpS3C+rGeFG0w3moM 68S/rF3XvJYNqA5zFOAMzuECPLiCBtxCE3wgQOEZXuDVeXTenHfnY9664SxmyrAE5/MXC/aXEw==</l atexit><latexit sha1_base64="tDosYAfWcA6Ft0S9XL KZ49r59Kk=">AAAB+3icbVC7TgJBFJ3FF+ILpbSZSEisyK6N2JHYWELiCglsyOwwCxPmsZmZNdlssLK z1T+wMrb+gv+gH8AX+AEOj0LAk9zk5Jx7c+89YcyoNq775eQ2Nre2d/K7hb39g8Oj4vHJnZaJwsTHkkn VDpEmjAriG2oYaceKIB4y0gpH11O/dU+UplLcmjQmAUcDQSOKkbFSM+0Vy27VnQGuE29ByvVS5fHnc/ Ld6BUn3b7ECSfCYIa07nhubIIMKUMxI+NCN9EkRniEBqRjqUCc6CCbHTqGFav0YSSVLWHgTP07kSGud cpD28mRGepVbyr+53USE9WCjIo4MUTg+aIoYdBIOP0a9qki2LDUEoQVtbdCPEQKYWOzWdrCrS/1uGCD 8VZjWCf+RfWq6jVtQDUwRx6cgjNwDjxwCergBjSADzAg4Ak8gxfnwXl13pz3eWvOWcyUwBKcj1+3YZm t</latexit><latexit sha1_base64="tDosYAfWcA6Ft0S9XL KZ49r59Kk=">AAAB+3icbVC7TgJBFJ3FF+ILpbSZSEisyK6N2JHYWELiCglsyOwwCxPmsZmZNdlssLK z1T+wMrb+gv+gH8AX+AEOj0LAk9zk5Jx7c+89YcyoNq775eQ2Nre2d/K7hb39g8Oj4vHJnZaJwsTHkkn VDpEmjAriG2oYaceKIB4y0gpH11O/dU+UplLcmjQmAUcDQSOKkbFSM+0Vy27VnQGuE29ByvVS5fHnc/ Ld6BUn3b7ECSfCYIa07nhubIIMKUMxI+NCN9EkRniEBqRjqUCc6CCbHTqGFav0YSSVLWHgTP07kSGud cpD28mRGepVbyr+53USE9WCjIo4MUTg+aIoYdBIOP0a9qki2LDUEoQVtbdCPEQKYWOzWdrCrS/1uGCD 8VZjWCf+RfWq6jVtQDUwRx6cgjNwDjxwCergBjSADzAg4Ak8gxfnwXl13pz3eWvOWcyUwBKcj1+3YZm t</latexit><latexit sha1_base64="lQGg6zMsh0I9QGNulG HOwvD9+rg=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKex6Md4CXjwmYIyQLGF20psMmccyMyssS/w Br/oHnsSrH+MP+B1Okj2YxIKGoqqb7q4o4cxY3//2ShubW9s75d3K3v7B4VH1+OTBqFRT6FDFlX6MiAH OJHQssxweEw1ERBy60eR25nefQBum5L3NEggFGUkWM0qsk9rZoFrz6/4ceJ0EBamhAq1B9ac/VDQVIC 3lxJhe4Cc2zIm2jHKYVvqpgYTQCRlBz1FJBJgwnx86xRdOGeJYaVfS4rn6dyInwphMRK5TEDs2q95M/ M/rpTZuhDmTSWpB0sWiOOXYKjz7Gg+ZBmp55gihmrlbMR0TTah12SxtEc5XZlpxwQSrMayTzlX9ph60 /VqzUSRURmfoHF2iAF2jJrpDLdRBFAF6Qa/ozXv23r0P73PRWvKKmVO0BO/rF2bOlTc=</latexit>
y
<latexit sha1_base64="WEbrjhW8kMQtRKCKNI igFpSfUQQ=">AAAB+3icbVA9SwNBEJ3zM8avaEqbxRCwCnc2xi5gY5mAZwLJEfY2e8mS3b1jd084jlj Z2eo/sBJbf4ydlb/DzUdhEh8MPN6bYWZemHCmjet+ORubW9s7u4W94v7B4dFx6eT0XsepItQnMY9VJ8S aciapb5jhtJMoikXIaTsc30z99gNVmsXyzmQJDQQeShYxgo2VWlm/VHFr7gxonXgLUmmUq0/fANDsl3 56g5ikgkpDONa667mJCXKsDCOcToq9VNMEkzEe0q6lEguqg3x26ARVrTJAUaxsSYNm6t+JHAutMxHaT oHNSK96U/E/r5uaqB7kTCapoZLMF0UpRyZG06/RgClKDM8swUQxeysiI6wwMTabpS3C+rGeFG0w3moM 68S/rF3XvJYNqA5zFOAMzuECPLiCBtxCE3wgQOEZXuDVeXTenHfnY9664SxmyrAE5/MXC/aXEw==</l atexit><latexit sha1_base64="tDosYAfWcA6Ft0S9XL KZ49r59Kk=">AAAB+3icbVC7TgJBFJ3FF+ILpbSZSEisyK6N2JHYWELiCglsyOwwCxPmsZmZNdlssLK z1T+wMrb+gv+gH8AX+AEOj0LAk9zk5Jx7c+89YcyoNq775eQ2Nre2d/K7hb39g8Oj4vHJnZaJwsTHkkn VDpEmjAriG2oYaceKIB4y0gpH11O/dU+UplLcmjQmAUcDQSOKkbFSM+0Vy27VnQGuE29ByvVS5fHnc/ Ld6BUn3b7ECSfCYIa07nhubIIMKUMxI+NCN9EkRniEBqRjqUCc6CCbHTqGFav0YSSVLWHgTP07kSGud cpD28mRGepVbyr+53USE9WCjIo4MUTg+aIoYdBIOP0a9qki2LDUEoQVtbdCPEQKYWOzWdrCrS/1uGCD 8VZjWCf+RfWq6jVtQDUwRx6cgjNwDjxwCergBjSADzAg4Ak8gxfnwXl13pz3eWvOWcyUwBKcj1+3YZm t</latexit><latexit sha1_base64="tDosYAfWcA6Ft0S9XL KZ49r59Kk=">AAAB+3icbVC7TgJBFJ3FF+ILpbSZSEisyK6N2JHYWELiCglsyOwwCxPmsZmZNdlssLK z1T+wMrb+gv+gH8AX+AEOj0LAk9zk5Jx7c+89YcyoNq775eQ2Nre2d/K7hb39g8Oj4vHJnZaJwsTHkkn VDpEmjAriG2oYaceKIB4y0gpH11O/dU+UplLcmjQmAUcDQSOKkbFSM+0Vy27VnQGuE29ByvVS5fHnc/ Ld6BUn3b7ECSfCYIa07nhubIIMKUMxI+NCN9EkRniEBqRjqUCc6CCbHTqGFav0YSSVLWHgTP07kSGud cpD28mRGepVbyr+53USE9WCjIo4MUTg+aIoYdBIOP0a9qki2LDUEoQVtbdCPEQKYWOzWdrCrS/1uGCD 8VZjWCf+RfWq6jVtQDUwRx6cgjNwDjxwCergBjSADzAg4Ak8gxfnwXl13pz3eWvOWcyUwBKcj1+3YZm t</latexit><latexit sha1_base64="lQGg6zMsh0I9QGNulG HOwvD9+rg=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKex6Md4CXjwmYIyQLGF20psMmccyMyssS/w Br/oHnsSrH+MP+B1Okj2YxIKGoqqb7q4o4cxY3//2ShubW9s75d3K3v7B4VH1+OTBqFRT6FDFlX6MiAH OJHQssxweEw1ERBy60eR25nefQBum5L3NEggFGUkWM0qsk9rZoFrz6/4ceJ0EBamhAq1B9ac/VDQVIC 3lxJhe4Cc2zIm2jHKYVvqpgYTQCRlBz1FJBJgwnx86xRdOGeJYaVfS4rn6dyInwphMRK5TEDs2q95M/ M/rpTZuhDmTSWpB0sWiOOXYKjz7Gg+ZBmp55gihmrlbMR0TTah12SxtEc5XZlpxwQSrMayTzlX9ph60 /VqzUSRURmfoHF2iAF2jJrpDLdRBFAF6Qa/ozXv23r0P73PRWvKKmVO0BO/rF2bOlTc=</latexit>
y
<latexit sha1_base64="WEbrjhW8kMQtRKCKNI igFpSfUQQ=">AAAB+3icbVA9SwNBEJ3zM8avaEqbxRCwCnc2xi5gY5mAZwLJEfY2e8mS3b1jd084jlj Z2eo/sBJbf4ydlb/DzUdhEh8MPN6bYWZemHCmjet+ORubW9s7u4W94v7B4dFx6eT0XsepItQnMY9VJ8S aciapb5jhtJMoikXIaTsc30z99gNVmsXyzmQJDQQeShYxgo2VWlm/VHFr7gxonXgLUmmUq0/fANDsl3 56g5ikgkpDONa667mJCXKsDCOcToq9VNMEkzEe0q6lEguqg3x26ARVrTJAUaxsSYNm6t+JHAutMxHaT oHNSK96U/E/r5uaqB7kTCapoZLMF0UpRyZG06/RgClKDM8swUQxeysiI6wwMTabpS3C+rGeFG0w3moM 68S/rF3XvJYNqA5zFOAMzuECPLiCBtxCE3wgQOEZXuDVeXTenHfnY9664SxmyrAE5/MXC/aXEw==</l atexit><latexit sha1_base64="tDosYAfWcA6Ft0S9XL KZ49r59Kk=">AAAB+3icbVC7TgJBFJ3FF+ILpbSZSEisyK6N2JHYWELiCglsyOwwCxPmsZmZNdlssLK z1T+wMrb+gv+gH8AX+AEOj0LAk9zk5Jx7c+89YcyoNq775eQ2Nre2d/K7hb39g8Oj4vHJnZaJwsTHkkn VDpEmjAriG2oYaceKIB4y0gpH11O/dU+UplLcmjQmAUcDQSOKkbFSM+0Vy27VnQGuE29ByvVS5fHnc/ Ld6BUn3b7ECSfCYIa07nhubIIMKUMxI+NCN9EkRniEBqRjqUCc6CCbHTqGFav0YSSVLWHgTP07kSGud cpD28mRGepVbyr+53USE9WCjIo4MUTg+aIoYdBIOP0a9qki2LDUEoQVtbdCPEQKYWOzWdrCrS/1uGCD 8VZjWCf+RfWq6jVtQDUwRx6cgjNwDjxwCergBjSADzAg4Ak8gxfnwXl13pz3eWvOWcyUwBKcj1+3YZm t</latexit><latexit sha1_base64="tDosYAfWcA6Ft0S9XL KZ49r59Kk=">AAAB+3icbVC7TgJBFJ3FF+ILpbSZSEisyK6N2JHYWELiCglsyOwwCxPmsZmZNdlssLK z1T+wMrb+gv+gH8AX+AEOj0LAk9zk5Jx7c+89YcyoNq775eQ2Nre2d/K7hb39g8Oj4vHJnZaJwsTHkkn VDpEmjAriG2oYaceKIB4y0gpH11O/dU+UplLcmjQmAUcDQSOKkbFSM+0Vy27VnQGuE29ByvVS5fHnc/ Ld6BUn3b7ECSfCYIa07nhubIIMKUMxI+NCN9EkRniEBqRjqUCc6CCbHTqGFav0YSSVLWHgTP07kSGud cpD28mRGepVbyr+53USE9WCjIo4MUTg+aIoYdBIOP0a9qki2LDUEoQVtbdCPEQKYWOzWdrCrS/1uGCD 8VZjWCf+RfWq6jVtQDUwRx6cgjNwDjxwCergBjSADzAg4Ak8gxfnwXl13pz3eWvOWcyUwBKcj1+3YZm t</latexit><latexit sha1_base64="lQGg6zMsh0I9QGNulG HOwvD9+rg=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKex6Md4CXjwmYIyQLGF20psMmccyMyssS/w Br/oHnsSrH+MP+B1Okj2YxIKGoqqb7q4o4cxY3//2ShubW9s75d3K3v7B4VH1+OTBqFRT6FDFlX6MiAH OJHQssxweEw1ERBy60eR25nefQBum5L3NEggFGUkWM0qsk9rZoFrz6/4ceJ0EBamhAq1B9ac/VDQVIC 3lxJhe4Cc2zIm2jHKYVvqpgYTQCRlBz1FJBJgwnx86xRdOGeJYaVfS4rn6dyInwphMRK5TEDs2q95M/ M/rpTZuhDmTSWpB0sWiOOXYKjz7Gg+ZBmp55gihmrlbMR0TTah12SxtEc5XZlpxwQSrMayTzlX9ph60 /VqzUSRURmfoHF2iAF2jJrpDLdRBFAF6Qa/ozXv23r0P73PRWvKKmVO0BO/rF2bOlTc=</latexit>
x
<latexit sha1_base64="Pa6+WTdmQdkpYn8Guz7MZ9BLPA8=">AAAB+3icbVDLSgNBEOyNrxhfUY9e BoPgKex6MZ4MePGYiGsCyRJmJ7PJkJnZZWZWDEv8Aa/6B57Eq+DJ//AH/A4nj4NJLGgoqrrp7goTzrRx3W8nt7K6tr6R3yxsbe/s7hX3D+50nCpCfRLzWDVDrClnkvqGGU6biaJYhJw2wsHV2G/cU6VZLG/NMK GBwD3JIkawsVL9oVMsuWV3ArRMvBkpXX593oBFrVP8aXdjkgoqDeFY65bnJibIsDKMcDoqtFNNE0wGuEdblkosqA6yyaEjdGKVLopiZUsaNFH/TmRYaD0Uoe0U2PT1ojcW//NaqYkqQcZkkhoqyXRRlHJkYjT+G nWZosTwoSWYKGZvRaSPFSbGZjO3RVg/1qOCDcZbjGGZ+Gfli7JXd0vVCkyRhyM4hlPw4ByqcA018IEAhSd4hhfn0Xl13pz3aWvOmc0cwhycj19KSZc9</latexit><latexit sha1_base64="X9xRLT7IY/2i1hyHirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM8ZX1FKQ wSBYhV0bY2XAxjIB1wSSJcxOJsmQmdllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1vbOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKYhFyWg17VyO/ekeVZpG8Mf 2YBgJ3JGszgo2VKvfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0bqnEguogHR86QCdWaaF2pGxJg8bq34kUC637IrSdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44M hEafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeHAOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHMAMnI9ff2OZgg==</latexit><latexit sha1_base64="X9xRLT7IY/2i1hyHirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM8ZX1FKQ wSBYhV0bY2XAxjIB1wSSJcxOJsmQmdllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1vbOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKYhFyWg17VyO/ekeVZpG8Mf 2YBgJ3JGszgo2VKvfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0bqnEguogHR86QCdWaaF2pGxJg8bq34kUC637IrSdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44M hEafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeHAOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHMAMnI9ff2OZgg==</latexit><latexit sha1_base64="PTWgIuy244WMeXA2CPcl9UFazX8=">AAAB+3icbVDLTgJBEOzFF+IL9ehl IjHxRHa9iDcSLx4hcYUECJkdZmHCPDYzs0aywR/wqn/gyXj1Y/wBv8MB9iBgJZ1UqrrT3RUlnBnr+99eYWNza3unuFva2z84PCofnzwYlWpCQ6K40u0IG8qZpKFlltN2oikWEaetaHw781uPVBum5L2dJLQn8F CymBFsndR86pcrftWfA62TICcVyNHol3+6A0VSQaUlHBvTCfzE9jKsLSOcTkvd1NAEkzEe0o6jEgtqetn80Cm6cMoAxUq7khbN1b8TGRbGTETkOgW2I7PqzcT/vE5q41ovYzJJLZVksShOObIKzb5GA6YpsXziC CaauVsRGWGNiXXZLG0RzldmWnLBBKsxrJPwqnpTDZp+pV7LEyrCGZzDJQRwDXW4gwaEQIDCC7zCm/fsvXsf3ueiteDlM6ewBO/rF2U3lTY=</latexit>
x
<latexit sha1_base64="Pa6+WTdmQdkpYn8Guz7MZ9BLPA8=">AAAB+3icbVDLSgNBEOyNrxhfUY9e BoPgKex6MZ4MePGYiGsCyRJmJ7PJkJnZZWZWDEv8Aa/6B57Eq+DJ//AH/A4nj4NJLGgoqrrp7goTzrRx3W8nt7K6tr6R3yxsbe/s7hX3D+50nCpCfRLzWDVDrClnkvqGGU6biaJYhJw2wsHV2G/cU6VZLG/NMK GBwD3JIkawsVL9oVMsuWV3ArRMvBkpXX593oBFrVP8aXdjkgoqDeFY65bnJibIsDKMcDoqtFNNE0wGuEdblkosqA6yyaEjdGKVLopiZUsaNFH/TmRYaD0Uoe0U2PT1ojcW//NaqYkqQcZkkhoqyXRRlHJkYjT+G nWZosTwoSWYKGZvRaSPFSbGZjO3RVg/1qOCDcZbjGGZ+Gfli7JXd0vVCkyRhyM4hlPw4ByqcA018IEAhSd4hhfn0Xl13pz3aWvOmc0cwhycj19KSZc9</latexit><latexit sha1_base64="X9xRLT7IY/2i1hyHirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM8ZX1FKQ wSBYhV0bY2XAxjIB1wSSJcxOJsmQmdllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1vbOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKYhFyWg17VyO/ekeVZpG8Mf 2YBgJ3JGszgo2VKvfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0bqnEguogHR86QCdWaaF2pGxJg8bq34kUC637IrSdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44M hEafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeHAOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHMAMnI9ff2OZgg==</latexit><latexit sha1_base64="X9xRLT7IY/2i1hyHirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM8ZX1FKQ wSBYhV0bY2XAxjIB1wSSJcxOJsmQmdllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1vbOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKYhFyWg17VyO/ekeVZpG8Mf 2YBgJ3JGszgo2VKvfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0bqnEguogHR86QCdWaaF2pGxJg8bq34kUC637IrSdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44M hEafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeHAOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHMAMnI9ff2OZgg==</latexit><latexit sha1_base64="PTWgIuy244WMeXA2CPcl9UFazX8=">AAAB+3icbVDLTgJBEOzFF+IL9ehl IjHxRHa9iDcSLx4hcYUECJkdZmHCPDYzs0aywR/wqn/gyXj1Y/wBv8MB9iBgJZ1UqrrT3RUlnBnr+99eYWNza3unuFva2z84PCofnzwYlWpCQ6K40u0IG8qZpKFlltN2oikWEaetaHw781uPVBum5L2dJLQn8F CymBFsndR86pcrftWfA62TICcVyNHol3+6A0VSQaUlHBvTCfzE9jKsLSOcTkvd1NAEkzEe0o6jEgtqetn80Cm6cMoAxUq7khbN1b8TGRbGTETkOgW2I7PqzcT/vE5q41ovYzJJLZVksShOObIKzb5GA6YpsXziC CaauVsRGWGNiXXZLG0RzldmWnLBBKsxrJPwqnpTDZp+pV7LEyrCGZzDJQRwDXW4gwaEQIDCC7zCm/fsvXsf3ueiteDlM6ewBO/rF2U3lTY=</latexit>
x
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Simulation traces are plotted for three different initial states. Blue (red) traces corresponds to
traces of the system for MPC controller (certificate-based controller).
Figure 5.3: Simulation for the bicycle model - Projected on x-y plane.
Figure 5.4 shows some of the traces of the closed-loop system for the certificate-based con-
troller as well as the MPC controller. Notice that the certificate-based controller can behave differ-
ently, Especially in regions where a demonstration is not provided. For example, for Figure 5.4(b),
the behaviors of these controllers are similar outside the initial set I. However, inside I (near the
equilibrium) the behavior is different as the demonstrations are only generated for states outside
I. The certificate-based controller is designed using the following CLBF generated by the learning
framework:
V (x) : 16.37θ˙2 + 50.37θ˙θ + 75.16θ2 + 13.51xθ˙ + 43.26xθ+
10.44x2 + 23.30θ˙x˙+ 38.09x˙θ + 11.13x˙x+ 9.55x˙2 .
Forward Flight Problem: Here we wish to stabilize the Caltech ducted-fan in a forward
flight (Example 4). Our framework is not directly applicable to the problem, because the system
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Simulation traces are plotted for two initial states. Red (blue) traces show the simulation traces
for the certificate-based (MPC) controller.
Figure 5.4: Simulation for the inverted pendulum system.
is not affine in control. To address this problem, we replace inputs u and δu with us = u sin(δu)
and uc = u cos(δu):
v˙ =
−D(v, α)−W sin(γ) + uc cos(α)− us sin(α)
m
γ˙ =
L(v, α)−W cos(γ) + uc sin(α) + us cos(α)
mv
θ˙ = q q˙ =
M(v, α)− lTus
J
.
Projection of U into the new coordinate will yield a sector of a circle. Then, U is safely under-
approximated by a polytope Uˆ as shown in Figure 5.5. Next, we perform a translation so that the
x∗ (u∗) is the origin of the state (input) space in the new coordinate system. In order to obtain
a polynomial dynamics, we approximate v−1, sin and cos with polynomials of degree one, three,
and three, respectively. These changes yield a polynomial control affine dynamics, which fits the
description of the supported model.
The projection of some of the traces of the system in x-y plane is shown in Figure 5.6. We
set x0 = y0 = 0 and x˙ = v cos(γ), y˙ = v sin(γ). The certificate-based controller is designed using
the following generated CLBF:
V (x) : 3.23q2 + 2.17qθ + 3.90θ2 − 0.2qv − 0.45vθ +0.53v2 + 1.66qγ − 1.33γθ + 0.48vγ + 3.90γ2 .
The traces show that the certificate-based controller stabilizes faster, however, the MPC controller
uses the aerodynamics to achieve the same goal with a lower cost.
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<latexit sha1_base64="vnOTeMCEHoX32X/piGp5Mbgy2Uc=">AAAB/XicbVDLSgNBEOz1GaPRqEcvg0HwFHa9GG8 BLx4juiaQLGF2MpsMmdlZ5iGEJeAPeNU/8CRevfsX/oDf4eRxMIkFDUVVN91dccaZNr7/7a2tb2xubRd2irt7pf2D8uHRg5ZWERoSyaVqxVhTzlIaGmY4bWWKYhFz2oyH1xO/+UiVZjK9N6OMRgL3U5Ywgo2T7mxXd8sVv+pPgVZJMCeVeunL IgBodMs/nZ4kVtDUEI61bgd+ZqIcK8MIp+Nix2qaYTLEfdp2NMWC6iifnjpGZ07poUQqV6lBU/XvRI6F1iMRu06BzUAvexPxP69tTVKLcpZm1tCUzBYlliMj0eRv1GOKEsNHjmCimLsVkQFWmBiXzsIW4Xypx0UXTLAcwyoJL6pX1eDWBVSDG QpwAqdwDgFcQh1uoAEhEOjDM7zAq/fkvXnv3sesdc2bzxzDArzPX1Bxl70=</latexit><latexit sha1_base64="I0HtEbksiOl8naV8kzzjN4/hATc=">AAAB/XicbVDLSgNBEJyNr7gajXr0MhgCnsKuF+M tIIjHiK4JJEuYnUySIfNY5iGEJeAPeNU/yEm8evcv/AG/w8njYBILGoqqbrq7kpRRbYLg28ttbG5t7+R3/b39wsFh8ej4UUurMImwZFI1E6QJo4JEhhpGmqkiiCeMNJLh9dRvPBGlqRQPZpSSmKO+oD2KkXHSve3oTrEUVIIZ4DoJF6RUK3zZ 8o0/qXeKP+2uxJYTYTBDWrfCIDVxhpShmJGx37aapAgPUZ+0HBWIEx1ns1PHsOyULuxJ5UoYOFP/TmSIaz3iievkyAz0qjcV//Na1vSqcUZFag0ReL6oZxk0Ek7/hl2qCDZs5AjCirpbIR4ghbBx6Sxt4c6Xeuy7YMLVGNZJdFG5qoR3LqAqm CMPTsEZOAchuAQ1cAvqIAIY9MELeAVv3rM38d69j3lrzlvMnIAleJ+/sh2YuA==</latexit><latexit sha1_base64="I0HtEbksiOl8naV8kzzjN4/hATc=">AAAB/XicbVDLSgNBEJyNr7gajXr0MhgCnsKuF+M tIIjHiK4JJEuYnUySIfNY5iGEJeAPeNU/yEm8evcv/AG/w8njYBILGoqqbrq7kpRRbYLg28ttbG5t7+R3/b39wsFh8ej4UUurMImwZFI1E6QJo4JEhhpGmqkiiCeMNJLh9dRvPBGlqRQPZpSSmKO+oD2KkXHSve3oTrEUVIIZ4DoJF6RUK3zZ 8o0/qXeKP+2uxJYTYTBDWrfCIDVxhpShmJGx37aapAgPUZ+0HBWIEx1ns1PHsOyULuxJ5UoYOFP/TmSIaz3iievkyAz0qjcV//Na1vSqcUZFag0ReL6oZxk0Ek7/hl2qCDZs5AjCirpbIR4ghbBx6Sxt4c6Xeuy7YMLVGNZJdFG5qoR3LqAqm CMPTsEZOAchuAQ1cAvqIAIY9MELeAVv3rM38d69j3lrzlvMnIAleJ+/sh2YuA==</latexit><latexit sha1_base64="DOi+gITb44XwrwuEAkE5dI5870Y=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKex6Md4 CXjxGdI2QLGF2MpsMmccyMyuEJeAPeNU/8CRe/RZ/wO9wkuzBJBY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0cPRmWa0JAorvRjjA3lTNLQMsvpY6opFjGn7Xh0PfXbT1QbpuS9Hac0EnggWcIItk66y3qmV635dX8GtEqCgtSgQKtX /en2FckElZZwbEwn8FMb5VhbRjidVLqZoSkmIzygHUclFtRE+ezUCTpzSh8lSruSFs3UvxM5FsaMRew6BbZDs+xNxf+8TmaTRpQzmWaWSjJflGQcWYWmf6M+05RYPnYEE83crYgMscbEunQWtgjnKzOpuGCC5RhWSXhRv6oHt36t2SgSKsMJn MI5BHAJTbiBFoRAYAAv8Apv3rP37n14n/PWklfMHMMCvK9f+ZiWGQ==</latexit>
U
<latexit sha1_base64="gfkBlwNEP6k3atAc2Vlm7cK76RA=">AAAB+3icbVDLSgNBEOz1GeMr6tHLYBA8hV0vxpM BLx4TcU0gWcLsZJIMmccyMyuEJf6AV/0DT+JV8OR/+AN+h5PHwSQWNBRV3XR3xQlnxvr+t7eyura+sZnbym/v7O7tFw4O741KNaEhUVzpRowN5UzS0DLLaSPRFIuY03o8uB779QeqDVPyzg4TGgnck6zLCLZOqoXtQtEv+ROgZRLMSPHq6/MW HKrtwk+ro0gqqLSEY2OagZ/YKMPaMsLpKN9KDU0wGeAebToqsaAmyiaHjtCpUzqoq7QradFE/TuRYWHMUMSuU2DbN4veWPzPa6a2W44yJpPUUkmmi7opR1ah8deowzQllg8dwUQzdysifawxsS6buS3C+cqM8i6YYDGGZRKely5LQc0vVsowR Q6O4QTOIIALqMANVCEEAhSe4BlevEfv1Xvz3qetK95s5gjm4H38AhKklxo=</latexit><latexit sha1_base64="O1BsdAS7DneIt1VUn5bm8yggwXk=">AAAB+3icbVC7SgNBFJ2NrxhfUUtBBoNgFXZtjJU BG8sEXBNIQpid3E2GzMwuM7NCWGJnZat/YCW2Qir/wx+w8SecPAqTeODC4Zx7ufeeIOZMG9f9cjIrq2vrG9nN3Nb2zu5efv/gTkeJouDTiEeqHhANnEnwDTMc6rECIgIOtaB/PfZr96A0i+StGcTQEqQrWcgoMVaq+u18wS26E+Bl4s1I4epz VP15PB5V2vnvZieiiQBpKCdaNzw3Nq2UKMMoh2GumWiICe2TLjQslUSAbqWTQ4f41CodHEbKljR4ov6dSInQeiAC2ymI6elFbyz+5zUSE5ZaKZNxYkDS6aIw4dhEePw17jAF1PCBJYQqZm/FtEcUocZmM7dFWD/Sw5wNxluMYZn458XLold1C +USmiKLjtAJOkMeukBldIMqyEcUAXpCz+jFeXBenTfnfdqacWYzh2gOzscvR76ZXw==</latexit><latexit sha1_base64="O1BsdAS7DneIt1VUn5bm8yggwXk=">AAAB+3icbVC7SgNBFJ2NrxhfUUtBBoNgFXZtjJU BG8sEXBNIQpid3E2GzMwuM7NCWGJnZat/YCW2Qir/wx+w8SecPAqTeODC4Zx7ufeeIOZMG9f9cjIrq2vrG9nN3Nb2zu5efv/gTkeJouDTiEeqHhANnEnwDTMc6rECIgIOtaB/PfZr96A0i+StGcTQEqQrWcgoMVaq+u18wS26E+Bl4s1I4epz VP15PB5V2vnvZieiiQBpKCdaNzw3Nq2UKMMoh2GumWiICe2TLjQslUSAbqWTQ4f41CodHEbKljR4ov6dSInQeiAC2ymI6elFbyz+5zUSE5ZaKZNxYkDS6aIw4dhEePw17jAF1PCBJYQqZm/FtEcUocZmM7dFWD/Sw5wNxluMYZn458XLold1C +USmiKLjtAJOkMeukBldIMqyEcUAXpCz+jFeXBenTfnfdqacWYzh2gOzscvR76ZXw==</latexit><latexit sha1_base64="buOtpItlFgG9yzjgGrmkWF9e0M8=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKex6Md4 CXjwm4BohWcLsZDYZMo9lZlYIS/wBr/oHnsSrH+MP+B1Okj2YxIKGoqqb7q445cxY3//2ShubW9s75d3K3v7B4VH1+OTBqEwTGhLFlX6MsaGcSRpaZjl9TDXFIua0E49vZ37niWrDlLy3k5RGAg8lSxjB1kntsF+t+XV/DrROgoLUoECrX/3p DRTJBJWWcGxMN/BTG+VYW0Y4nVZ6maEpJmM8pF1HJRbURPn80Cm6cMoAJUq7khbN1b8TORbGTETsOgW2I7PqzcT/vG5mk0aUM5lmlkqyWJRkHFmFZl+jAdOUWD5xBBPN3K2IjLDGxLpslrYI5yszrbhggtUY1kl4Vb+pB22/1mwUCZXhDM7hE gK4hibcQQtCIEDhBV7hzXv23r0P73PRWvKKmVNYgvf1Cy2SlRM=</latexit> Uˆ
<latexit sha1_base64="HnKpVZTpmpzTJQYWsKDSbcBqETc=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKex6MZ4 MePEYxTWBZAmzk9lkyOzMMjMrhGVv/oBX/QNP4kkQ/A9/wO9w8jiYxIKGoqqb7q4w4Uwb1/12Ciura+sbxc3S1vbO7l55/+Bey1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIdXY7/5QJVmUtyZUUKDGPcFixjBxkrNzgCbzM+75YpbdSdAy8Sb kcrl18ctWDS65Z9OT5I0psIQjrVue25iggwrwwineamTappgMsR92rZU4JjqIJucm6MTq/RQJJUtYdBE/TuR4VjrURzazhibgV70xuJ/Xjs1US3ImEhSQwWZLopSjoxE499RjylKDB9Zgoli9lZEBlhhYmxCc1ti60udl2ww3mIMy8Q/q15Uv Ru3Uq/BFEU4gmM4BQ/OoQ7X0AAfCAzhCZ7hxXl0Xp03533aWnBmM4cwB+fzFw25mec=</latexit><latexit sha1_base64="vLDjyZ+/32E2Re0VUG2TQbuhto4=">AAACAXicbVC7SgNBFJ2NrxhfUUtBBoNgFXZtjJU BG8sEXBNIljA7mU2GzGOZmRXCsp1+gK3+gZVYBQT/wx+w8SecPAqTeODC4Zx7ufeeMGZUG9f9cnIrq2vrG/nNwtb2zu5ecf/gTstEYeJjyaRqhkgTRgXxDTWMNGNFEA8ZaYSD67HfuCdKUyluzTAmAUc9QSOKkbFSo91HJvWzTrHklt0J4DLx ZqR09Tmq/zwej2qd4ne7K3HCiTCYIa1bnhubIEXKUMxIVmgnmsQID1CPtCwViBMdpJNzM3hqlS6MpLIlDJyofydSxLUe8tB2cmT6etEbi/95rcRElSClIk4MEXi6KEoYNBKOf4ddqgg2bGgJworaWyHuI4WwsQnNbeHWlzor2GC8xRiWiX9ev ix7dbdUrYAp8uAInIAz4IELUAU3oAZ8gMEAPIFn8OI8OK/Om/M+bc05s5lDMAfn4xdC05ws</latexit><latexit sha1_base64="vLDjyZ+/32E2Re0VUG2TQbuhto4=">AAACAXicbVC7SgNBFJ2NrxhfUUtBBoNgFXZtjJU BG8sEXBNIljA7mU2GzGOZmRXCsp1+gK3+gZVYBQT/wx+w8SecPAqTeODC4Zx7ufeeMGZUG9f9cnIrq2vrG/nNwtb2zu5ecf/gTstEYeJjyaRqhkgTRgXxDTWMNGNFEA8ZaYSD67HfuCdKUyluzTAmAUc9QSOKkbFSo91HJvWzTrHklt0J4DLx ZqR09Tmq/zwej2qd4ne7K3HCiTCYIa1bnhubIEXKUMxIVmgnmsQID1CPtCwViBMdpJNzM3hqlS6MpLIlDJyofydSxLUe8tB2cmT6etEbi/95rcRElSClIk4MEXi6KEoYNBKOf4ddqgg2bGgJworaWyHuI4WwsQnNbeHWlzor2GC8xRiWiX9ev ix7dbdUrYAp8uAInIAz4IELUAU3oAZ8gMEAPIFn8OI8OK/Om/M+bc05s5lDMAfn4xdC05ws</latexit><latexit sha1_base64="5MuiHJ8JhEUhR8ll/ydJD5MeCdU=">AAACAXicbVDLSgNBEJyNrxhfUY9eBoPgKex6Md4 CXjxGcE0gWcLsZDYZMo9lplcIS27+gFf9A0/i1S/xB/wOJ8keTGJBQ1HVTXdXnApuwfe/vdLG5tb2Tnm3srd/cHhUPT55tDozlIVUC206MbFMcMVC4CBYJzWMyFiwdjy+nfntJ2Ys1+oBJimLJBkqnnBKwEnt3ohAHk771Zpf9+fA6yQoSA0V aPWrP72BpplkCqgg1nYDP4UoJwY4FWxa6WWWpYSOyZB1HVVEMhvl83On+MIpA5xo40oBnqt/J3IirZ3I2HVKAiO76s3E/7xuBkkjyrlKM2CKLhYlmcCg8ex3POCGURATRwg13N2K6YgYQsEltLRFOl/bacUFE6zGsE7Cq/pNPbj3a81GkVAZn aFzdIkCdI2a6A61UIgoGqMX9IrevGfv3fvwPhetJa+YOUVL8L5+ASinl+A=</latexit>
uc
<latexit sha1_base64="ZLXCMCXeAqB1t+kpVJosheXhFRk=">AAAB/XicbVDLSgNBEOz1GaPRqEcvg0HwFHa9GG8 BLx4juiaQLGF2MpsMmdlZ5iGEJeAPeNU/8CRevfsX/oDf4eRxMIkFDUVVN91dccaZNr7/7a2tb2xubRd2irt7pf2D8uHRg5ZWERoSyaVqxVhTzlIaGmY4bWWKYhFz2oyH1xO/+UiVZjK9N6OMRgL3U5Ywgo2T7myXdMsVv+pPgVZJMCeVeunL IgBodMs/nZ4kVtDUEI61bgd+ZqIcK8MIp+Nix2qaYTLEfdp2NMWC6iifnjpGZ07poUQqV6lBU/XvRI6F1iMRu06BzUAvexPxP69tTVKLcpZm1tCUzBYlliMj0eRv1GOKEsNHjmCimLsVkQFWmBiXzsIW4Xypx0UXTLAcwyoJL6pX1eDWBVSDG QpwAqdwDgFcQh1uoAEhEOjDM7zAq/fkvXnv3sesdc2bzxzDArzPXzcBl60=</latexit><latexit sha1_base64="EIREya4m2kbLc/OWz0vPgHULOEI=">AAAB/XicbVDLSgNBEJyNr7gajXr0MhgCnsKuF+M tIIjHiK4JJEuYnUySIfNY5iGEJeAPeNU/yEm8evcv/AG/w8njYBILGoqqbrq7kpRRbYLg28ttbG5t7+R3/b39wsFh8ej4UUurMImwZFI1E6QJo4JEhhpGmqkiiCeMNJLh9dRvPBGlqRQPZpSSmKO+oD2KkXHSve3gTrEUVIIZ4DoJF6RUK3zZ 8o0/qXeKP+2uxJYTYTBDWrfCIDVxhpShmJGx37aapAgPUZ+0HBWIEx1ns1PHsOyULuxJ5UoYOFP/TmSIaz3iievkyAz0qjcV//Na1vSqcUZFag0ReL6oZxk0Ek7/hl2qCDZs5AjCirpbIR4ghbBx6Sxt4c6Xeuy7YMLVGNZJdFG5qoR3LqAqm CMPTsEZOAchuAQ1cAvqIAIY9MELeAVv3rM38d69j3lrzlvMnIAleJ+/mK2YqA==</latexit><latexit sha1_base64="EIREya4m2kbLc/OWz0vPgHULOEI=">AAAB/XicbVDLSgNBEJyNr7gajXr0MhgCnsKuF+M tIIjHiK4JJEuYnUySIfNY5iGEJeAPeNU/yEm8evcv/AG/w8njYBILGoqqbrq7kpRRbYLg28ttbG5t7+R3/b39wsFh8ej4UUurMImwZFI1E6QJo4JEhhpGmqkiiCeMNJLh9dRvPBGlqRQPZpSSmKO+oD2KkXHSve3gTrEUVIIZ4DoJF6RUK3zZ 8o0/qXeKP+2uxJYTYTBDWrfCIDVxhpShmJGx37aapAgPUZ+0HBWIEx1ns1PHsOyULuxJ5UoYOFP/TmSIaz3iievkyAz0qjcV//Na1vSqcUZFag0ReL6oZxk0Ek7/hl2qCDZs5AjCirpbIR4ghbBx6Sxt4c6Xeuy7YMLVGNZJdFG5qoR3LqAqm CMPTsEZOAchuAQ1cAvqIAIY9MELeAVv3rM38d69j3lrzlvMnIAleJ+/mK2YqA==</latexit><latexit sha1_base64="1BHIsqrtHYY8MT99ncnahbQb48Y=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKex6Md4 CXjxGdI2QLGF2MpsMmccyMyuEJeAPeNU/8CRe/RZ/wO9wkuzBJBY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0cPRmWa0JAorvRjjA3lTNLQMsvpY6opFjGn7Xh0PfXbT1QbpuS9Hac0EnggWcIItk66y3qkV635dX8GtEqCgtSgQKtX /en2FckElZZwbEwn8FMb5VhbRjidVLqZoSkmIzygHUclFtRE+ezUCTpzSh8lSruSFs3UvxM5FsaMRew6BbZDs+xNxf+8TmaTRpQzmWaWSjJflGQcWYWmf6M+05RYPnYEE83crYgMscbEunQWtgjnKzOpuGCC5RhWSXhRv6oHt36t2SgSKsMJn MI5BHAJTbiBFoRAYAAv8Apv3rP37n14n/PWklfMHMMCvK9f4CiWCQ==</latexit>
uc
<latexit sha1_base64="ZLXCMCXeAqB1t+kpVJosheXhFRk=">AAAB/XicbVDLSgNBEOz1GaPRqEcvg0HwFHa9GG8 BLx4juiaQLGF2MpsMmdlZ5iGEJeAPeNU/8CRevfsX/oDf4eRxMIkFDUVVN91dccaZNr7/7a2tb2xubRd2irt7pf2D8uHRg5ZWERoSyaVqxVhTzlIaGmY4bWWKYhFz2oyH1xO/+UiVZjK9N6OMRgL3U5Ywgo2T7myXdMsVv+pPgVZJMCeVeunL IgBodMs/nZ4kVtDUEI61bgd+ZqIcK8MIp+Nix2qaYTLEfdp2NMWC6iifnjpGZ07poUQqV6lBU/XvRI6F1iMRu06BzUAvexPxP69tTVKLcpZm1tCUzBYlliMj0eRv1GOKEsNHjmCimLsVkQFWmBiXzsIW4Xypx0UXTLAcwyoJL6pX1eDWBVSDG QpwAqdwDgFcQh1uoAEhEOjDM7zAq/fkvXnv3sesdc2bzxzDArzPXzcBl60=</latexit><latexit sha1_base64="EIREya4m2kbLc/OWz0vPgHULOEI=">AAAB/XicbVDLSgNBEJyNr7gajXr0MhgCnsKuF+M tIIjHiK4JJEuYnUySIfNY5iGEJeAPeNU/yEm8evcv/AG/w8njYBILGoqqbrq7kpRRbYLg28ttbG5t7+R3/b39wsFh8ej4UUurMImwZFI1E6QJo4JEhhpGmqkiiCeMNJLh9dRvPBGlqRQPZpSSmKO+oD2KkXHSve3gTrEUVIIZ4DoJF6RUK3zZ 8o0/qXeKP+2uxJYTYTBDWrfCIDVxhpShmJGx37aapAgPUZ+0HBWIEx1ns1PHsOyULuxJ5UoYOFP/TmSIaz3iievkyAz0qjcV//Na1vSqcUZFag0ReL6oZxk0Ek7/hl2qCDZs5AjCirpbIR4ghbBx6Sxt4c6Xeuy7YMLVGNZJdFG5qoR3LqAqm CMPTsEZOAchuAQ1cAvqIAIY9MELeAVv3rM38d69j3lrzlvMnIAleJ+/mK2YqA==</latexit><latexit sha1_base64="EIREya4m2kbLc/OWz0vPgHULOEI=">AAAB/XicbVDLSgNBEJyNr7gajXr0MhgCnsKuF+M tIIjHiK4JJEuYnUySIfNY5iGEJeAPeNU/yEm8evcv/AG/w8njYBILGoqqbrq7kpRRbYLg28ttbG5t7+R3/b39wsFh8ej4UUurMImwZFI1E6QJo4JEhhpGmqkiiCeMNJLh9dRvPBGlqRQPZpSSmKO+oD2KkXHSve3gTrEUVIIZ4DoJF6RUK3zZ 8o0/qXeKP+2uxJYTYTBDWrfCIDVxhpShmJGx37aapAgPUZ+0HBWIEx1ns1PHsOyULuxJ5UoYOFP/TmSIaz3iievkyAz0qjcV//Na1vSqcUZFag0ReL6oZxk0Ek7/hl2qCDZs5AjCirpbIR4ghbBx6Sxt4c6Xeuy7YMLVGNZJdFG5qoR3LqAqm CMPTsEZOAchuAQ1cAvqIAIY9MELeAVv3rM38d69j3lrzlvMnIAleJ+/mK2YqA==</latexit><latexit sha1_base64="1BHIsqrtHYY8MT99ncnahbQb48Y=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKex6Md4 CXjxGdI2QLGF2MpsMmccyMyuEJeAPeNU/8CRe/RZ/wO9wkuzBJBY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0cPRmWa0JAorvRjjA3lTNLQMsvpY6opFjGn7Xh0PfXbT1QbpuS9Hac0EnggWcIItk66y3qkV635dX8GtEqCgtSgQKtX /en2FckElZZwbEwn8FMb5VhbRjidVLqZoSkmIzygHUclFtRE+ezUCTpzSh8lSruSFs3UvxM5FsaMRew6BbZDs+xNxf+8TmaTRpQzmWaWSjJflGQcWYWmf6M+05RYPnYEE83crYgMscbEunQWtgjnKzOpuGCC5RhWSXhRv6oHt36t2SgSKsMJn MI5BHAJTbiBFoRAYAAv8Apv3rP37n14n/PWklfMHMMCvK9f4CiWCQ==</latexit> 0.45
<latexit sha1_base64="/s3lDQRRGuslNqmQAR8d5fsQ8LI=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJolY GbCwjeCaQHGFvs5cs2ds9dveEGFL4B2z1H1iJjYV/xdLG3+FeksJEHww83pthZl6UcqaN5306hYXFpeWV4mppbX1jc6u8vXOrZaYIDYjkUjUirClnggaGGU4bqaI4iTitR/3L3K/fUaWZFDdmkNIwwV3BYkawySXPPT5plyue642B/hJ/SioX 7/dfVQCotcvfrY4kWUKFIRxr3fS91IRDrAwjnI5KrUzTFJM+7tKmpQInVIfD8a0jdGCVDoqlsiUMGqu/J4Y40XqQRLYzwaan571c/M9rZiY+C4dMpJmhgkwWxRlHRqL8cdRhihLDB5Zgopi9FZEeVpgYG8/MlsT6Uo9KNhh/Poa/JDhyz13/2 qtUPZigCHuwD4fgwylU4QpqEACBHjzCEzw7D86L8+q8TVoLznRmF2bgfPwA9PaYKQ==</latexit><latexit sha1_base64="UnyZy2JIqfCbGQFNJGZylstToDk=">AAAB/nicbVC7SgNBFJ2Nrxhf8dHZDAbBapkVRa0 MWGgZwTWBZAmzk0kyZGZ2mZkV4pLCH7DVP7BSGwt/xdLG73A2SWESD1w4nHMv994Txpxpg9CXk5ubX1hcyi8XVlbX1jeKm1u3OkoUoT6JeKRqIdaUM0l9wwyntVhRLEJOq2HvIvOrd1RpFskb049pIHBHsjYj2GQSco+Om8USctEQcJZ4Y1I6 /7j/vnzbSSvN4k+jFZFEUGkIx1rXPRSbIMXKMMLpoNBINI0x6eEOrVsqsaA6SIe3DuC+VVqwHSlb0sCh+ncixULrvghtp8Cmq6e9TPzPqyemfRqkTMaJoZKMFrUTDk0Es8dhiylKDO9bgoli9lZIulhhYmw8E1uE9SM9KNhgvOkYZol/6J653 jUqlREYIQ92wR44AB44AWVwBSrABwR0wSN4As/Og/PivDrvo9acM57ZBhNwPn8BvjmZbQ==</latexit><latexit sha1_base64="UnyZy2JIqfCbGQFNJGZylstToDk=">AAAB/nicbVC7SgNBFJ2Nrxhf8dHZDAbBapkVRa0 MWGgZwTWBZAmzk0kyZGZ2mZkV4pLCH7DVP7BSGwt/xdLG73A2SWESD1w4nHMv994Txpxpg9CXk5ubX1hcyi8XVlbX1jeKm1u3OkoUoT6JeKRqIdaUM0l9wwyntVhRLEJOq2HvIvOrd1RpFskb049pIHBHsjYj2GQSco+Om8USctEQcJZ4Y1I6 /7j/vnzbSSvN4k+jFZFEUGkIx1rXPRSbIMXKMMLpoNBINI0x6eEOrVsqsaA6SIe3DuC+VVqwHSlb0sCh+ncixULrvghtp8Cmq6e9TPzPqyemfRqkTMaJoZKMFrUTDk0Es8dhiylKDO9bgoli9lZIulhhYmw8E1uE9SM9KNhgvOkYZol/6J653 jUqlREYIQ92wR44AB44AWVwBSrABwR0wSN4As/Og/PivDrvo9acM57ZBhNwPn8BvjmZbQ==</latexit><latexit sha1_base64="BdDTipX/YcKWXQRj2/lnwfe21bk=">AAAB/nicbVDLSgMxFM34rPVVdekmWARXQ0YUdVd w47KCYwvtUDJppg3NY0gyQhm68Afc6h+4Erf+ij/gd5hpZ2FbD1w4nHMv994Tp5wZi9C3t7K6tr6xWdmqbu/s7u3XDg4fjco0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6LfzWE9WGKflgxymNBB5IljCCbSEh/+KyV6sjH00Bl0lQkjoo0ezV frp9RTJBpSUcG9MJUGqjHGvLCKeTajczNMVkhAe046jEgpoon946gadO6cNEaVfSwqn6dyLHwpixiF2nwHZoFr1C/M/rZDa5jnIm08xSSWaLkoxDq2DxOOwzTYnlY0cw0czdCskQa0ysi2dui3C+MpOqCyZYjGGZhOf+jR/co3oDlQlVwDE4A WcgAFegAe5AE4SAgCF4Aa/gzXv23r0P73PWuuKVM0dgDt7XL1CClZs=</latexit>
0.45
<latexit sha1_base64="/s3lDQRRGuslNqmQAR8d5fsQ 8LI=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJolYGbCwjeCaQHGFvs5cs2ds9dveEGFL4B2z1H1iJjYV/xdLG 3+FeksJEHww83pthZl6UcqaN5306hYXFpeWV4mppbX1jc6u8vXOrZaYIDYjkUjUirClnggaGGU4bqaI4iTitR/3L3K/ fUaWZFDdmkNIwwV3BYkawySXPPT5plyue642B/hJ/SioX7/dfVQCotcvfrY4kWUKFIRxr3fS91IRDrAwjnI5KrUzTF JM+7tKmpQInVIfD8a0jdGCVDoqlsiUMGqu/J4Y40XqQRLYzwaan571c/M9rZiY+C4dMpJmhgkwWxRlHRqL8cdRhihLD B5Zgopi9FZEeVpgYG8/MlsT6Uo9KNhh/Poa/JDhyz13/2qtUPZigCHuwD4fgwylU4QpqEACBHjzCEzw7D86L8+q8TV oLznRmF2bgfPwA9PaYKQ==</latexit><latexit sha1_base64="UnyZy2JIqfCbGQFNJGZylstT oDk=">AAAB/nicbVC7SgNBFJ2Nrxhf8dHZDAbBapkVRa0MWGgZwTWBZAmzk0kyZGZ2mZkV4pLCH7DVP7BSGwt/xdLG 73A2SWESD1w4nHMv994Txpxpg9CXk5ubX1hcyi8XVlbX1jeKm1u3OkoUoT6JeKRqIdaUM0l9wwyntVhRLEJOq2HvIvO rd1RpFskb049pIHBHsjYj2GQSco+Om8USctEQcJZ4Y1I6/7j/vnzbSSvN4k+jFZFEUGkIx1rXPRSbIMXKMMLpoNBIN I0x6eEOrVsqsaA6SIe3DuC+VVqwHSlb0sCh+ncixULrvghtp8Cmq6e9TPzPqyemfRqkTMaJoZKMFrUTDk0Es8dhiylK DO9bgoli9lZIulhhYmw8E1uE9SM9KNhgvOkYZol/6J653jUqlREYIQ92wR44AB44AWVwBSrABwR0wSN4As/Og/PivD rvo9acM57ZBhNwPn8BvjmZbQ==</latexit><latexit sha1_base64="UnyZy2JIqfCbGQFNJGZylstT oDk=">AAAB/nicbVC7SgNBFJ2Nrxhf8dHZDAbBapkVRa0MWGgZwTWBZAmzk0kyZGZ2mZkV4pLCH7DVP7BSGwt/xdLG 73A2SWESD1w4nHMv994Txpxpg9CXk5ubX1hcyi8XVlbX1jeKm1u3OkoUoT6JeKRqIdaUM0l9wwyntVhRLEJOq2HvIvO rd1RpFskb049pIHBHsjYj2GQSco+Om8USctEQcJZ4Y1I6/7j/vnzbSSvN4k+jFZFEUGkIx1rXPRSbIMXKMMLpoNBIN I0x6eEOrVsqsaA6SIe3DuC+VVqwHSlb0sCh+ncixULrvghtp8Cmq6e9TPzPqyemfRqkTMaJoZKMFrUTDk0Es8dhiylK DO9bgoli9lZIulhhYmw8E1uE9SM9KNhgvOkYZol/6J653jUqlREYIQ92wR44AB44AWVwBSrABwR0wSN4As/Og/PivD rvo9acM57ZBhNwPn8BvjmZbQ==</latexit><latexit sha1_base64="BdDTipX/YcKWXQRj2/lnwfe2 1bk=">AAAB/nicbVDLSgMxFM34rPVVdekmWARXQ0YUdVdw47KCYwvtUDJppg3NY0gyQhm68Afc6h+4Erf+ij/gd5hp Z2FbD1w4nHMv994Tp5wZi9C3t7K6tr6xWdmqbu/s7u3XDg4fjco0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6LfzWE9W GKflgxymNBB5IljCCbSEh/+KyV6sjH00Bl0lQkjoo0ezVfrp9RTJBpSUcG9MJUGqjHGvLCKeTajczNMVkhAe046jEg poon946gadO6cNEaVfSwqn6dyLHwpixiF2nwHZoFr1C/M/rZDa5jnIm08xSSWaLkoxDq2DxOOwzTYnlY0cw0czdCskQ a0ysi2dui3C+MpOqCyZYjGGZhOf+jR/co3oDlQlVwDE4AWcgAFegAe5AE4SAgCF4Aa/gzXv23r0P73PWuuKVM0dgDt 7XL1CClZs=</latexit>
13.5
<latexit sha1_base64="05i8JQi1hZUcBuklDP7EhN3fu3Q=">AAAB/nicbVC7SgNBFL0bXzG+opY2i0GwWnYVUSs DNpYRXBNIljA7mU2GzGOZmRViSOEP2OofWImNhb9iaeN3OJukMNEDFw7n3Mu998Qpo9r4/qdTWFhcWl4prpbW1jc2t8rbO7daZgqTEEsmVSNGmjAqSGioYaSRKoJ4zEg97l/mfv2OKE2luDGDlEQcdQVNKEYml4Jj76RdrvieP4b7lwRTUrl4 v/+qAkCtXf5udSTOOBEGM6R1M/BTEw2RMhQzMiq1Mk1ShPuoS5qWCsSJjobjW0fugVU6biKVLWHcsfp7Yoi41gMe206OTE/Pe7n4n9fMTHIWDalIM0MEnixKMuYa6eaPux2qCDZsYAnCitpbXdxDCmFj45nZwq0v9ahkgwnmY/hLwiPv3Auu/ UrVhwmKsAf7cAgBnEIVrqAGIWDowSM8wbPz4Lw4r87bpLXgTGd2YQbOxw/0/Zgp</latexit><latexit sha1_base64="RQCRSqnZj6uy5fLqeWM8Q/LOOm4=">AAAB/nicbVC7SgNBFJ2Nrxhf8dHZDAbBatlVRK0 MWGgZwTWBZAmzk0kyZB7LzKwQlxT+gK3+gZXaWPgrljZ+h7NJCpN44MLhnHu5954oZlQbz/tycnPzC4tL+eXCyura+kZxc+tWy0RhEmDJpKpFSBNGBQkMNYzUYkUQjxipRr2LzK/eEaWpFDemH5OQo46gbYqRyST/yD1uFkue6w0BZ4k/JqXz j/vvy7edtNIs/jRaEiecCIMZ0rrue7EJU6QMxYwMCo1EkxjhHuqQuqUCcaLDdHjrAO5bpQXbUtkSBg7VvxMp4lr3eWQ7OTJdPe1l4n9ePTHt0zClIk4MEXi0qJ0waCTMHoctqgg2rG8JworaWyHuIoWwsfFMbOHWl3pQsMH40zHMkuDQPXP9a 69U9sAIebAL9sAB8MEJKIMrUAEBwKALHsETeHYenBfn1Xkfteac8cw2mIDz+Qu+QJlt</latexit><latexit sha1_base64="RQCRSqnZj6uy5fLqeWM8Q/LOOm4=">AAAB/nicbVC7SgNBFJ2Nrxhf8dHZDAbBatlVRK0 MWGgZwTWBZAmzk0kyZB7LzKwQlxT+gK3+gZXaWPgrljZ+h7NJCpN44MLhnHu5954oZlQbz/tycnPzC4tL+eXCyura+kZxc+tWy0RhEmDJpKpFSBNGBQkMNYzUYkUQjxipRr2LzK/eEaWpFDemH5OQo46gbYqRyST/yD1uFkue6w0BZ4k/JqXz j/vvy7edtNIs/jRaEiecCIMZ0rrue7EJU6QMxYwMCo1EkxjhHuqQuqUCcaLDdHjrAO5bpQXbUtkSBg7VvxMp4lr3eWQ7OTJdPe1l4n9ePTHt0zClIk4MEXi0qJ0waCTMHoctqgg2rG8JworaWyHuIoWwsfFMbOHWl3pQsMH40zHMkuDQPXP9a 69U9sAIebAL9sAB8MEJKIMrUAEBwKALHsETeHYenBfn1Xkfteac8cw2mIDz+Qu+QJlt</latexit><latexit sha1_base64="YydsN1/ZAv1QpIDby14GeOkpvsg=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBFchUQRdVd w47KCsYU2lMl00g6dzISZiVBCF/6AW/0DV+LWX/EH/A4nbRa29cCFwzn3cu89UcqZNp737aysrq1vbFa2qts7u3v7tYPDRy0zRWhAJJeqHWFNORM0MMxw2k4VxUnEaSsa3RZ+64kqzaR4MOOUhgkeCBYzgk0h+RfuZa9W91xvCrRM/JLUoUSz V/vp9iXJEioM4Vjrju+lJsyxMoxwOql2M01TTEZ4QDuWCpxQHebTWyfo1Cp9FEtlSxg0Vf9O5DjRepxEtjPBZqgXvUL8z+tkJr4OcybSzFBBZovijCMjUfE46jNFieFjSzBRzN6KyBArTIyNZ25LYn2pJ1UbjL8YwzIJzt0b17/36g2vTKgCx 3ACZ+DDFTTgDpoQAIEhvMArvDnPzrvz4XzOWleccuYI5uB8/QJQiZWb</latexit>
13.5
<latexit sha1_base64="05i8JQi1hZUcBuklDP7EhN3fu3Q=">AAAB/nicbVC7SgNBFL0bXzG+opY2i0GwWnYVUSs DNpYRXBNIljA7mU2GzGOZmRViSOEP2OofWImNhb9iaeN3OJukMNEDFw7n3Mu998Qpo9r4/qdTWFhcWl4prpbW1jc2t8rbO7daZgqTEEsmVSNGmjAqSGioYaSRKoJ4zEg97l/mfv2OKE2luDGDlEQcdQVNKEYml4Jj76RdrvieP4b7lwRTUrl4 v/+qAkCtXf5udSTOOBEGM6R1M/BTEw2RMhQzMiq1Mk1ShPuoS5qWCsSJjobjW0fugVU6biKVLWHcsfp7Yoi41gMe206OTE/Pe7n4n9fMTHIWDalIM0MEnixKMuYa6eaPux2qCDZsYAnCitpbXdxDCmFj45nZwq0v9ahkgwnmY/hLwiPv3Auu/ UrVhwmKsAf7cAgBnEIVrqAGIWDowSM8wbPz4Lw4r87bpLXgTGd2YQbOxw/0/Zgp</latexit><latexit sha1_base64="RQCRSqnZj6uy5fLqeWM8Q/LOOm4=">AAAB/nicbVC7SgNBFJ2Nrxhf8dHZDAbBatlVRK0 MWGgZwTWBZAmzk0kyZB7LzKwQlxT+gK3+gZXaWPgrljZ+h7NJCpN44MLhnHu5954oZlQbz/tycnPzC4tL+eXCyura+kZxc+tWy0RhEmDJpKpFSBNGBQkMNYzUYkUQjxipRr2LzK/eEaWpFDemH5OQo46gbYqRyST/yD1uFkue6w0BZ4k/JqXz j/vvy7edtNIs/jRaEiecCIMZ0rrue7EJU6QMxYwMCo1EkxjhHuqQuqUCcaLDdHjrAO5bpQXbUtkSBg7VvxMp4lr3eWQ7OTJdPe1l4n9ePTHt0zClIk4MEXi0qJ0waCTMHoctqgg2rG8JworaWyHuIoWwsfFMbOHWl3pQsMH40zHMkuDQPXP9a 69U9sAIebAL9sAB8MEJKIMrUAEBwKALHsETeHYenBfn1Xkfteac8cw2mIDz+Qu+QJlt</latexit><latexit sha1_base64="RQCRSqnZj6uy5fLqeWM8Q/LOOm4=">AAAB/nicbVC7SgNBFJ2Nrxhf8dHZDAbBatlVRK0 MWGgZwTWBZAmzk0kyZB7LzKwQlxT+gK3+gZXaWPgrljZ+h7NJCpN44MLhnHu5954oZlQbz/tycnPzC4tL+eXCyura+kZxc+tWy0RhEmDJpKpFSBNGBQkMNYzUYkUQjxipRr2LzK/eEaWpFDemH5OQo46gbYqRyST/yD1uFkue6w0BZ4k/JqXz j/vvy7edtNIs/jRaEiecCIMZ0rrue7EJU6QMxYwMCo1EkxjhHuqQuqUCcaLDdHjrAO5bpQXbUtkSBg7VvxMp4lr3eWQ7OTJdPe1l4n9ePTHt0zClIk4MEXi0qJ0waCTMHoctqgg2rG8JworaWyHuIoWwsfFMbOHWl3pQsMH40zHMkuDQPXP9a 69U9sAIebAL9sAB8MEJKIMrUAEBwKALHsETeHYenBfn1Xkfteac8cw2mIDz+Qu+QJlt</latexit><latexit sha1_base64="YydsN1/ZAv1QpIDby14GeOkpvsg=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBFchUQRdVd w47KCsYU2lMl00g6dzISZiVBCF/6AW/0DV+LWX/EH/A4nbRa29cCFwzn3cu89UcqZNp737aysrq1vbFa2qts7u3v7tYPDRy0zRWhAJJeqHWFNORM0MMxw2k4VxUnEaSsa3RZ+64kqzaR4MOOUhgkeCBYzgk0h+RfuZa9W91xvCrRM/JLUoUSz V/vp9iXJEioM4Vjrju+lJsyxMoxwOql2M01TTEZ4QDuWCpxQHebTWyfo1Cp9FEtlSxg0Vf9O5DjRepxEtjPBZqgXvUL8z+tkJr4OcybSzFBBZovijCMjUfE46jNFieFjSzBRzN6KyBArTIyNZ25LYn2pJ1UbjL8YwzIJzt0b17/36g2vTKgCx 3ACZ+DDFTTgDpoQAIEhvMArvDnPzrvz4XzOWleccuYI5uB8/QJQiZWb</latexit>
Figure 5.5: Set of inputs U and its under approximation Uˆ for Example 4.
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<latexit sha1_base6 4="WEbrjhW8kMQtRKCKNIigFpSfUQQ=">AAA B+3icbVA9SwNBEJ3zM8avaEqbxRCwCnc2xi5 gY5mAZwLJEfY2e8mS3b1jd084jljZ2eo/sBJ bf4ydlb/DzUdhEh8MPN6bYWZemHCmjet+ORu bW9s7u4W94v7B4dFx6eT0XsepItQnMY9VJ8S aciapb5jhtJMoikXIaTsc30z99gNVmsXyzmQ JDQQeShYxgo2VWlm/VHFr7gxonXgLUmmUq0/ fANDsl356g5ikgkpDONa667mJCXKsDCOcToq 9VNMEkzEe0q6lEguqg3x26ARVrTJAUaxsSYN m6t+JHAutMxHaToHNSK96U/E/r5uaqB7kTCap oZLMF0UpRyZG06/RgClKDM8swUQxeysiI6ww MTabpS3C+rGeFG0w3moM68S/rF3XvJYNqA5z FOAMzuECPLiCBtxCE3wgQOEZXuDVeXTenHfn Y9664SxmyrAE5/MXC/aXEw==</latexit><latexit sha1_base6 4="tDosYAfWcA6Ft0S9XLKZ49r59Kk=">AAA B+3icbVC7TgJBFJ3FF+ILpbSZSEisyK6N2JH YWELiCglsyOwwCxPmsZmZNdlssLKz1T+wMrb +gv+gH8AX+AEOj0LAk9zk5Jx7c+89YcyoNq7 75eQ2Nre2d/K7hb39g8Oj4vHJnZaJwsTHkkn VDpEmjAriG2oYaceKIB4y0gpH11O/dU+UplL cmjQmAUcDQSOKkbFSM+0Vy27VnQGuE29ByvV S5fHnc/Ld6BUn3b7ECSfCYIa07nhubIIMKUM xI+NCN9EkRniEBqRjqUCc6CCbHTqGFav0YSS VLWHgTP07kSGudcpD28mRGepVbyr+53USE9WC jIo4MUTg+aIoYdBIOP0a9qki2LDUEoQVtbdC PEQKYWOzWdrCrS/1uGCD8VZjWCf+RfWq6jVt QDUwRx6cgjNwDjxwCergBjSADzAg4Ak8gxfn wXl13pz3eWvOWcyUwBKcj1+3YZmt</latexi t><latexit sha1_base6 4="tDosYAfWcA6Ft0S9XLKZ49r59Kk=">AAA B+3icbVC7TgJBFJ3FF+ILpbSZSEisyK6N2JH YWELiCglsyOwwCxPmsZmZNdlssLKz1T+wMrb +gv+gH8AX+AEOj0LAk9zk5Jx7c+89YcyoNq7 75eQ2Nre2d/K7hb39g8Oj4vHJnZaJwsTHkkn VDpEmjAriG2oYaceKIB4y0gpH11O/dU+UplL cmjQmAUcDQSOKkbFSM+0Vy27VnQGuE29ByvV S5fHnc/Ld6BUn3b7ECSfCYIa07nhubIIMKUM xI+NCN9EkRniEBqRjqUCc6CCbHTqGFav0YSS VLWHgTP07kSGudcpD28mRGepVbyr+53USE9WC jIo4MUTg+aIoYdBIOP0a9qki2LDUEoQVtbdC PEQKYWOzWdrCrS/1uGCD8VZjWCf+RfWq6jVt QDUwRx6cgjNwDjxwCergBjSADzAg4Ak8gxfn wXl13pz3eWvOWcyUwBKcj1+3YZmt</latexi t><latexit sha1_base6 4="lQGg6zMsh0I9QGNulGHOwvD9+rg=">AAA B+3icbVDLSgNBEJyNrxhfUY9eBoPgKex6Md4 CXjwmYIyQLGF20psMmccyMyssS/wBr/oHnsS rH+MP+B1Okj2YxIKGoqqb7q4o4cxY3//2Shu bW9s75d3K3v7B4VH1+OTBqFRT6FDFlX6MiAH OJHQssxweEw1ERBy60eR25nefQBum5L3NEgg FGUkWM0qsk9rZoFrz6/4ceJ0EBamhAq1B9ac /VDQVIC3lxJhe4Cc2zIm2jHKYVvqpgYTQCRl Bz1FJBJgwnx86xRdOGeJYaVfS4rn6dyInwph MRK5TEDs2q95M/M/rpTZuhDmTSWpB0sWiOOXY Kjz7Gg+ZBmp55gihmrlbMR0TTah12SxtEc5X ZlpxwQSrMayTzlX9ph60/VqzUSRURmfoHF2i AF2jJrpDLdRBFAF6Qa/ozXv23r0P73PRWvKK mVO0BO/rF2bOlTc=</latexit>
x
<latexit sha1_base64="Pa6+WTdmQdkpYn8 Guz7MZ9BLPA8=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKex6MZ4MePGYiGsCyRJmJ7PJk JnZZWZWDEv8Aa/6B57Eq+DJ//AH/A4nj4NJLGgoqrrp7goTzrRx3W8nt7K6tr6R3yxsbe/s7 hX3D+50nCpCfRLzWDVDrClnkvqGGU6biaJYhJw2wsHV2G/cU6VZLG/NMKGBwD3JIkawsVL9o VMsuWV3ArRMvBkpXX593oBFrVP8aXdjkgoqDeFY65bnJibIsDKMcDoqtFNNE0wGuEdblkosq A6yyaEjdGKVLopiZUsaNFH/TmRYaD0Uoe0U2PT1ojcW//NaqYkqQcZkkhoqyXRRlHJkYjT+Gn WZosTwoSWYKGZvRaSPFSbGZjO3RVg/1qOCDcZbjGGZ+Gfli7JXd0vVCkyRhyM4hlPw4ByqcA 018IEAhSd4hhfn0Xl13pz3aWvOmc0cwhycj19KSZc9</latexit><latexit sha1_base64="X9xRLT7IY/2i1hy Hirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bY2XAxjIB1wSSJcxOJsmQm dllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1v bOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKYhFyWg17VyO/ekeVZpG8Mf2YBgJ3JGszgo2VK vfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0b qnEguogHR86QCdWaaF2pGxJg8bq34kUC637IrSdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44Mh EafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeH AOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHMAMnI9ff2OZgg==</latexit><latexit sha1_base64="X9xRLT7IY/2i1hy Hirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bY2XAxjIB1wSSJcxOJsmQm dllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1v bOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKYhFyWg17VyO/ekeVZpG8Mf2YBgJ3JGszgo2VK vfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0b qnEguogHR86QCdWaaF2pGxJg8bq34kUC637IrSdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44Mh EafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeH AOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHMAMnI9ff2OZgg==</latexit><latexit sha1_base64="PTWgIuy244WMeXA 2CPcl9UFazX8=">AAAB+3icbVDLTgJBEOzFF+IL9ehlIjHxRHa9iDcSLx4hcYUECJkdZmHCP DYzs0aywR/wqn/gyXj1Y/wBv8MB9iBgJZ1UqrrT3RUlnBnr+99eYWNza3unuFva2z84PCofn zwYlWpCQ6K40u0IG8qZpKFlltN2oikWEaetaHw781uPVBum5L2dJLQn8FCymBFsndR86pcrf tWfA62TICcVyNHol3+6A0VSQaUlHBvTCfzE9jKsLSOcTkvd1NAEkzEe0o6jEgtqetn80Cm6c MoAxUq7khbN1b8TGRbGTETkOgW2I7PqzcT/vE5q41ovYzJJLZVksShOObIKzb5GA6YpsXziCC aauVsRGWGNiXXZLG0RzldmWnLBBKsxrJPwqnpTDZp+pV7LEyrCGZzDJQRwDXW4gwaEQIDCC7 zCm/fsvXsf3ueiteDlM6ewBO/rF2U3lTY=</latexit>
x
<latexit sha1_base64="Pa6+WTdmQdkpYn8Guz7MZ9BLPA8=">AAAB+3icbVDLSgNBEOyNr xhfUY9eBoPgKex6MZ4MePGYiGsCyRJmJ7PJkJnZZWZWDEv8Aa/6B57Eq+DJ//AH/A4nj4NJLGgoqrrp7goTzrRx3W8nt7K6tr6R3yxsbe/s7hX3D+50nCpCfRLzWDVDrClnkvqGGU6biaJYh Jw2wsHV2G/cU6VZLG/NMKGBwD3JIkawsVL9oVMsuWV3ArRMvBkpXX593oBFrVP8aXdjkgoqDeFY65bnJibIsDKMcDoqtFNNE0wGuEdblkosqA6yyaEjdGKVLopiZUsaNFH/TmRYaD0Uoe0U2P T1ojcW//NaqYkqQcZkkhoqyXRRlHJkYjT+GnWZosTwoSWYKGZvRaSPFSbGZjO3RVg/1qOCDcZbjGGZ+Gfli7JXd0vVCkyRhyM4hlPw4ByqcA018IEAhSd4hhfn0Xl13pz3aWvOmc0cwhycj1 9KSZc9</latexit><latexit sha1_base64="X9xRLT7IY/2i1hyHirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM 8ZX1FKQwSBYhV0bY2XAxjIB1wSSJcxOJsmQmdllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1vbOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKY hFyWg17VyO/ekeVZpG8Mf2YBgJ3JGszgo2VKvfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0bqnEguogHR86QCdWaaF2pGxJg8bq34kUC637Ir SdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44MhEafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeHAOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHM AMnI9ff2OZgg==</latexit><latexit sha1_base64="X9xRLT7IY/2i1hyHirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM 8ZX1FKQwSBYhV0bY2XAxjIB1wSSJcxOJsmQmdllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1vbOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKY hFyWg17VyO/ekeVZpG8Mf2YBgJ3JGszgo2VKvfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0bqnEguogHR86QCdWaaF2pGxJg8bq34kUC637Ir SdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44MhEafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeHAOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHM AMnI9ff2OZgg==</latexit><latexit sha1_base64="PTWgIuy244WMeXA2CPcl9UFazX8=">AAAB+3icbVDLTgJBEOzFF +IL9ehlIjHxRHa9iDcSLx4hcYUECJkdZmHCPDYzs0aywR/wqn/gyXj1Y/wBv8MB9iBgJZ1UqrrT3RUlnBnr+99eYWNza3unuFva2z84PCofnzwYlWpCQ6K40u0IG8qZpKFlltN2oikWEaeta Hw781uPVBum5L2dJLQn8FCymBFsndR86pcrftWfA62TICcVyNHol3+6A0VSQaUlHBvTCfzE9jKsLSOcTkvd1NAEkzEe0o6jEgtqetn80Cm6cMoAxUq7khbN1b8TGRbGTETkOgW2I7PqzcT/vE 5q41ovYzJJLZVksShOObIKzb5GA6YpsXziCCaauVsRGWGNiXXZLG0RzldmWnLBBKsxrJPwqnpTDZp+pV7LEyrCGZzDJQRwDXW4gwaEQIDCC7zCm/fsvXsf3ueiteDlM6ewBO/rF2U3lTY=</ latexit>
x
<latexit sha1_base64="Pa6+WTdmQdkpYn8Guz7MZ9BLPA8=">AAAB+3icbVDLSgNBEOyNr xhfUY9eBoPgKex6MZ4MePGYiGsCyRJmJ7PJkJnZZWZWDEv8Aa/6B57Eq+DJ//AH/A4nj4NJLGgoqrrp7goTzrRx3W8nt7K6tr6R3yxsbe/s7hX3D+50nCpCfRLzWDVDrClnkvqGGU6biaJYh Jw2wsHV2G/cU6VZLG/NMKGBwD3JIkawsVL9oVMsuWV3ArRMvBkpXX593oBFrVP8aXdjkgoqDeFY65bnJibIsDKMcDoqtFNNE0wGuEdblkosqA6yyaEjdGKVLopiZUsaNFH/TmRYaD0Uoe0U2P T1ojcW//NaqYkqQcZkkhoqyXRRlHJkYjT+GnWZosTwoSWYKGZvRaSPFSbGZjO3RVg/1qOCDcZbjGGZ+Gfli7JXd0vVCkyRhyM4hlPw4ByqcA018IEAhSd4hhfn0Xl13pz3aWvOmc0cwhycj1 9KSZc9</latexit><latexit sha1_base64="X9xRLT7IY/2i1hyHirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM 8ZX1FKQwSBYhV0bY2XAxjIB1wSSJcxOJsmQmdllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1vbOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKY hFyWg17VyO/ekeVZpG8Mf2YBgJ3JGszgo2VKvfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0bqnEguogHR86QCdWaaF2pGxJg8bq34kUC637Ir SdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44MhEafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeHAOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHM AMnI9ff2OZgg==</latexit><latexit sha1_base64="X9xRLT7IY/2i1hyHirm4FC7kTvM=">AAAB+3icbVC7SgNBFL3rM 8ZX1FKQwSBYhV0bY2XAxjIB1wSSJcxOJsmQmdllZlYMS+ysbPUPrMRWSOV/+AM2/oSTR2ESD1w4nHMv994Txpxp47pfztLyyuraemYju7m1vbOb29u/1VGiCPVJxCNVC7GmnEnqG2Y4rcWKY hFyWg17VyO/ekeVZpG8Mf2YBgJ3JGszgo2VKvfNXN4tuGOgReJNSf7yc1j5eTwalpu570YrIomg0hCOta57bmyCFCvDCKeDbCPRNMakhzu0bqnEguogHR86QCdWaaF2pGxJg8bq34kUC637Ir SdApuunvdG4n9ePTHtYpAyGSeGSjJZ1E44MhEafY1aTFFieN8STBSztyLSxQoTY7OZ2SKsH+lB1gbjzcewSPyzwkXBq7j5UhEmyMAhHMMpeHAOJbiGMvhAgMITPMOL8+C8Om/O+6R1yZnOHM AMnI9ff2OZgg==</latexit><latexit sha1_base64="PTWgIuy244WMeXA2CPcl9UFazX8=">AAAB+3icbVDLTgJBEOzFF +IL9ehlIjHxRHa9iDcSLx4hcYUECJkdZmHCPDYzs0aywR/wqn/gyXj1Y/wBv8MB9iBgJZ1UqrrT3RUlnBnr+99eYWNza3unuFva2z84PCofnzwYlWpCQ6K40u0IG8qZpKFlltN2oikWEaeta Hw781uPVBum5L2dJLQn8FCymBFsndR86pcrftWfA62TICcVyNHol3+6A0VSQaUlHBvTCfzE9jKsLSOcTkvd1NAEkzEe0o6jEgtqetn80Cm6cMoAxUq7khbN1b8TGRbGTETkOgW2I7PqzcT/vE 5q41ovYzJJLZVksShOObIKzb5GA6YpsXziCCaauVsRGWGNiXXZLG0RzldmWnLBBKsxrJPwqnpTDZp+pV7LEyrCGZzDJQRwDXW4gwaEQIDCC7zCm/fsvXsf3ueiteDlM6ewBO/rF2U3lTY=</ latexit>
(a)
<latexit sha1_base64="02V3sRMG+KBgJ8p mamxuaqiqpj0=">AAAB/XicbVDLSgNBEOyNrxhfUS+Cl8EgxEvY9WK8Bbx4jOiaQLKE2clsM mRmZ5mZFeIS8Ae86h94Eq9+i+DZ73DyOJjEgoaiqpvurjDhTBvX/XJyK6tr6xv5zcLW9s7uX nH/4F7LVBHqE8mlaoZYU85i6htmOG0mimIRctoIB1djv/FAlWYyvjPDhAYC92IWMYKNlW7L+ KxTLLkVdwK0TLwZKdWOHr/Bot4p/rS7kqSCxoZwrHXLcxMTZFgZRjgdFdqppgkmA9yjLUtjL KgOssmpI3RqlS6KpLIVGzRR/05kWGg9FKHtFNj09aI3Fv/zWqmJqkHG4iQ1NCbTRVHKkZFo/D fqMkWJ4UNLMFHM3opIHytMjE1nbouwvtSjgg3GW4xhmfjnlcuKd2MDqsIUeTiGEyiDBxdQg2 uogw8EevAML/DqPDlvzrvzMW3NObOZQ5iD8/kLcQ2XMg==</latexit><latexit sha1_base64="1xO27906LZHydp7 NTFNOwN4Celc=">AAAB/XicbVC7SgNBFJ2NryS+ojaCzWAQYhN2bYxd0MYyomsCyRJmJ7PJk HksM7NCXAL5AVv9AyuxsPFbBGu/w8mjMIkHLhzOuZd77wljRrVx3S8ns7K6tr6RzeU3t7Z3d gt7+/daJgoTH0smVSNEmjAqiG+oYaQRK4J4yEg97F+N/foDUZpKcWcGMQk46goaUYyMlW5L6 LRdKLpldwK4TLwZKVYPH79zo4/LWrvw0+pInHAiDGZI66bnxiZIkTIUMzLMtxJNYoT7qEual grEiQ7SyalDeGKVDoyksiUMnKh/J1LEtR7w0HZyZHp60RuL/3nNxESVIKUiTgwReLooShg0Eo 7/hh2qCDZsYAnCitpbIe4hhbCx6cxt4daXepi3wXiLMSwT/6x8UfZubEAVMEUWHIFjUAIeOA dVcA1qwAcYdMETeAYvzsh5dd6c92lrxpnNHIA5OJ+/isCYrw==</latexit><latexit sha1_base64="1xO27906LZHydp7 NTFNOwN4Celc=">AAAB/XicbVC7SgNBFJ2NryS+ojaCzWAQYhN2bYxd0MYyomsCyRJmJ7PJk HksM7NCXAL5AVv9AyuxsPFbBGu/w8mjMIkHLhzOuZd77wljRrVx3S8ns7K6tr6RzeU3t7Z3d gt7+/daJgoTH0smVSNEmjAqiG+oYaQRK4J4yEg97F+N/foDUZpKcWcGMQk46goaUYyMlW5L6 LRdKLpldwK4TLwZKVYPH79zo4/LWrvw0+pInHAiDGZI66bnxiZIkTIUMzLMtxJNYoT7qEual grEiQ7SyalDeGKVDoyksiUMnKh/J1LEtR7w0HZyZHp60RuL/3nNxESVIKUiTgwReLooShg0Eo 7/hh2qCDZsYAnCitpbIe4hhbCx6cxt4daXepi3wXiLMSwT/6x8UfZubEAVMEUWHIFjUAIeOA dVcA1qwAcYdMETeAYvzsh5dd6c92lrxpnNHIA5OJ+/isCYrw==</latexit><latexit sha1_base64="NevSUXPgY4tvnBY 76U+uikoiU1w=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBDiJex6Md4CXjxGdE0gWcLsZJIMm ccyMyuEJeAPeNU/8CRe/RZ/wO9wkuzBJBY0FFXddHfFCWfG+v63t7a+sbm1Xdgp7u7tHxyWj o4fjUo1oSFRXOlWjA3lTNLQMstpK9EUi5jTZjy6mfrNJ6oNU/LBjhMaCTyQrM8Itk66r+CLb qnsV/0Z0CoJclKGHI1u6afTUyQVVFrCsTHtwE9slGFtGeF0UuykhiaYjPCAth2VWFATZbNTJ +jcKT3UV9qVtGim/p3IsDBmLGLXKbAdmmVvKv7ntVPbr0UZk0lqqSTzRf2UI6vQ9G/UY5oSy8 eOYKKZuxWRIdaYWJfOwhbhfGUmRRdMsBzDKgkvq9fV4M4v12t5QgU4hTOoQABXUIdbaEAIBA bwAq/w5j17796H9zlvXfPymRNYgPf1CwwdlYQ=</latexit>
(b)
<latexit sha1_base64="NRgcfp3dPkfly4bl9UEAr8cRY7Y=">AAAB/XicbVDLSgNBEOyNr xhfUS+Cl8EgxEvY9WK8Bbx4jOiaQLKE2clsMmRmZ5mZFeIS8Ae86h94Eq9+i+DZ73DyOJjEgoaiqpvurjDhTBvX/XJyK6tr6xv5zcLW9s7uXnH/4F7LVBHqE8mlaoZYU85i6htmOG0mimIRc toIB1djv/FAlWYyvjPDhAYC92IWMYKNlW7L4VmnWHIr7gRomXgzUqodPX6DRb1T/Gl3JUkFjQ3hWOuW5yYmyLAyjHA6KrRTTRNMBrhHW5bGWFAdZJNTR+jUKl0USWUrNmii/p3IsNB6KELbKb Dp60VvLP7ntVITVYOMxUlqaEymi6KUIyPR+G/UZYoSw4eWYKKYvRWRPlaYGJvO3BZhfalHBRuMtxjDMvHPK5cV78YGVIUp8nAMJ1AGDy6gBtdQBx8I9OAZXuDVeXLenHfnY9qac2YzhzAH5/ MXcqWXMw==</latexit><latexit sha1_base64="I7uxizpEaSFFJkWVa13nJeXjAVU=">AAAB/XicbVC7SgNBFJ2Nr yS+ojaCzWAQYhN2bYxd0MYyomsCyRJmJ7PJkHksM7NCXAL5AVv9AyuxsPFbBGu/w8mjMIkHLhzOuZd77wljRrVx3S8ns7K6tr6RzeU3t7Z3dgt7+/daJgoTH0smVSNEmjAqiG+oYaQRK4J4y Eg97F+N/foDUZpKcWcGMQk46goaUYyMlW5L4Wm7UHTL7gRwmXgzUqwePn7nRh+XtXbhp9WROOFEGMyQ1k3PjU2QImUoZmSYbyWaxAj3UZc0LRWIEx2kk1OH8MQqHRhJZUsYOFH/TqSIaz3goe 3kyPT0ojcW//OaiYkqQUpFnBgi8HRRlDBoJBz/DTtUEWzYwBKEFbW3QtxDCmFj05nbwq0v9TBvg/EWY1gm/ln5ouzd2IAqYIosOALHoAQ8cA6q4BrUgA8w6IIn8AxenJHz6rw579PWjDObOQ BzcD5/AYxYmLA=</latexit><latexit sha1_base64="I7uxizpEaSFFJkWVa13nJeXjAVU=">AAAB/XicbVC7SgNBFJ2Nr yS+ojaCzWAQYhN2bYxd0MYyomsCyRJmJ7PJkHksM7NCXAL5AVv9AyuxsPFbBGu/w8mjMIkHLhzOuZd77wljRrVx3S8ns7K6tr6RzeU3t7Z3dgt7+/daJgoTH0smVSNEmjAqiG+oYaQRK4J4y Eg97F+N/foDUZpKcWcGMQk46goaUYyMlW5L4Wm7UHTL7gRwmXgzUqwePn7nRh+XtXbhp9WROOFEGMyQ1k3PjU2QImUoZmSYbyWaxAj3UZc0LRWIEx2kk1OH8MQqHRhJZUsYOFH/TqSIaz3goe 3kyPT0ojcW//OaiYkqQUpFnBgi8HRRlDBoJBz/DTtUEWzYwBKEFbW3QtxDCmFj05nbwq0v9TBvg/EWY1gm/ln5ouzd2IAqYIosOALHoAQ8cA6q4BrUgA8w6IIn8AxenJHz6rw579PWjDObOQ BzcD5/AYxYmLA=</latexit><latexit sha1_base64="MmWEkOAbfo+VWlH/j8Bx3RgE3+c=">AAAB/XicbVDLSgNBEOz1G eMr6tHLYBDiJex6Md4CXjxGdE0gWcLsZJIMmccyMyuEJeAPeNU/8CRe/RZ/wO9wkuzBJBY0FFXddHfFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo4fjUo1oSFRXOlWjA3lTNLQMstpK9EUi5jTZ jy6mfrNJ6oNU/LBjhMaCTyQrM8Itk66r8QX3VLZr/ozoFUS5KQMORrd0k+np0gqqLSEY2PagZ/YKMPaMsLppNhJDU0wGeEBbTsqsaAmymanTtC5U3qor7QradFM/TuRYWHMWMSuU2A7NMveVP zPa6e2X4syJpPUUknmi/opR1ah6d+oxzQllo8dwUQzdysiQ6wxsS6dhS3C+cpMii6YYDmGVRJeVq+rwZ1frtfyhApwCmdQgQCuoA630IAQCAzgBV7hzXv23r0P73PeuublMyewAO/rFw21lY U=</latexit>
(c)
<latexit sha1_base64="dy+FhidpJ8S0IsWfrDc8o8zzGA8=">AAAB/XicbVDLSgNBEOyNr xhfUS+Cl8EgxEvY9WK8Bbx4jOiaQLKE2clsMmRmZ5mZFeIS8Ae86h94Eq9+i+DZ73DyOJjEgoaiqpvurjDhTBvX/XJyK6tr6xv5zcLW9s7uXnH/4F7LVBHqE8mlaoZYU85i6htmOG0mimIRc toIB1djv/FAlWYyvjPDhAYC92IWMYKNlW7L5KxTLLkVdwK0TLwZKdWOHr/Bot4p/rS7kqSCxoZwrHXLcxMTZFgZRjgdFdqppgkmA9yjLUtjLKgOssmpI3RqlS6KpLIVGzRR/05kWGg9FKHtFN j09aI3Fv/zWqmJqkHG4iQ1NCbTRVHKkZFo/DfqMkWJ4UNLMFHM3opIHytMjE1nbouwvtSjgg3GW4xhmfjnlcuKd2MDqsIUeTiGEyiDBxdQg2uogw8EevAML/DqPDlvzrvzMW3NObOZQ5iD8/ kLdD2XNA==</latexit><latexit sha1_base64="kQrd50gTW5pRBjCf9bntFE5Bkv4=">AAAB/XicbVC7SgNBFJ2Nr yS+ojaCzWAQYhN2bYxd0MYyomsCyRJmJ7PJkHksM7NCXAL5AVv9AyuxsPFbBGu/w8mjMIkHLhzOuZd77wljRrVx3S8ns7K6tr6RzeU3t7Z3dgt7+/daJgoTH0smVSNEmjAqiG+oYaQRK4J4y Eg97F+N/foDUZpKcWcGMQk46goaUYyMlW5L+LRdKLpldwK4TLwZKVYPH79zo4/LWrvw0+pInHAiDGZI66bnxiZIkTIUMzLMtxJNYoT7qEualgrEiQ7SyalDeGKVDoyksiUMnKh/J1LEtR7w0H ZyZHp60RuL/3nNxESVIKUiTgwReLooShg0Eo7/hh2qCDZsYAnCitpbIe4hhbCx6cxt4daXepi3wXiLMSwT/6x8UfZubEAVMEUWHIFjUAIeOAdVcA1qwAcYdMETeAYvzsh5dd6c92lrxpnNHI A5OJ+/jfCYsQ==</latexit><latexit sha1_base64="kQrd50gTW5pRBjCf9bntFE5Bkv4=">AAAB/XicbVC7SgNBFJ2Nr yS+ojaCzWAQYhN2bYxd0MYyomsCyRJmJ7PJkHksM7NCXAL5AVv9AyuxsPFbBGu/w8mjMIkHLhzOuZd77wljRrVx3S8ns7K6tr6RzeU3t7Z3dgt7+/daJgoTH0smVSNEmjAqiG+oYaQRK4J4y Eg97F+N/foDUZpKcWcGMQk46goaUYyMlW5L+LRdKLpldwK4TLwZKVYPH79zo4/LWrvw0+pInHAiDGZI66bnxiZIkTIUMzLMtxJNYoT7qEualgrEiQ7SyalDeGKVDoyksiUMnKh/J1LEtR7w0H ZyZHp60RuL/3nNxESVIKUiTgwReLooShg0Eo7/hh2qCDZsYAnCitpbIe4hhbCx6cxt4daXepi3wXiLMSwT/6x8UfZubEAVMEUWHIFjUAIeOAdVcA1qwAcYdMETeAYvzsh5dd6c92lrxpnNHI A5OJ+/jfCYsQ==</latexit><latexit sha1_base64="/kCXJpAYew3PQRIpXY6M+9+5WNw=">AAAB/XicbVDLSgNBEOz1G eMr6tHLYBDiJex6Md4CXjxGdE0gWcLsZJIMmccyMyuEJeAPeNU/8CRe/RZ/wO9wkuzBJBY0FFXddHfFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo4fjUo1oSFRXOlWjA3lTNLQMstpK9EUi5jTZ jy6mfrNJ6oNU/LBjhMaCTyQrM8Itk66r5CLbqnsV/0Z0CoJclKGHI1u6afTUyQVVFrCsTHtwE9slGFtGeF0UuykhiaYjPCAth2VWFATZbNTJ+jcKT3UV9qVtGim/p3IsDBmLGLXKbAdmmVvKv 7ntVPbr0UZk0lqqSTzRf2UI6vQ9G/UY5oSy8eOYKKZuxWRIdaYWJfOwhbhfGUmRRdMsBzDKgkvq9fV4M4v12t5QgU4hTOoQABXUIdbaEAIBAbwAq/w5j17796H9zlvXfPymRNYgPf1Cw9NlY Y=</latexit>
The initial rotational position is shown with the black ducted-fan. Blue (red) traces are
trajectories of the closed loop system with the MPC (certificate-based) controller. The rotational
position is shown for some of the states for each trajectory. Initial states are [2, 0.4, 0.717, 0],
[−1,−0.25,−0.133, 0], and [−1, 0.4, 0.177, 0] for (a), (b), and (c), respectively.
Figure 5.6: Simulation for forward flight of Caltech ducted-fan - Projected on x-y plane.
Hover Mode Problem: To stabilize the Caltech ducted-fan in a hover mode (Example 5),
the trigonometric functions in the dynamics are approximated with degree two polynomials and
the procedure finds a quadratic CLBF:
V (x) : 1.64θ˙2 − 0.56θ˙y˙ + 13.53y˙2 + 0.07θ˙y + 1.15yy˙ + 1.16y2 + 1.74θθ˙ + 0.03y˙θ − 0.77yθ+
4.80θ2 − 4.57θ˙x˙+ 0.85x˙y˙ + 0.34yx˙− 8.59x˙θ + 12.77x˙2 − 0.45θ˙x+ 0.06y˙x+ 0.51yx−
3.71xθ + 4.12xx˙+ 1.88x2 .
Some of the traces are shown in Figure 5.7. As the simulations suggest, the MPC controller behaves
very differently and the certificate-based controller yields solutions with more oscillations. Also,
once the trace is inside the target region, the certificate-based controller does not guarantee a
decrease in V as this fact is intuitively visible in Figure 5.7(c).
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The trajectories corresponding to the certificate-based (MPC) controller are shown in red (blue)
lines. The boundary of the target set G is shown in yellow.
Figure 5.7: Simulation for the Caltech ducted-fan in hover mode - Projected on x-y plane.
5.4.1 Performance
As mentioned earlier, the inputs to the learning framework are a plant P, a specification ϕ,
monomial basis functions g, a demonstrator D, and the degree of relaxation D. At each iteration,
first an MVE inscribed inside a polytope is calculated. This task is performed rather efficiently.
The MPC scheme used inside the demonstrator is part of the input and we do not consider its
computation performance here. Nevertheless, MPC is known to be very effective if it is carefully
tuned. We mention that the MPC parameters used here are selected by a non-expert and usually
the time step is very small, while the horizon is very long. Nevertheless, the MPC is used offline
and suitable for our framework. Also, costs matrices Q, R, and H are diagonal:
Q = diag(Q′) , R = diag(R′) , H = Ndiag(Q′) ,
where Q′ ∈ Rn and R′ ∈ Rm. Two other important factors determine the performance of the whole
learning framework: (i) the time taken by the verifier and (ii) the number of iterations. Table 5.10
shows the results of the learning framework for the set of case studies described thus far. For
each problem instance, the parameters of the MPC, as well as the degree of the SDP relaxation
is provided. Also, the performance of the learning framework is tabulated. First, the procedure
starts from C : [−∆,∆]r and terminates whenever Vol(Ej) < γδr. We set ∆ = 100 and δ = 10−3.
The results demonstrate that the method terminates in few iterations, even for the cases where a
compatible control certificate does not exist.
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Table 5.10: Results of running demonstration-based CEGIS.
Legend: n: # variables, m: # control inputs, τ : MPC time step, N : number of horizon steps,
Q′: defines MPC state cost, R′: defines MPC input cost, D: SDP relaxation degree bound, #D :
number of demonstrations, #Itr: number of iterations, VT: total computation time for verification
(minutes), T: total computation time (minutes), St: Status, 3: control certificate found, 6: fail.
Problem Demonstrator Ver. Performance
System Name τ N Q′ R′ D #D # Itr VT T St
TORA 1 30 [1 1 1 1] [1]
3 52 118 7 14 6
4 19 76 5 8 3
Inv. Pendulum 0.04 50 [10 1 1 1] [10]
3 56 85 7 27 6
4 53 69 9 25 3
5 34 50 7 19 3
Bicycle 0.4 20 [1 1 1 1] [1 1]
2 14 32 2 2 6
3 7 25 1 1 3
Bicycle × 2 0.4 20 [1 1 1 1 1 1 1 1] [1 1 1 1] 2 119 225 77 90 6
3 30 81 43 46 3
Forward Flight 0.4 40 [1 1 1 1] [1 1]
4 14 77 16 18 6
5 4 64 10 10 3
Hover Flight 0.4 40 [1 1 1 1 1 1] [1 1]
2 57 147 12 40 6
3 57 124 21 47 3
4 51 116 30 54 3
Notice that the number of demonstrations is different from the number of iterations. The
trick is as follows. If we can find a counterexample by considering only conditions involving V (and
not ∇V ), there is no need for a demonstration and the procedure can move to the next iteration.
This optimization is added to speed up the procedure by avoiding expensive calls to the offline
MPC. As Table 5.10 shows, using this trick, the number of demonstrations can be much smaller
than the total number of iterations.
At each iteration, several verification problems are solved which involve solving large SDP
problems. While the complexity of solving SDP is polynomial in the number of variables, they are
still hard to solve. The verification problem is quite expensive when the number of variables as
well as the degree of relaxation is large. Nevertheless, as the SDP solvers mature, we believe our
method can solve larger problems since the verification procedure is currently the computational
bottleneck for the learning framework.
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Table 5.11: Results on different variations.
Legend: I: number of iterations, VT: computation time for verification (minutes), T: total compu-
tation time (minutes), Simple CE: any counterexample, Max CE: counterexample with maximum
violation.
Problem
Chebyshev Center Analytic Center MVE Center
Simple CE Max CE Simple CE Max CE Simple CE Max CE
I VT T I VT T I VT T I VT T I VT T I VT T
TORA 185 7 10 52 12 15 95 5 9 36 9 11 76 5 8 36 12 14
Inverted Pend. 163 10 23 85 22 30 57 8 20 51 22 32 50 7 19 35 18 25
Bicycle 99 3 3 40 5 5 31 2 2 20 3 3 25 1 2 15 3 3
Bicycle × 2 759 121 127 438 244 246 96 47 50 77 141 143 81 43 46 66 132 133
Forward Flight 676 20 21 34 30 31 113 15 16 21 18 19 64 10 10 16 16 16
Hover Flight 499 65 90 196 113 127 146 36 67 90 92 109 116 30 54 75 69 82
In the previous chapter, we discussed that two important factors govern the convergence
of the search process: (i) candidate selection, and (ii) counterexample selection. To study the
effect of these processes, we investigate different techniques to evaluate their performances. For
candidate selection, we consider three different methods. In the first method, a Chebyshev center
of Cj is used as a candidate. In the second method, the analytic center of constraints defining Cj
is the selected candidate, and redundant constraints are not dropped. Finally, in the last method,
the center of MVE inscribed in Cj yields the candidate. Also, for each of these methods, we
compare the performance for two different cases: (i) a counterexample is generated without any
specific property, (ii) the generated counterexample maximizes constraint violations (see Sec. 4.2).
Table 5.11 shows the performance for each of these six cases, applied to the same set of problems. For
each case, the number of iterations, the verification time and the total computation time is reported.
The results demonstrate that selecting good counterexamples would increase the convergence rate
(fewer iterations) for all cases. Nevertheless, the time it takes to generate these counterexamples
(verification time) increases, and therefore, the overall performance degrades. In conclusion, while
generating good counterexamples provides a better reduction in the space of candidates, it is
computationally expensive, and thus, it seems to be beneficial to only rely on candidate selection
for fast termination. Table 5.11 also suggests that the method based on the Chebyshev center has
the worst performance. Also, the MVE-based method performs better (fewer iterations) compared
to the method which is based on the analytic center.
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5.5 Physical Experiments
In this section, we address “RWS with reference tracking” problems for a bicycle model
discussed in Example 7. In particular, in addition to sets Iˆ, Gˆ, and Sˆ, a reference trajectory over a
finite interval t ∈ [0, T ] is provided as input: σr : (xr(t),ur(t)), wherein σr is a valid trace. We also
assume Sˆ depends on t : Sˆ(t) represents the safe set at time t. Next, we replace the time variable
t with θ to parameterize the trajectory with θ, which is controllable with input u0 (θ˙ = u0). Also,
for u0 ∈ U0, we set U0 : [−0.9, 9]. We solve all tracking problems using control funnel functions.
However, we use a “body fixed frame”, wherein the state of the vehicle is given by zt : [θ,xtR], and
xR : [αR, xR, yR, vR]
t. The state variables in the inertial frame x(t) : [α(t), x(t), y(t), v(t)]t are
written in terms of xR as follows:
αR(t) + αr(θ(t))
cos(αr(θ(t)))xR(t)− sin(αr(θ(t)))yR(t) + xr(θ(t))
sin(αr(θ(t)))xR(t) + cos(αr(θ(t)))yR(t) + yr(θ(t))
vR(t) + vr(θ(t))

.
In this frame, yR axis is always aligned to axis of the vehicle in the reference trajectory. We now
use I, G, and S(θ) to represent sets Iˆ, Gˆ, and Sˆ(θ) in terms of xR. We observe that the change
of coordinates allows for accurate low order polynomial approximations. Also, our experimental
results suggest that the learning framework succeeds in finding a control funnel function of lower
degree over the new coordinates when compared to the inertial frame. For demonstration, we use a
nonlinear MPC with τ = 0.05, N = 24, Q′ = [1 1 1 0.01], and R′ = [0.1 1 1] (see Section 5.4). As an
alternative to Path-Following based Control Funnel (PF-CF) we compare with Trajectory
Tracking based Control Funnel (TT-CF) obtained by setting θ˙ = 1, and eliminating the control
input u0.
Parkour Car: To verify the functionality of the proposed method we perform experiments
on a 18
th
scale, four-wheel drive vehicle platform known as Parkour car (Figure5.8) in a lab environ-
ment equipped with an OptiTrack motion capture system [92]. The Parkour car has a wheelbase
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Figure 5.8: Parkour car platform used for experiments.
of l = 34cm and includes an onboard computer to perform all computation on the vehicle. While
in action, the main computer receives a pose update from motion capture system through a WiFi
connection, after which new control action is calculated based on the synthesized control law which
then gets transmitted to an ECU (Electronic Control Unit). The ECU handles signal condition-
ing for acceleration and steering motors on the Parkour car. One iteration of this control action
calculation can be performed in less than 300µs on a single CPU core running at 3.5GHz.
We now investigate the certificate based controller for different paths.
Straight Path: In the first experiment, we consider a straight path from x = −2 to x = 2
and the reference trajectory is xr(t) : [−pi/2,−2 + 2t, 0, 2]t. The sets are:
S(θ) : [−1, 1]3 × [−3, 3] , I : B0.5(0) , G : B0.5(0) .
Then, the learning framework successfully finds a path-following based control funnel (PF-CF).
However, the learning framework fails to find a trajectory tracking based control funnel (TT-CF).
We note that the verification procedure is not complete and we do not claim that no TT-CF
compatible with the demonstrator exists. Nevertheless, even if a TT-CF exists, the solution is
fragile compared to the founded PF-CF, and proving its correctness is harder. Next, we increase
the length of the path to 8m (from x = −4 to x = 4) to allow discovery of less robust solutions.
In this case, the learning framework can find a TT-CF. Figure 5.9 shows simulation trajectories
corresponding to the PF-CF and the TT-CF. For comparison, starting from same initial conditions,
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Solid (dashed) lines are simulation trajectories corresponding to the PF-CF (TT-CF). Blue (red)
trajectories start from the same initial condition.
Figure 5.9: Simulation results for a straight path.
the simulation is performed until x reaches x(0) + 12. Figure 5.9(a) shows the results for initial
states where the initial state is near I. The simulations suggest that both methods perform similarly
and all trajectories converge to the path (y converges to zero). The simulation time for all cases
are similar and around 6s. Also, the velocity of the vehicle is almost constant for both methods.
Figure 5.9(b) shows the results for cases when the initial states are further away from G (it needs
more forces/time to reach G). In this case, the path-following method takes a longer time to reach
x = 4 as the speed increases smoothly. Figure 5.9(c) considers initial states that are closer to G. For
these cases, the path-following method takes a shorter time to reach x = 12 as the speed decreases
smoothly. The results demonstrate that the path-following method yields a faster convergence to
the reference path. Moreover, the velocity changes smoothly while the trajectory tracking method
settles the target velocity immediately.
We also investigate the same problem (straight path from x = −4 to x = 4) where the
velocity is more restricted:
S(θ) : [−1, 1]3 × [−0.5, 0.5] , I : G : {[α x y v]t|4α2 + 4x2 + 4y2 + 16v2 ≤ 1} .
Again, under these circumstances, learning TT-CF fails while finding PF-CF is feasible. In other
words, in trajectory tracking the change of velocity is crucial for reducing the tracking error.
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Trajectory Tracking
The parkour car finishes five rounds around the circle. The reference trajectory is shown in black.
Figure 5.10: Trajectories of the parkour car platform for the circular path.
Circular Path: To carry out experiments on the parkour car platform and examine the be-
havior over long trajectories, we consider a circular path with radius 1.5m. The vehicle moves with
a constant velocity pi2m/s and the reference trajectory would be xr(t) : [
pi
3 t, 1.5 cos(t), 1.5 sin(t),
pi
2 ]
t.
For the learning process we consider a finite trajectory (moving on the path for one round) where
t ∈ [0, 6]. The sets are
S(θ) : [−1, 1]× [−3, 3], I : B0.5(0), G : B0.5(0) .
We can find a path-following based control funnel (PF-CF) and a trajectory tracking based
control funnel (TT-CF) when we use the “body fixed frame.” However, the learning fails in the
differential frame. Figure 5.10 shows trajectories when the controller runs on the parkour car
platform. Despite the uncertainties in the measurements and simple modeling, both controllers
do a good job of following the reference. Figure 5.11 shows trajectories for different initial states.
Figure 5.11(b) suggest that the trajectory tracking method may take shortcuts to satisfy time
constraints.
We also investigated the same problem with higher reference velocity. When the reference
velocity is increased to pi (from pi/2), we could not find a TT-CF. Nevertheless, increasing reference
velocity does not seem to affect the process of finding PF-CF, and we can discover solutions even
if the reference velocity is 10pi.
Oval Path: Following a circular path is easy as the curvature remains fixed. However,
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Blue (red) lines corresponds to the path-following (trajectory tracking) method. The reference
trajectory is shown in black. Initial state: (a) [−pi/2, 0, 0, 0], and (b) [pi, 2.25,−1.4, 0].
Figure 5.11: Trajectories of the parkour car platform, for different initial states.
the problem is more challenging when the path is an oval. The goal is to follow an oval path
P : {[x y]t | y2
12
+ x
2
22
= 1}. First, a reference trajectory is generated to follow this path closely. As
polynomial approximations for the reference path become more challenging, we divide the reference
path into two similar parts. Then, we find a funnel for each part and make sure we can concatenate
these two funnels. For the first part, the goal is to reach from B0.5([2, 0]) to B0.5([−2, 0]) going in
a CCW direction and then reach from B0.5([−2, 0]) to B0.5([2, 0]) again in a CCW direction. For
both segments we use the following sets:
S(θ) : [−1, 1]× [−3, 3], I : B0.5(0), G : B0.5(0) .
Notice that since G for the first segments fits in I for the second segment, we can safely concatenate
the funnels. If a trajectory tracking method is being used, the learning procedure fails to find
solutions. However, the path following method yields proper control funnels. Figure 5.12 shows
trajectories generated from our experiments using the control-funnel-based controller. The tracking
is not precise when the curvature is at its maximum. We believe the main reason is input saturation
for the steering, which occurs because of the imprecise model we use (Figure 5.12).
Obstacle Avoidance: Going back to the scenario of Example 7, we wish to find a control
funnel to guarantee safety (avoiding the obstacle). Recall that having a reference trajectory, instead
of defining S(θ), we simply define Sˆ : {x | ([x, y]⊕B0.25)∩O = ∅}. We were able to find a solution
(only if the path-following method is being used). For the experiment, the parkour car moves
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The reference trajectory is shown in black.
Figure 5.12: Trajectories of the parkour car platform for the oval path.
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Funnel boundary is shown in gray and as long as the center of car is in the funnel, the whole body
of the car remains in the blue region. (a) guaranteed traces, (b) not guaranteed but safe traces,
(c) not guaranteed and unsafe traces.
Figure 5.13: Trajectories of the parkour car platform for the obstacle avoidance problem.
toward the obstacle with different initial states and the control-funnel-based controller engages
when x difference between the car and the obstacle reaches 1.5m. Figure 5.13 shows the projection
of the funnel on x-y plain. We note that if a trajectory starts from the head of the funnel, not
only its initial x and y, but also its initial v and α should also be inside the funnel. Figure 5.13 (a)
shows trajectories where the initial state is inside the head of the funnel. As shown, trajectories
remain inside the funnel and reach the tail. However, as demonstrated in Figure 5.13 (b), even
if the trajectory starts outside of the funnel head, the whole body of the car may remain in the
guaranteed region (blue region). Nevertheless, the safety is not guaranteed any longer as Figure 5.13
(c) shows trajectories where the parkour car leaves the guaranteed region.
Chapter 6
Conclusions and Future Work
In this thesis, we have introduced different classes of control certificates for smooth and
switched feedback systems. We showed how control synthesis problems are reduced to finding
control certificates. We have proposed an algorithmic framework for synthesizing these control
certificates. Our framework uses different constraint solvers along with a demonstrator oracle to
efficiently find a control certificate or prove certain types of control certificates do not exists. In
the rest of this section, we discuss some current limitations as well as possible extensions.
Extensions to Discrete-Time Systems: Control problems on discrete-time systems have
been widely studied. MPC schemes are naturally implemented over such systems, and furthermore,
certificate conditions extend quite naturally. As such, our approach can be extended to discrete-
time nonlinear systems defined by maps as opposed to ODEs. However, polynomial discrete systems
are known to pose computational challenges: when the Lie derivative is replaced by a difference
operator, the degree of the resulting polynomial can be larger.
Extensions to Stochastic Systems: While we have addressed disturbances using worst-
case analysis, many control problems consider stochastic disturbances. Our framework is extendable
to stochastic systems using stochastic certificates, namely super-martingales [104]. For such exten-
sions, one needs proper templates (cf. [132]), a formal definition of a counterexample for stochastic
systems, and a stochastic demonstrator (e.g. [142]).
Optimizing Performance Criteria: Our framework searches for a feasible solution and
stops as soon as a control certificate is discovered. An important extension to our work is finding
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control certificates so that the resulting controllers optimize some performance metric.
Other Verifiers: While in theory, the SDP relaxation addresses verification problems for
polynomial systems, the scalability is still an issue. There are alternative solutions to the SDP
relaxation, which promise better scalability. In particular linear programming is attractive for our
framework [4, 18].
For a highly nonlinear system, the degree of polynomials for the dynamics as well as basis
functions get larger. For these systems, the scalability is even more challenging. In future, we
wish to explore the use of falsifiers (instead of verifiers) and move towards more scalable solu-
tions [2, 6, 35]. While falsifiers would not guarantee correctness, they can be used to find concrete
counterexamples. Furthermore, by dropping formal correctness, a falsifier can replace the verifier
in the learning framework.
Beyond Polynomial Control Certificates: We assumed that the template is a linear
combination of some given basis functions. While this model is precise enough to for specific sys-
tems [100], there are systems for which a smooth V does not exist. Moreover, for some specifications
such as STL [85], the structure of a certificate gets more complicated [33]. Nevertheless, our frame-
work can also handle nonlinear templates such as Gaussian mixtures or feed-forward neural network
models, especially if the verifier is replaced by a falsifier that can be implemented through simula-
tions. However, there are some serious drawbacks, including more expensive candidate generation,
and weaker convergence guarantees.
Beyond MPC-based Demonstrations: As mentioned earlier, we use a black-box demon-
strator. We have investigated to use MPC as they are easy to design, and can provide smooth
feedbacks which in our experiments is the key to find smooth control certificates. However, if we
employed human demonstrators (for example, an expert who operates the system), the demonstra-
tor may include errors, and we may need to consider approaches that can reject a subset of the
given demonstrations [63]. Also, the demonstrations can lead to inconsistent data, wherein nearby
queries are handled using different strategies by the demonstrator, leading to no single control
certificate that is compatible with the given demonstrations [28, 24].
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In the end, we note that correct-by-construction controllers rely on models and their cor-
rectness is guaranteed only w.r.t. the models. From a practical point of view, modeling can
be challenging and models may be considerably different from real systems. In this thesis, we
demonstrated the applicability of correct-by-construction controllers to real systems only through
experiments. However, can we make any claim about the correctness of the real closed-loop sys-
tems? How does the model compare versus the reality? We need to investigate these issues to
achieve perfectly reliable systems.
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Appendix A
Benchmark
The benchmark used in the experiments are examples adopted from the literature. We
consider each of these systems as a switched system with RWS as the specification, where the safe
set S is a box, and the initial (goal) set is a ball with radius rI (rG) centered at the origin.
System 1 This system is adopted from [78]. There are two continuous variables x and y and the
dynamics are x˙ = y , y˙ = −x + u. We assume u ∈ {−1, 0, 1} and instead of stability, we consider
RWS with region S : [−1 1]2, rG = 0.2 and rI = 0.8.
System 2 This system is a switched system adopted from [46] (Example 3.1). There are two
continuous variables x and y and five modes (u1, ...,u5) the dynamics of each mode is described
below
u1

x˙ = 0.0403x+ 0.5689y
y˙ = 0.6771x− 0.2556y
u2

x˙ = 0.2617x− 0.2747y
y˙ = 1.2134x− 0.1331y
u3

x˙ = 1.4725x− 1.2173y
y˙ = 0.0557x− 0.0412y
u4

x˙ = −0.5217x+ 0.8701y
y˙ = −1.4320x+ 0.8075y
u5

x˙ = −2.1707x− 1.0106y
y˙ = −0.0592x+ 0.6145y .
The original specification is stability. We consider RWS with S : [−1 1]2, rI = 0.5 and rG = 0.1.
System 3 This system (adopted from [87]–Section 7.1) is a DC motor system. There are two
continuous variables ω and i, and input u is the source voltage:
ω˙ = −B
J
ω +
k
J
i , i˙ = − k
L
ω − R
L
i+
1
L
u ,
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where B = 10−4, J = 25× 10−5, k = 0.05, R = 0.5, L = 15× 10−4, and u ∈ {−10, 0, 10}. In this
example, the goal is to bring ω close to 20.0 (19.5 to 20.5) and i close to 0 (−0.7 to 0.7). The safe
set S is [−1, 30] × [−3, 3]. For a more challenging problem, we restrict the control input to be in
range u ∈ {−3, 3}, target set to a ball with radius 0.5. Since the desired point is [ω i] = [20 0], by
a change of basis, the following system is obtained:
ω˙′ = −B
J
(ω′ + 20) +
k
J
i , i˙ = − k
L
(ω′ + 20)− R
L
i+
1
L
u .
Also, the specification is originally RS. Here, we just consider the RWS with rI = 2 and rG = 0.5.
System 4 This system is a DCDC converter adopted from [91] with two discrete modes (u1, u2)
and two continuous variables i and v (x : [i v]t. The safe set is [0.65, 1.65] × [4.95, 5.95] and the
goal set is [1.1, 1.6]× [5.4, 5.9]. The dynamics are
u1

i˙ = 0.0167i+ 0.3333
v˙ = −0.0142v
u2

i˙ = −0.0183i− 0.0663v + 0.3333
v˙ = 0.0711i− 0.0142v .
The specification is RWS and we choose a new origin (i = 1.25, v = 5.55). Then, we set
rG = 0.15 to under-approximate the original goal set. For the initial region, we consider rI = 0.35.
System 5 This system is adopted from [96]. There are two continuous variables x1 and x2, and
the controller can choose between three different modes (u1, u2, and u3). Dynamics for these modes
are
u1

x˙1 = −x2 − 1.5x1 − 0.5x31
x˙2 = x1 − x22 + 2
u2

x˙1 = −x2 − 1.5x1 − 0.5x31
x˙2 = x1 − x2
u3

x˙1 = −x2 − 1.5x1 − 0.5x31 + 2
x˙2 = x1 + 10 .
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The safe set is [−2, 2]×[−1.5, 3] with some obstacles at corners of the safe set. For simplicity,
we assume that there are no obstacles. Also, the goal set is [−1,−0.5] × [1.5, 2]. By setting x1 =
−0.75 and x2 = 1.75 as the origin, rG is defined as 0.25. Furthermore, we consider rI = 1.0.
System 6 This system is adopted from [101](Example 8). There are two continuous variables x
and y, and the dynamics are x˙ = u , y˙ = y2x, where u ≤ |k| for some constant k. We assume
k = 4 and discretize the input (u ∈ {−4, 0, 4}). Also, in the original problem, y is the output.
However, we consider state feedback problem here. The specification is RWS (instead of stability)
with S : [−1 1]2, rG = 0.1, and rI = 0.5.
System 7 (a) This system (adopted from [145]) is a model of inverted pendulum on a cart. There
are two continuous variables θ (angular position)and ω (angular velocity), and input u is the applied
force to the cart.
θ˙ = ω , ω˙ =
g
l
sin(θ)− h
ml2
ω +
1
ml
cos(θ)u .
, where g = 9.8, h = 2, l = 2, m = 0.125, and u ∈ [−3, 3]. The specification is region-stability with
region S : {[θ ω]t|θ ∈ [−1.5 1.5], ω ∈ [−1 1]} and G = [−0.25, 0.25]2. We consider RWS and use
rG = 0.25 to under-approximate the target region and rI = 0.5.
(b) We consider the same problem, except for the fact that we enlarge the safe set S :
{[θ ω]t|θ ∈ [−1.5 1.5], ω ∈ [−4 4]} (and also increase the input range u ∈ {−15, 0, 15}) to
make another instance for the inverted pendulum example.
System 8 The system is a linear switched system, adopted from [102]. There are three continuous
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variables x, y, z in this system and the dynamics for three modes (u1, u2, and u3) are
u1

x˙ = 1.8631x− 0.0053y + 0.9129z
y˙ = 0.2681x− 6.4962y + 0.0370z
z˙ = 2.2497x− 6.7180y + 1.6428z
u2

x˙ = −2.4311x− 5.1032y + 0.4565z
y˙ = −0.0869x+ 0.0869y + 0.0185z
z˙ = 0.0369x− 5.9869y + 0.8214z
u3

x˙ = 0.0372x− 0.0821y − 2.7388z
y˙ = 0.1941x+ 0.2904y − 0.1110z
z˙ = −1.0360x+ 3.0486y − 4.9284z .
The original specification is stability. Here we consider RWS with S : [−1 1]3, rI = 0.7, and
rG = 0.1.
System 9 This system is a switched system adopted from [46] (Example 3.2). There are three
continuous variables x, y, z, and five modes (u1, ...,u5) the dynamics of each mode is described
below
u1

x˙ = 0.1764x+ 0.8192y − 0.3179z
y˙ = −1.8379x− 0.2346y − 0.7963z
z˙ = −1.5023x− 1.6316y + 0.6908z
u2

x˙ = −0.0420x− 1.0286y + 0.6892z
y˙ = 0.3240x+ 0.0994y + 1.8833z
z˙ = 0.5065x− 0.1164y + 0.3254z
u3

x˙ = −0.0952x− 1.7313y + 0.3868z
y˙ = 0.0312x+ 0.4788y + 0.0540z
z˙ = −0.6138x− 0.4478y − 0.4861z
u4

x˙ = 0.2445x+ 0.1338y + 1.1991z
y˙ = 0.7183x− 1.0062y − 2.5773z
z˙ = 0.1535x+ 1.3065y − 2.0863z
u5

x˙ = −1.4132x− 1.4928y − 0.3459z
y˙ = −0.5918x− 0.0867y + 0.9863z
z˙ = 0.5189x− 0.0126y + 0.6433z .
The original specification is stability. However, here we consider RWS with the safe region S :
[−1 1]3, rG = 0.2, and rI = 0.8.
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System 10 This system with three continuous variables and four modes is adopted from [21] (Ex-
ample 2). The dynamics are
u1

x˙ = 4.15x− 1.06y − 6.7z + 1
y˙ = 5.74x+ 4.78y − 4.68z − 4
z˙ = 26.38x− 6.38y − 8.29z + 1
u2

x˙ = −3.2x− 7.6y − 2z + 4
y˙ = 0.9x+ 1.2y − z − 2
z˙ = x+ 6y + 5z − 1
u3

x˙ = 5.75x− 16.48y − 2.41z − 2
y˙ = 9.51x− 9.49y + 19.55z + 1
z˙ = 16.19x+ 4.64y + 14.05z − 1
u4

x˙ = −12.38x+ 18.42y + 0.54z − 1
y˙ = −11.9x+ 3.24y − 16.32z + 2
z˙ = −26.5x− 8.64y − 16.6z + 1 .
The original specification is stability, while here we consider RWS as the specification with S :
[−1 1]3, rG = 0.2, and rI = 0.8.
System 11 This system is a radiant system in building adopted from [96], which is a switched
linear system with three continuous variables (Tc, T1, and T2) and two modes (u1, u2). The
dynamics for mode u1 is as follows:
CrT˙c = Kr,1(T1 − Tc) +Kr,2(T2 − Tc)−Kw(Tw − Tc)
C1T˙1 = Kr,1(Tc − T1) +K1(7− T1) +K1,2(T2 − T1) + p1
C2T˙2 = Kr,2(Tc − T2) +K2(7− T2) +K2,1(T1 − T2) + p2 ,
where C1 = C2 = 2000, Cr = 3500, Kr,1 = Kr,2 = 7.8740, K1 = K2 = 0.4651, Kw − 16.6667,
K1,2 = K2,1 = 5.5556, Tw = 18, Ta = 31, and p1 = p2 = 12.8. For mode , u2, Kw is zero.
These parameters are taken from [93]. The original specification is region-stability, with region
[20, 28]3 and target set [21, 27] × [22, 25]. Here we just consider RWS with a smaller target region
[23, 25] × [22, 24]2. More precisely, we consider state Tc = 24, T1 = T2 = 23 as the new origin
and rG = 1. Also rI = 3. Additionally, since the changes in dynamics are slow, we enlarge the
derivatives 1000 times. Furthermore, the problem scaled down ten times to avoid numerical issues.
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System 12 This system is adopted from [124]. There are three continuous variables x, y, z, and
the dynamics are
x˙ = −10x+ 10y + u , y˙ = 28x− y − xz , z˙ = xy − 2.6667z .
The original specification is stability with output feedback. Here we consider RWS with state feedback
and region S : [−4, 4]3, and rG = 1. Also, we limit u ∈ {−100, 0, 100}. The initial set is defined
by rI = 3. Also, the problem scaled down ten times times to avoid numerical issues.
System 13 This system is a uni-cycle example, adopted from [77]. There are three variables x, y,
and z, with two control input u and v. The dynamics are
x˙ = u , y˙ = v , z˙ = xv − yu .
The original goal is stability. Here, RWS is considered instead with S : [−1, 1]3, rI = 0.5, and
rG = 0.2.
System 14 The original system is a switched control system with continuous input u from [156]
(Example 7.2). There are four variables (w, x ,y, and z) and four original modes. The dynamics
are
u1

w˙ = −0.693w − 1.099x+ 2.197y + 3.296z − 7.820u
x˙ = −1.792x+ 2.197y + 4.394z − 8.735u
y˙ = −1.097x+ 1.504y + 2.197z − 2.746u
z˙ = 0.406z + 3.244u
u2

w˙ = −1.792w − 1.099x+ 2.197y + 1.099z + 6.696u
x˙ = 0.406x− 2.197y + 4.734u
y˙ = −0.693y + 2.773u
z˙ = −2.197w − 1.099x+ 2.197y + 1.504z + 4.263u
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u3

w˙ = 0.406w + 0.811u
x˙ = 1.099w − 0.144x+ 0.549y − 0.549z + 1.910u
y˙ = 0.549x− 0.144y − 0.549z + 3.871u
z˙ = 1.099w − 0.693z + 4.970u
u4

w˙ = −0.693w + 2.000x+ 1.863u
x˙ = −0.693x+ 4.159u
y˙ = −0.693y + 2.773u
z˙ = 4.000x− 4.000y − 0.693z − 1.069u .
, where u ∈ {−1, 0, 1}. Instead of stability, we consider RWS with S : [−1, 1]4, rG = 0.2, and
rI = 0.5.
System 15 The goal of this benchmark is to keep R rooms warm, given some limited number of
heaters.
The first three instances are adopted from [91]. Temperature of each room i is shown with ti.
For mode, u0 the heater is off, and the dynamics are
t˙i = 0.01(−10.5ti + 5t(i+1)%R + 5t(i−1)%R + 5) .
If the heater is on in room i, the dynamics for room i changes as follows
t˙i = 0.01(−11.5ti + 5t(i+1)%R + 5t(i−1)%R + 55) .
(a) In this instance, R = 3 and there is one heater which can be off or in one of the rooms.
(b) In this instance, R = 4 and there is one heater which can be off or in one of the rooms.
(c) In this instance, R = 5 and there is one heater which can be off or in one of the rooms.
(d) In this instance, R = 6 and there are two heaters which can be off, or they are both on at
the same time. Also, if the first heater is in room i, the other heater must be in room (i+ 3)%R.
(e) In this instance, R = 9 and there are three heaters which can be off, or they are all on
at the same time. Also, if the first heater is in room i, the other two heaters must be in room
(i+ 3)%R and (i+ 6)%R.
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The original specification is safety with safe set [20, 22]R. Here we consider RWS with target
set [20, 22]R, and safe set [17, 25]R. To under-approximate the target region, we consider ti = 21
(for all i) to be the origin and rG = 1. Also, rI = 3.
